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1 Introduction to Differential Equations 



1. Second order; linear 

2. Third order; nonlinear because of (dy/dx) 4 

3. Fourth order; linear 

4. Second order; nonlinear because of cos(r + u) 

5. Second order; nonlinear because of ( dy/dx ) 2 or J 1 + ( dyfdx ) 2 

6. Second order: nonlinear because of R~ 

7. Third order: linear 

8. Second order; nonlinear because of x 2 

9. Writing the differential equation in the form x(dy/dx) + y 2 = 1. we sec that it is nonlinear in y 
because of y 2 . However, writing it in the form (y 2 — 1 )(dx/dy) +x = 0, we see that it is linear in x. 

10. Writing the differential equation in the form u(dv/du ) + (1 + u)v = ue u we see that it is linear in 
v. However, writing it in the form (v + uv — ue u )(du/dv ) + u — 0, we see that it is nonlinear in u. 

11. From y = c~ x - 2 we obtain y' = -\e~ x - 2 . Then 2 y' + y= —e~ X//2 + e~ x / 2 — 0. 

12. From y = | — |e _20i we obtain dy/dt = 24e~ 2()t , so that 

% + 20 y = 24e~ m + 20 f? - = 24. 

clt \{) 5 J 

13. From y = e 2x cos 2x we obtain y' = 3e^* cos 2x — 2e 3-T sin 2x and y" = 5e 3x cos 2x — 12e 3x sin 2x, so 
that y" — 0 y' + 13y = 0. 

14. From y = — cos x In (sec x + tana:) we obtain y' — — 1 + sin x In (sec x + tana:) and 
y" = tan x + cos x ln(sec x + tan x). Then y" + y — tan x. 

15. The domain of the function, found by solving x + 2 > 0, is [—2, oo). From y' = 1 + 2(x + 2) -1/2 we 
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Exercises 1.1 Definitions and Terminology 
have 

{y - %)y' = (y - ®)[i + (2(x + 2) _1/2 ] 

= y — x + 2 (y - x)(x + 2) -1 / 2 
= y-x + 2[x + 4(.t + 2) ,/2 - a?](x + 2) _1/2 
= y — x 4- 8(a: + 2) 1//2 (rr + 2) -1 / 2 = y — x + 8. 

An interval of definition for the solution of the differential equation is (—2, oo) because y 
defined at x = —2. 

16. Since tana: is not defined for x = 7r/2 + mr, n an integer, the domain of y = 5tar. T 
{a: | 5a: ^ tt/ 2 + wr} or {;r j x ^ 7r/10 + rar/5}. From y' - 25 sec 2 5a: we have 

r/ - 25(1 + tan 2 5a:) - 25 + 25 tan 2 5a: = 25 + y 2 . 

An interval of definition for the solution of the differential equation is (—tt/10, tt/ 10 . 
interval is (7r/10, 37 t/ 10). and so on. 

17. The domain of the function is (a | 4 — a: 2 / 0} or {a: | .t ^ —2 or x ^ 2}. From xj = 2,:: -= - 

we have 

= 21 (rh) =2xy - 

An interval of definition for the solution of the differential equation is (—2,2). Other 
(—oo, —2) and (2, oo). 

18. The function is y — l/\/I — sina:. whose domain is obtained from 1 — sin x ± 0 or sir.. = 1 7 
the domain is {x | x ^ tt/ 2 + 2wr}. From y’ = —1(1 — sina:) -3/2 (— cos x) we have 

2 y — (1 — sin a) -3 ''" 2 cos x = [(1 — sin a:) -1 / 2 ] 3 cos a: = y 3 cos.r. 

An interval of definition for the solution of the differential equation is (tt/2, 5tt/ 2 . Ar. . 
is (5 tt/ 2, 97r/2) and so on. 

19. Writing In (2 A — 1) — In (A — 1) = t and differentiating implicitly we obtain 


2 dX 

1 dX 

2X — 1 dt 

A-l dt 

( 2 _ 

1 \ dX 

to" 

i 

i—> 

i 

X-l) dt 

i 

CM 

1 

% 

CM 

2X +1 dX 


(2A — 1)(A — 1) dt 

^ = —(2A - 1)(A - 1) = (A - 1)(1 — 2A 


2 



Exercises 1.1 Definitions and Terminology 


Exponentiating both sides of the implicit solution we obtain 


2X — 1 . 

-= e 

X-l 

2X — 1 = Xe* - e* 


(e> - 1) = (e f - 2)X 


e f — 1 


e* - 2 ' 



Solving e* — 2 = 0 we get t = In2. Thus, the solution is defined on (—oc,ln2) or on (In 2, oo). 
The graph of the solution defined on (—oo, In 2) is dashed, and the graph of the solution defined on 
(In 2. oc) is solid. 


20. Implicitly differentiating the solution, we obtain 


— x 2 dy — 2xy dx + y dy = 0 


2 xy dx + (x 2 — y)dy — 0. 

Using the quadratic formula to solve y 2 —2 x 2 y —1 = 0 for y, we get 
y = (2x 2 ± V4.x’ 4 +4)/2 = x 2 ± V^ 4 + 1. Thus, two explicit 
solutions are y\ = x 2 + \A-' 4 + 1 and y -2 = x 2 — \/:i A + 1. Both 
solutions are defined on (—oc. oc). The graph of y\(x) is solid and 
the graph of y-i is dashed. 


y 



21. Differentiating P = c\e} / (l + we obtain 

dP _ (l + cie*) cie* - Cie* • cie* _ qc 4 [(l + cie*) - cie*] 
dt (l + cie*) 2 1 + cie* 1 + cie 4 


Ci e 


1 + c\e! 
J 2 . r x ,2 


cie" 


1 + ci e* 

22. Differentiating y = e~ x / e*df + cje -ir we obtain 

Jo 


= r(i-p). 


/o 

= e-^V 2 - 2a:e“ 


2 [ /dt - 2axe-* = 1 - 2m-* I" /dt - 2exxe-*\ 
Jo Jo 


Substituting into the differential equation, we have 

..2 i x +2 


y 1 + 2 xy = 1 — 2a;e x e t dt — 2c\xe x + 2:re x2 j e r dt. 2cixe = 1. 
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Exercises 1.1 Definitions and Terminology 


23. From y — cie 2x +c 2 xe 2:E we obtain ^ - (2ci + e 2 ) e lx 4-2c 2 xe 2,E and = (4c] + 4e 2 )e 2x +4c 2 xe 2x , 
so that 

d 2 y 

dx 2 dx 

24. From y — Cix -1 + c 2 x + c^xlnx + 4a; 2 wc obtain 


d 2 y 


- 4^- + 4 y = (4ci + 4 c -2 - 8ci - 4c 2 + 4ci)e 2x + (4c 2 - 8c 2 + 4 c%)xe 2x - 0. 


and 


so that 


^ = —C\X 2 + C 2 + C\\ + C 3 111 X + 8 .X, 

dx 

= 2eix~ 3 + C3X -1 -f 8, 
dx z 

d 3 y _4 _ 2 

^3 = —6cix - c :i x , 


; 3 ^4? + 2x 2 ^ - x — + y = (-6ei + 4ci + ci + ci)x 1 + (-C 3 + 2c» - c 2 - C 3 + c 2 )x 


dx 3 


(—C 3 + C 3 )xlnx + (16 - 8 + 4)x 2 


= 12 x 2 . 


25. From y = 


—X“ 
0.2 


x <0 , f — 2x, x < 0 

we obtain y = < so that xy — 2 y = 0. 

x > 0 \ 2x, x > 0 


26. The function y(x) is not continuous at x = 0 since lim y(x) = 5 and lim y(x) = —5. Thus, y'(x) 

x— >0“ :c-^0 + 

does not exist at x = 0. 


27. From y = e mx we obtain y' = me™*. Then y' + 2y = 0 implies 


me fM + 2e mx = (m + 2)e rnx = 0. 

Since e mx > 0 for all x. m = —2. Thus y = e~ 2x is a solution. 

28. From y = e mx we obtain y' = me' nx . Then 5y' = 2 y implies 

5rrie mx = 2e mx or m = 

5 

Thus y — e 2x / 5 > 0 is a solution. 

29. From y = e mx we obtain y' = me” and y" = m 2 e mx . Then y" — 5 y' + 6y = 0 implies 

m 2 e mx - 5 me™* + 6e mx = (m - 2)(m - 3)e mx = 0. 

Since e mx > 0 for all x, rn = 2 and m = 3. Thus y = e 2x and y - e 3x are solutions. 

30. From y = e mx we obtain y' = me™* and y" = rn 2 e mx . Then 2 y" + 7 y' — 4y = 0 implies 

2m 2 e’ nx + 7me rnx - 4e mx = (2m - l)(m + 4)e mx = 0. 
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Exercises 1.1 Definitions and Terminology 


Since e mx > 0 for all x, rn = | and m = —4. Thus y — e x/2 and y = e ^ are solutions. 

31. From y = x m we obtain y' = mx m ~ l and y" — m(m — l)x m ~ 2 . Then xy" + 2 y' - 0 implies 

xm(m — l)x m ~ 2 + 2 nix m ~ l = \m(m -1)4- 2 m]x m ~ 1 = (m 2 + rn)x m ~^ 

= m(m + l)x m_1 = 0. 

Since a:"' -1 > 0 for x > 0. m = 0 and m = — 1. Thus y = 1 and y = ;r _1 are solutions. 

32. From y = x m we obtain y' = mx m_1 and y" = m,(m — l)x m ~ 2 . Then x 2 y" — 7xy' +15 y — 0 implies 

x 2 rn(m — l)a; 7n-2 — 7xmx m ~ A + I5x m = [m(m — 1) — 7 m + 15]x m 

= ( m 2 — 8m + 15)x m = (m — 3 )(m — 5)x m = 0. 

Since x m > 0 for x > 0. m = 3 and m = 5. Thus y — x 3 and y = a: a are solutions. 


In Problems 33-86 we substitute y = c into the differential equations and use y' = 0 and y" — 0 

33. Solving 5c - 10 we see that y = 2 is a constant solution. 

34. Solving c 2 + 2c — 3 = (c + 3)(c — 1) = 0 we see that y = —3 and y = 1 are constant solutions. 

35. Since l/(c — 1) = 0 has no solutions, the differential equation has no constant solutions. 

36. Solving 6c = 10 we see that y = 5/3 is a constant solution. 

37. Horn x — e~ 2t + 3e G< and y = —e~ 2t + 5e 6f we obtain 


V 

^ =-2e~* + lSe* and ^ = 2e~ 2 ‘ + 30e m . 
at dt 


Then 


dx 


and 


x + 3 y= (e- zt + Se bt ) + 3(-e~ 2t + 5e bt ) = -2e~ 2t + 18e M = =■ 

d,t 

5x + 3 y = 5(e~ 2t + 3e f,t ) + 3(-e~ 2 * + 5e 6i ) = 2e~ 2t + 30e 6 * = ~ . 

Cut 

38. From x = cos 2 1 + sin 2 1 + \e f and y = — cos 2 1 — sin 2 1 — |e* we obtain 

^ 1 du 1 

-f- = — 2 sin 2t- + 2 cos 2 1 + -e 1 and -4 = 2 sin 2t — 2 cos 2 1 -e* 

dt 5 dt 5 

d^x 1 d 2 v 1 

-rj-% = —4 cos 2t - 4 sin 2t + -e t and = 4 cos 2t + 4 sin 2t — -e t . 


and 


Then 


and 


1 1 df 2 x 

4 y + e t = 4(—cos2i — sin2t — -e f ) + e L = —4cos2 1 — 4sin2 1 + -e 1 = —^ 

5 5 dt A 
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Exercises 1.1 Definitions and Terminology 


4x — c 1 ' = 4 (cos 2 1 + sin 2t 



- e 


4 cos 2t + 4 sin 2 1 


I*. = A 

5 dt 2 


39. (?/) 2 + 1 = 0 has no real solutions because (y') 2 + 1 is positive for all functions y = <fi(x). 

40. The only solution of (?/) 2 + y 2 = 0 is y = 0, since if y ^ 0. y 2 > 0 and (y') 2 + y 2 > y 2 > 0. 

41. The first derivative of f(x ) = e x is e x . The first derivative of f(x) = e kx is ke kx . The differential 
equations are y' = y and y 1 = ky, respectively. 


42. Any function of the form y = ce x or y = ce~ x is its own second derivative. The corresponding 
differential equation is y" — y = 0. Functions of the form y = c sin x or y = c cos x have second 
derivatives that are the negatives of themselves. The differential equation is y" + y = 0. 

43. We first note that — y 2 = \h — sin 2 x = V cos 2 x = | cos:r|. This prompts us to consider values 
of x for which cos x < 0, such as x = tt. In this case 


dy_ 

dx 


~ (sin a:) 
dx 


= cos XI 


X=7r 


COS7T - — 1. 


but 

\/l - y 2 \x=n — \/l - s in 2 7r = VT = 1. 

Thus, y = sin x will only be a solution of i/ - \Jl-- y' 2 when cos x > 0. An interval of definition is 
then (—7r/2, 7 t/ 2). Other intervals are (3 tt/2, 5tt/2) ; (77t/2, 97t/ 2). and so on. 


44. Since the first and second derivatives of sin t and cos t involve sin t and cos t, it is plausible that a 
linear combination of these functions, A sin t+B cos t. could be a solution of the differential equation. 
Using y' - A cos t — B sin t and y" = —A sin t — B cos t and substituting into the differential equation 
we get 

y" + 2 y' + 4 y = —A sin t — B cos t + 2A cos t — 2B sin t + 4A sin t + 4 B cos t 


= (3A — 2 B) sin t + (2 A + 3 B) cos t = 5 sin t. 

Thus 3A — 2B = 5 and 2.4 + SB = 0. Solving these simultaneous equations we find A — || and 
B — — . A particular solution is y = sinf — jjj cost. 

45. One solution is given by the upper portion of the graph with domain approximately (0,2.6). The 
other solution is given by the lower portion of the graph, also with domain approximately (0,2.6). 

46. One solution, with domain approximately (—oo, 1.6) is the portion of the graph in the second 
quadrant together with the lower part of the graph in the first, quadrant. A second solution, with 
domain approximately (0,1.6) is the upper part of the graph in the first quadrant. The third 
solution, with domain (0, oo), is the part of the graph in the fourth quadrant. 
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Exercises 1.1 Definitions and Terminology 


47. Differentiating (x 3 + y 3 )/xy = 3 c we obtain 

xy{3x 2 + 3y 2 y') - (x 3 + y A )(xi/ + y) _ 
x 2 y 2 

3 x 3 y + 3 xy'V — — x ,3 y — xy'V — y A = 0 

(3xy 3 - x 4 - xy 3 )y' = -3x 3 y + x 3 y + y 4 

f / = y 4 - 2 x 3 y _ y(y 3 - 2 a; 3 ) 

2 xy 3 — a ; 4 x( 2 y 3 — x 3 ) 

48. A tangent line will be vertical where y' is undefined, or in this case, where x(2y 3 — a; 3 ) = 0. This 
gives x = 0 and 2 y 3 = ar 3 . Substituting y 3 = a ; 3 /2 into ;r 3 + y 3 = 3a;y we get 

*“ + S 1 * = 31 (^V) 

-x 3 = — r 2 
2 2V3 a 

ar 3 = 2 2 / 3 ar 2 
x 2 (ar - 2 2 / 3 ) = 0 . 

Thus, there are vertical tangent lines at x = 0 and x = 2 2 / 3 , or at ( 0 , 0 ) and ( 2 2 / 3 , 2 1 / 3 ). Since 
2 2 / 3 ss 1.59, the estimates of the domains in Problem 46 were close. 

49. The derivatives of the functions are ^(x) — —x/\/2o — x 2 and 02 (x) - x/\/25 — x 2 , neither of 
which is defined at x = ±5. 

50. To determine if a solution curve passes through (0,3) we let f = 0 and P = 3 in the equation 
P — cye t /(l + eye 1 ). This gives 3 = cj/(l + cy) or c-y = — |. Thus, the solution curve 

(—3/2)e* = —3e* 

1 - (3/2)e l: 2 - 3e* 

passes through the point. (0,3). Similarly, letting t = 0 and P = 1 in the equation for the one- 
parameter family of solutions gives 1 — c\/{l + cy) or ci = 1 + cy. Since this equation has no 
solution, no solution curve passes through ( 0 , 1 ). 

51. For the first-order differential equation integrate f(x). For the second-order differential equation 
integrate twice. In the latter case we get y = /(/ f(x)dx)dx + cix + c% 

52. Solving for y 1 using the quadratic formula we obtain the two differential equations 

y' = ^ (2 + 2\/1 + 3x 6 ^ and ij = ^ ^2 - 2\/l -h 3x 6 j , 
so the differential equation cannot be put in the form dy/dx — f(x,y). 
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Exercises 1.1 Definitions and Terminology 


53. The differential equation yy'—xy = 0 has normal form dy/dx - x. These are not equivalent because 
y = 0 is a solution of the first differential equation but not a solution of the second. 

54. Differentiating we get y 1 = c\ + 3c2X 2 and y" = Then C 2 = y"/6x and c\ = y' — xy" /2, so 



x + — x' = xy - -x“y 


and the differential equation is x 2 y" — 3 xy 1 + 3 y = 0. 

2 

55. (a) Since e~ x is positive for all values of x. dy/d,x > 0 for all x, and a solution, y(x), of the 
differential equation must be increasing on any interval. 

(b) lim = lim e~ x = 0 and lim = lim e~ x = 0. Since dy/dx approaches 0 as x 

v ’ i->-oc dx x-+-oc x^oo d x x-^x 

approaches —oc and oc, the solution curve has horizontal asymptotes to the left and to the 
right. 

(c) To test concavity wo consider the second derivative 


d 2 y _ d (d,y\ _ d / _ x 2 
dx 2 dx \dxj dx V 


Since the second derivative is positive for x < 0 and negative for x > 0, the solution curve is 
concave up on (—oo,0) and concave down on (0. oo). x 



56. (a) The derivative of a. constant solution y = c is 0, so solving 5 — c = 0 we see that c = 5 and so 

y = 5 is a constant solution. 

(b) A solution is increasing where dy/dx = 5 — y > 0 or y < 5. A solution is decreasing where 
dy/dx — 5 — y < 0 or y > 5. 

57. (a) The derivative of a constant solution is 0, so solving y(a — by) = 0 we see that y = 0 and 

y = a/b are constant solutions. 

(b) A solution is increasing where dy/dx — y(a — by) = by(a/b — y ) > 0 or 0 < y < a/b. A solution 
is decreasing where dy/dx = by(a./b — y) < 0 or y < 0 or y > a/b. 

(c) Using implicit differentiation we compute 

- y(-by') + y'{a - by) = y'(a - 2 by). 

Solving d 2 y/dx 2 = 0 we obtain y = a/2b. Since d l y/dx 2 > 0 for 0 < y < a/26 and d 2 y/dx 2 < 0 
for a/26 < y < a/b , the graph of y = (p(x) has a point of inflection at y = a/26. 
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Exercises 1.1 Definitions and Terminology 


(d) 



58. (a) If y = c is a constant solution then y' = 0. but c 2 + 4 is never 0 for any real value of c. 

(b) Since y' = y 2 + 4 > 0 for all x where a solution y = <p(x) is defined, any solution must be 
increasing on any interval on which it is defined. Thus it cannot have any relative extrema. 

(c) Using implicit differentiation we compute d?y/dx 2 = 2 yy' = 2y(y 2 +4). Setting (fy/dx 2 — 0 
we see that y — 0 corresponds to the only possible point of inflection. Since d?y/dx 2 < 0 for 
y < 0 and d?yjdx 2 > 0 for y > 0. there is a point of inflection where y — 0. 



59. In Mathematica use 

Clear [y] 

y[x_]:= x Exp[5x] Cos[2x] 

y[ x l 

y M, ’[x] — 20y’"[x] + 158y"[x] — 580y'[x] +84 ly[x]//Simplify 

The output will show y(x) = e 0X x cos 2a:, which verifies that the correct function was entered, and 
0, which verifies that this function is a solution of the differential equation. 

60. In Mathematica me 

Clear [y] 

y[x_]:= 20Cos[5Log[x]]/x — 3Sin[5Log[x]]/x 

yW 

x~3 y'"[x] + 2x"2 y”[x] + 20x y'[x] — 78y[x]//Simplify 

The output will show y(x) = 20 cos(5 In x)/x—S sin(5 In x)/x, which verifies that the correct function 
was entered, and 0, which verifies that this function is a solution of the differential equation. 
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Exercises 1.2 Initial-Value Problems 


Ex€rcises 1,2 


*. M|ial“Valbe . : 'gIr:,SlR!lliiI|i ; 


1. Solving -1/3 = 1/(1+ ci) we get ci = -4. The solution is y = 1/(1 — ke~ x ). 

2. Solving 2 = 1/(1 + cie) we get ci = -(l/2)e _1 . The solution is y — 2/(2 - . 

3. Letting x = 2 and solving 1/3 = 1/(4 + c) we get c = —1. The solution is y — 1 f(x 2 — 1). This 

solution is defined on the interval (l,oc). 

4. Letting x = -2 and solving 1/2 = 1/(4 + c) we get c = —2. The solution is y = l/{x 2 — 2). This 
solution is defined on the interval (—oo, — \/2). 

5. Letting x = 0 and solving 1 = 1/e we get c — 1. The solution is y = l/(:r 2 + 1). This solution is 
defined on the interval (—oo, oo). 

6. Letting x = 1/2 and solving —4 = l/(l/4 + c) we get c = —1/2. The solution is y = ljix 1 — 1/2) = 

2j{2x 2 — 1). This solution is defined on the interval (—1/\/2 , l/\/2 )- 

In Problems 7-10 we use x — ci cos t + c *2 sin t and x' — —c\ sin t + C 2 cos t to obtain a system, of two 

equations in the two unknowns ci and C 2 ■ 

7. From the initial conditions we obtain the system 

Ci = —1 


C2 = 8. 

The solution of the initial-value problem is x = — cost + 8sint. 

8. From the initial conditions we obtain the system 

C‘2 = 0 


-Cl - 1. 


The solution of the initial-value problem is x = — cos t. 


9. From the initial conditions we obtain 


VS 1 1 

-2~ C] + 2 C2 = 2 
1 \/3 

“2 C1 + T C2 = a 


Solving, we find ci = v / 3/4 and C 2 = 1/4. The solution of the initial-value problem is 
x — (\/3/4) cost + (1/4) sint. 
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10. From the initial conditions we obtain 

n/ 2 \/2 /x 

T c 1 + — c 2 = n/2 

\/2 \/2 , /r 

c i + — c 2 — 2\/2 . 

Solving, we find c\ = — 1 and 02 = 3. The solution of the initial-value problem is x = — cos £ 4- 3 sin t. 


; Problems 11-14 we use y = c\a x + c^e x and 1 / — c\e x — oit x to obtain a system of two equations 
the two unknowns c\ and c?. 

11 . From the initial conditions we obtain 

Cl + C 2 = 1 
Ci — C 2 = 2. 

Solving, wo find ci = 5 and C2 = — \ . The solution of the initial-value problem is y = |e x — ^e~ x . 

12. From the initial conditions we obtain 

eci + e _1 C2 = 0 
eci — c _i C2 = e. 

Solving, we find ci = \ and C2 = — \e 2 . The solution of the initial-value problem is 

.__ l^x 1 *2 —X 

■J “ 2 e 2 e c ~~ 2 e 2 e 

13. From the initial conditions we obtain 

e _1 ci + ec2 = 5 
e -1 ci — ec2 = —5. 

Solving, we find ci = 0 and C2 = 5e _1 . The solution of the initial-value problem is y = be~ x e~ x — 

14. From the initial conditions we obtain 

ci + C2 = 0 


C 3 — C2 = 0. 

Solving, we find ci — C2 = 0. The solution of the initial-value problem is y = 0. 

15. Two solutions are y = 0 and y - x’F 

li. Two solutions arc y — 0 and y = x 2 . (Also, any constant multiple of x 2 is a solution.) 


Qf 2 / 

1 ~ Tor f(x, y ) = y 2 ^ wc have — = Thus, the differential equation will have a unique solution 

ay 3 

any rectangular region of the plane where y ^ 0. 
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18. For f{x,y) = ^fxy we have df/dy - |y4:/y. Thus, the differential equation will have a unique 
solution in any region where x > 0 and y > 0 or where x < 0 and y < 0 . 

? d f l 

19. For fix. y) = — we have V- = —. Thus, the differential equation will have a unique solution in 

x ay x 


any region where x ^ 0 . 


df 


20. For f(x,y ) = x + y we have = 1 . Thtis, the differential equation will have a unique solution in 
the entire plane. 

21. For f(x, y) - x 2 /(4 — y 2 ) we have df/dy = 2x 2 y/(4 — y 2 ) 2 . Thus the differential equation will have 
a unique solution in any region where y < — 2 , —2 < y < 2, or y > 2 . 

_ 3x 2 y 2 

22. For f(x.ij) —-—n- we have — = -o • Tims, the differential equation will have a unique 

V JJ 1 + y 3 dy (1 + y 3 ) 2 

solution in any region where y ^ — 1 . 

y 2 df 2 x 2 y 

23. For f(x. y) = —V-rr we have — =- 1 ^ . Thus, the differential equation will have a unique 

+ y 2 % (,t 2 + y 2 ) 2 

solution in any region not containing ( 0 , 0 ). 

24. For /(a;, y) = (y + x)/(y — x) we have df/dy - —2x/(y — x) 2 . Thus the differential equation will 
have a unique solution in any region where y < x or where y > x. 


In Problems 25-28 we identify f{x, y) = \jy 2 — 9 and df/dy = y/\jy 2 — 9. We see that f and 
df/dy are both continuous in the regions of the plane determined by y < — 3 and y > 3 with no 
restrictions on x. 


25. Since 4 > 3. (1,4) is in the region defined by y > 3 and the differential equation has a unique 
solution through (1,4). 

26. Since (5.3) is not in cither of the regions defined by y < —3 or y > 3. there is no guarantee of a 
unique solution through (5,3). 

27. Since ( 2 , —3) is not in either of the regions defined by y < — 3 or y > 3, there is no guarantee of a 
unique solution through (2.-3). 

28. Since (— 1 ,1) is not in either of the regions defined by y < —3 or y > 3, there is no guarantee of a 
unique solution through (—1,1). 

29. (a) A one-parameter family of solutions is y = ex. Since y' = c, xy' = xc = y and y(0) = c ■ 0 = 0. 

(b) Writing the equation in the form y' = y/x, we see that it* cannot contain any point on the y-axis. 
Thus, any rectangular region disjoint from the y-axis and containing (xo,yo) will determine an 
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(c) 

30. (a) 

(b) 

(c) 

31. (a) 

(b) 


(c) 


interval around xq and a unique solution through (ro, yo). Since xq = 0 in part (a), we are nor 
guaranteed a unique solution through ( 0 . 0 ). 


The piecewise-defined function which satisfies y(0) = 0 is not a solution since it is not differ¬ 
entiable at x - 0 . 

(1 o 9 

Since — tan(:r + c) = sec~(x + c) = 1 + tan - (x -f c). we see that y = tan (re + c) satisfies the 

tlX 

differential equation. 


Solving y( 0 ) = lane — 0 we obtain c = 0 and y = tan x. Since tan x is discontinuous at 
x — ±tt/ 2 , the solution is not defined on (— 2 , 2 ) because it contains ±tt/ 2 . 


The largest interval on which the solution can exist is (—tt/2, tt/2). 

d / 1 \ 1 9 1 

Since — (-= - -r~ = y~. we see that y =-is a solution of the differential 

dx V (x + c) 2 r. -l r 


dx 
equation. 


Solving y(0) = —1/c = 1 we obtain c = — 1 and y = 1/(1 — x). Solving y(0) = —1 jc = —1 
we obtain c = 1 and y - —1/(1 + x). Being sure to include x - 0, we sec that the interval 
of existence of y — 1/(1 — x) is (—oc, 1), while the interval of existence of y = —1/(1 4- x) is 
( 1, oc). 

By inspection we see that y = 0 is a solution on (—oo, oo). 


32. (a) Applying y(l) = 1 to y = -l/(x 4 - c) gives 


1 


1 

l + c 


or 


1 + c = — 1 . 


Thus c = —2 and 


1 _ 1 
x — 2 2 — x 


(b) Applying y(3) = — 1 to y = —1 f(x + c) gives 

1 

—1 = — - or 3 + c — 1 . 

3 + c 


Thus c = —2 and 

__ 1 _ _ 1 

^ x — 2 2 — x' 

(c) No, they are not the same solution. The interval I 
of definition for the solution in part (a) is (—oo, 2 ); 
whereas the interval / of definition for the solution 
in part (b) is ( 2 , oo). See the figure. 
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33. (a) Differentiating 3x 2 — y 2 — e we get 6x — 2 yy' = 0 or yy' = 3a 

(b) Solving 3a: 2 — y 2 = 3 for y we get 

y = ©I (a:) = y 3(x 2 — 1), 1 < x < oo, 

y = 02(3:) = — \/3(a; 2 — 1), 1 < x < 00 . 

y = <p‘s(x) = i/3(x 2 — 1), -oc < x < -1. 

y = $>4(0;) = —y3(x 2 — 1). —00 < x < —1. 

(c) Only y = 6s(x) satisfies y(— 2) = 3. 

34. (a) Setting x = 2 and y = —4 in 3x 2 — y 2 = c we get 12 — 16 = —4 = c 

so the explicit solution is 

y = — \/3a: 2 + 4.. —oc < x < 00 . 

(b) Setting e = 0 we have y = \/3x and y = —y/3x, both defined on 
(— 00 , 00 ). 

In Problems 35-38 we consider the points on the graphs with x-coordinates xq = —1, xq = 0, a 
X‘o = 1. T/ie slopes of the tangent lines at these points are compared with the slopes given by y'{x 0) 
(a) through (f). 

35. The graph satisfies the conditions in (b) and (f). 

36. The graph satisfies the conditions in (e). 

37. The graph satisfies the conditions in (c) and (d). 

38. The graph satisfies the conditions in (a). 

39. Integrating y' = 8e 2a: 4- 6.x we obtain 

y = J (8e 2a: + 6x)dx = 4e 2ar + 3x 2 + c. 

Setting x = 0 and y = 9 we have 9 = 4 + c so c = 5 and y = 4e 2a? + 3x 2 + 5. 

40. Integrating y" — 12x — 2 we obtain 

1 / = j (12a: — 2 )dx = 6x 2 — 2.x + ci- 

Then, integrating y' we obtain 

y = / (6x 2 — 2x + ci)dx = 2x 3 — x 2 + cix + C2. 
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- 1 the ^-coordinate of the point of tangency is y — — 1+5 = 4. This gives the initial condition 
= 4. The slope of the tangent line at x = 1 is y'( 1) - —1. From the initial conditions we 
n 

2 - 1 + ci + ca = 4 or ci + c -2 — 3 


6 — 2 + ci = — 1 or Ci = — 5. 


. ci = —5 and oi — 8, so y = 2a' 3 — x 2 — 5x + 8. 

n x = 0 and y = \ . y' — — 1, so the only plausible solution curve is the one with negative slope 
. 5 ), or the black curve. 

r solution is tangent to the a- ax is at (xq- 0), then y' - 0 when x = xq and y — 0. Substituting 
values into y' + 2y = 3.x — 6 we get 0 + 0 = 3xq — 6 or xq = 2. 


rheorern guarantees a unique (meaning single) solution through any point. Thus, there cannot 
.o distinct solutions through any point. 


1 V = 1E X 


L~4 ,„/ _ 


y’ = p 3 


= x(|x 2 ) - :cy 1/2 . and y(2 ) = ^(16) = 1. When 


y- 


0 , x < 0 
^:X 4 , X > 0 


we 


y' = 


0, 

1.,.3 


x < 0 
_ ^ « = * 


0 . 


x < 0 


- «,l/2 


. 2) = ^ (16) = 1. The two different solutions are the same on the interval (0, oo), which is all 
is required by Theorem 1.2.1. 


= 0. dP/dt = 0.15P(0) + 20 = 0.15(100) + 20 = 35. Thus, the population is increasing at a 
:.'f 3.500 individuals per year. 


• population is 500 at time t = T then 


dP 

dt 


= 0.15 P(T) +'20 = 0.15(500) + 20 = 95. 

t=T 


. at this time, the population is increasing at a rate of 9,500 individuals per year. 
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Exercises 1.3 




dP dP 

1. ( P- = kP + r: — — kP — r 

dt dt 

2. Let b be the rate of births and d the rate of deaths. Then b - k]_P and d = k 2 P- Since dPjdt — b—d , 

the differential equation is dP/dt = k\P — k 2 P. 

3. Let b be the rate of births and d the rate of deaths. Then b — k\P and d = k 2 P 2 ■ Since dP/dt = b—d. 
the differential equation is dP/dt — k\P — k 2 P 2 ■ 

d.P 

4. — = kiP - k 2 P 2 -h K h> 0 
dt 

5 . Prom the graph in the text we estimate To = 180° and T m = 75°. We observe that when T = 85. 
dT/dttt — 1. From the differential equation we then have 

dPjdt -1 


k = 


T-Trr 


85-75 


= - 0 . 1 . 


6. By inspecting the graph in the text we take T m to be T m (t) = 80 — 30 cos nt/12. Then the 
temperature of the body at time t is determined by the differential equation 


dT 

— — k 
dt 


7T 


T - ( 80 - 30 cos —t 

X z 


t > 0. 


7. The number of students with the flu is x and the number not infected is 1000 — x, so dx/dt — 
fo;(1000 - x). 

8. By analogy, with the differential equation modeling the spread of a disease, we assimie that the rate 
at which the technological innovation is adopted is proportional to the number of people who have 
adopted the innovation and also to the number of people, y(t). who have not yet adopted it. Then 
x + y = n, and assuming that initially one person has adopted the innovation, we have 

(j T 

~Y = kx(n — x), .'r(O) = 1. 

(Jfb 


9. The rate at which salt is leaving the tank is 

(A. \ A 

R mit (3 gal/min) • (^— lb/gal j = — lb/min. 

Thus dA/dt — — d/100 (where the minus sign is used since the amount of salt is decreasing. The 
initial amount is d(0) = 50. 

10. The rate at which salt is entering the tank is 


Ri n = (3 gal/min) • (2 lb/gal) = C lb min. 
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Since the solution is pumped out at a slower rate, it is accumulating at the rate of (3 — 2)gal/min 
1 gal/min. After t minutes there are 300 +1 gallons of brine in the tank. The rate at which salt is 
leaving is 

*»• = (2 gal/min) • (so5Tf lb/gaI ) = lb/miu ' 

The differential equation is 

dA _ 2A 
dt 300 t 

11. The rate at which salt is entering the tank is 


Rin = (3 gal/min) • (2 lb/gal) = 6 lb/min. 

Since the tank loses liquid at the net rate of 

3 gal/min — 3.5 gal/min = —0.5 gal/min, 

after t minutes the number of gallons of brine in the tank is 300 — \t gallons. Thus the rate at 
which salt is leaving is 

/a \ 354 7 a 

lb/gal )' (3 ' 5 gal/min) = lb/min = 600^7 lb / mi,L 

The differential equation is 

dA „ 7 A dA 7 

■* =6 “ 600V7 or It + 600^1 A = 6 ' 

1 2 . The rate at which salt is entering the tank is 


Rin = ((‘in lb/gal) • (r in gal/min) = c in r in lb/min. 


Xow let A(t) denote the number of pounds of salt and N(t) the number of gallons of brine in the tank 
at time t. The concentration of salt in the tank as well as in the outflow is c(t ) = x(t)/N(t). But 
the number of gallons of brine in the tank remains steady, is increased, or is decreased depending 
7ii whether n n = r out , r.j, n > r ou t, or r- m < r ou t. In any case, the number of gallons of brine in the 
tank at time t is N(t) = Nq + (r ? : n — r ou t)i. The output rate of salt is then 


Rout — 


No + ( r in — r 0 ut)t 


lb/gal • (r ou t gal/min) = r oul 


No + (r in - r out )t 


lb/min. 


The differential equation for the amount of salt.: dA/dt = Ri n — Rout-, is 
dA _ ^ A ^ dA ^ Tout. 

~TT ~ ( 'in Tin ~ T ou t — ' rr or —— + — — — 

dt A'q + (Tin ^ out )t dt Aq + (r ? ; n 'F out) t 


A = 


c in r in ♦ 


the volume of water in the tank at time t is V = A w h. The differential equation is then 

cA h 


clh 1 dV 1 ( r—\ cAf t r— 

Tt = a: s = a: (-^v^)= 
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Using Ah = 7r 




12 J 


= - 1 - . .4,,, = 10 2 = 100, and q = 32. this becomes 
36 


dt 100 450 


14. The volume of water in the tank at time t is V = g7r r 2 h where r is the radius of the tank at heigh' 

2 

h. Prom the figure in the text we see that, r/h = 8/20 so that r = |h and V = |tt (jJi) h = /r 
Differentiating with respect to t we have dV/dt = Anh 2 dh/dt or 


dh 

dt 


25' 

25 dV 


47 t h 2 dt 


From Problem 13 we have dV/dt = —cAh.y/2gh where c = 0.6, Ah = tt , and g = 32. Thu: 
dV/dt = — 27r\//i/15 and 

dh _ _25_ ( 2 Wh \ _5 

dt 4nh 2 y 15 J 6/i 3 / 2 

15. Since i = dq/dt and Ld 2 q/dt 2 + Rdq/dt = E(t), we obtain Ldi/dt + Ri — E(t). 

16. By Kirchhoff’s second law we obtain R~ + -^q = E(t ). 

U' / w 

( l v ^ 

17. From Newton’s second law' we obtain m— = —Am 2 + mg. 

dt 

18. Since the barrel in Figure 1.3.16(b) in the text is submerged an additional y feet below its equilibrium 
position the number of cubic feet in the additional submerged portion is the volume of the circular 
cylinder: 7rx (radius) 2 xheight or tt (.$/2 ) 2 y. Then we have from Archimedes’ principle 

upward force of water on barrel = weight of water displaced 

= (62.4) x (volume of water displaced) 

= (62.4)-7r(s/2) 2 t/ = 15.67 rs 2 y. 

It then follows from Newton’s second law that 

w d 2 V ir r 2 d2 y . 15.67T.S 2 ^ 

~g dfi = - 15MS V ” W + — V = °- 

where g = 32 and w is the weight of the barrel in pounds. 


19. The net force acting on the mass is 


d 2 x 


F — ma = to = —k{ s + x ) + mg = —kx + mg 

Since the condition of equilibrium is mg = ks. the differential equation is 

d 2 x 


ks. 


TO 


dt 2 


= —kx. 
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20 . 


From Problem 19. without a damping force, the differential equation is mSx/dt 2 = —kx. With a 
damping force proportional to velocity, the differential equation becomes 


d?x , ,dx 
m — 7 T — —kx — p— 
dt 2 ’ dt 


d 2 x ,jlx 

or m—7r + P— + kx = 0. 
dt/ ' dt 


21 . 


From g — k/R? we find k = gR 2 . Using a = d 2 r/dt 2 and the fact that the positive direction is 
upward we get 

gR 2 


Sr 

dt‘ 2 




k_ 

r 2 


r-2 


Sr gR 2 n 
or ^ + 1 ^ = 0 - 


22 . 


The gravitational force on m is F = —kM r m/r 2 . Since M r = 47tdr 3 /3 and M = 47r5R 3 /S wc have 
M r = SM j R 3 and 


_ . M r m r ' 2 Mm/R 2 mM 

r = —k —= —k -?:-= —k ——=- r. 


~.2 


v 2 


Now from F = ma = Sr/dt 2 we have 


Sr 


23. 


24. 


25. 


d 2 r , mM 
dt 2 R s dt 2 

d A 

The differential equation is — = k(M — A). 

dt 

d,A 

The differential equation is — = k\(M — A) — k^A. 

dt 

The differential equation is x'(t) = r — kx(t) where k > 0. 


f ? 3 
kM 


R 3 


r. 


— e u 

26. By the Pythagorean Theorem the slope of the tangent line is y — .—.. 

\/s 2 - if 

27. We see from the figure that 20 + a = tt. Thus 

V . 2 tail 0 

- L - = tan a = tan(7r — 20) = — tan 20 =-y— . 

-x v ’ 1 - tan 2 0 

Since the slope of the tangent line is y' = tan 0 we have y/x = 2y'/{I — (y r ) 2 } 

or y — y(y') 2 = 2xy', which is the quadratic equation y(y') 2 + 2 xy' — y = 0 

in y'. Using the quadratic formula, we get 


—2x ± J4.x 2 + 4 y 2 —x± Jx 2 + y 2 

U 2 y y 


Since dyjdx > 0, the differential equation is 



dy _ -x + yf x 2 + y 2 
dx y 


or 


y - yfSMy 2 -f x = 0. 


-he differential equation is dP/dt- = kP, so from Problem 41 in Exercises 1.1, P - e ki , and a. 
’-.e-parameter family of solutions is P = ce kt . 
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29. The differential equation in (3) is dT/dt = k(T — T m ). When the body is cooling. T > Tj n , so 
T — T m > 0. Since T is decreasing, dT/dt < 0 and k < 0. When the body is warming. T < T m , so 
T — T m < 0. Since T is increasing. dT/dt > 0 and A: < 0. 

30. The differential equation in (8) is dA/dt — 6 — .4/100. If Ait) attains a maximum, then dA/dt = 0 
at this time and A — 600. If .4(£) continues to increase without reaching a maximum, then A'(t) > 0 
for t > 0 and A cannot exceed 600. In this case, if A'(t) approaches 0 as £ increases to infinity, we 
see that /1(£) approaches 600 as £ increases to infinity. 

31. This differential equation could describe a population that undergoes periodic fluctuations. 

32. (a) As shown in Figure 1.3.22(b) in the text, the resultant of the reaction force of magnitude F 

and the weight of magnitude mg of the particle is the centripetal force of magnitude mu 2 x. 
The centripetal force points to the center of the circle of radius x on which the particle rotates 
about the y- axis. Comparing parts of similar triangles gives 

F cos 9 — mg and F sin 9 = mu> 2 x. 


(b) Using the equations in part (a) we find 

F sin 6 


tan 9 — 


mu> 2 x 


iV 2 X 


or 


cly 

dx 


U 2 X 


F cos 9 mg g ax g 

33. From Problem 21, d 2 r/dt 2 — —gR 2 /r 2 . Since R is a constant, if r = R + s, then d?r/dt? = ti 2 s/dt 2 
and, using a Taylor series, we get 


dt 2 


f ? 2 


— — gR 2 (R T s ) 


" 2 ^ ~gR 2 [R~ 2 - 2 sR~ 3 + ■ ■ •] =* -g + ^ + 


J {R + s) 2“ ~ ' J_ y 1 

Thus, for R much larger than s, the differential equation is approximated by d?s/dt 2 = —g. 
34. (a) If p is the mass density of the raindrop, then m = pV and 


dm 

dt 


dV 

dt 



= p(4?rr 2 ^-) 

L3 -1 

dt / 


dr 

dt 


If d,r/dt is a constant, then drrijdt = kS where pdr/dt = k or dr/dt = k/p. Since the radius is 
decreasing, k < 0. Solving dr/dt = k/p we get r ~ ( k/p)t + cq. Since r(0) = ro, co = ro and 
r = kt/p + ro. 

(b) From Newton’s second law. -7- [rnv] = mg , where v is the velocity of the raindrop. Then 

dt 


dv dm 

m 17 + v TFT = m 9 
dt dt 

Dividing by 4p7rr li /3 we get 
dv 3 k 

— + — v = g 

dt pr 


or p(^7rr 3 ) ^ + v(kAnr 2 ) ~ p(^7rr 3 )p. 


dv 


or 


3 k/p 

dt ' kt/p + ro 


+ 


v = g, k < 0. 
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35. We assume that the plow clears snow at a constant rate of k cubic miles per hour. Let t be the 

time in hours after noon, x(t) the depth in miles of the snow at time t, and y(t) the distance the 

plow has moved in t hours. Then dy/dt is the velocity of the plow and the assumption gives 

dy , 
wx— — k. 
dt 

where w is the width of the plow. Each side of this equation simply represents the volume of snow 
plowed in one hour. Now let to be the number of hours before noon when it started snowiirg and 
let s be the constant rate in miles per hour at which x increases. Then for t > —to, x = s(t + to). 
The differential equation then becomes 

dy _ k 1 
dt ws t + to' 

Integrating, we obtain 

V = — [ln(£ + to) + cl 
ws 

where c is a constant. Now when t — 0. y = 0 so c = — Into and 

» = -*- InbW). 

WS \ to) 

Finally, from the fact that when t = 1, y = 2 and when t = 2, y = 3, we obtain 


1 + - = 1 + - 


Expanding and simplifying gives tg + to — 1 = 0. Since to > 0. we find to ~ 0.618 hours 
37 minutes. Thus it started snowing at about 11:23 in the morning. 


36. (1): — = kP is Unear 
dt 


, lX/1 14 

(2): — = kA is linear 
dt 


(3): — = k(T - T m ) is linear 


(G): —- = k(a — X)(j3 — X) is nonlinear 

LLL 

dh Ah nrr . 

(10): — = —y2 gh is nonlinear 
at 


(5): — = kx(n + 1 — x) is nonlinear 
dt 

/0 . d.A A . , 

(8): dT = 6 -loo IsUuear 

''ili 1 + ),<! = E(t) is linear 


(12): -^2 = ~9 is linear (14): m— = mg — kv is linear 

d 2 s , ds . 

(15) : m—7 + k~ = mq is linear 

dt z dt 

(16) : linearity or nonlinearity is determined by the manner in which W and T\ involve x. 
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Chapter 1 in Review 


1. 4- cie Wx = 10cie 10x ; ^ = lOy 

dx ax 

2. ^(5 + c 1 e- 2x ) = -2c 1 e- 2x = -2{5 + c 1 e-^-o) ] £ = -2(y - 5) or £ = -2y + 10 

3. (cj cos foe -I- C2 sin. A;®) = — Axi sin foe + fees cos for;: 
dx 


cP_ 

dx 2 


(ci cos kx + C2 sin kx) = —k 2 c\ cos kx — fe 2 C2 sin kx = —fc 2 (ci cos kx + C2 sin kx): 


d 2 y ,2 , Z 2 n 

*3 = "^ ° r 53 +i!, = 0 

d 

4. —(ci cosh fee + cc> sinh kx) — kci sinh kx + kc 2 cosh kx: 
dx 


dx 2 


(ci cosh kx + C 2 sinh kx) = k 2 c\ cosh kx + k 2 C 2 sinh kx = k 2 {c\ cosh kx + C 2 sinh kx ); 


% = k2 y OT 0-* 2 » = ° 


5. y = cie* + C2are x ; y' = c\e x + CM'e* + C2<? x: ; y" = cie x + C 2 xe x + 2c2 

y" + y = 2(cie x -f C 2 xe x ) + 2 c 2 C x = 2(cic x + co.xcf + C2e x ) = 2y r ; y" — 2y' + y = 0 


6 . y 1 — —ae x sin x + c\e x cos x + C 2 & x cos x + C 2 e x sin x\ 

y" = —ci& x cos x — c\e x sin x — c\e x sin x + cie* cos x — C 2 e x sin x 4- C2e x cos x + C 2 e x cos x + C 2 e x sin 
= —2c-ie x sin x + 2 c 2 e x cos a;; 

y" — 2 y' = —2cie x cos a: — 2c2e x sin a: = —2y\ y" — 2y' + 2y = 0 

7. a,d 8. c 9. b 10. a,c 11. b 12. a,b.d 

13. A few solutions are y — 0, y = c, and y = e x . 

14. Easy solutions to see are y = 0 and y = 3. 

15. The slope of the tangent line at ( x . y) is y', so the differential equation is tj — a; 2 + y 2 . 

16. The rate at which the slope changes is dy 1 /dx — y" ) so the differential equation is y" = —y 1 c 

y" + y' = 0- 

17. (a) The domain is all real numbers. 

(b) Since y ! = 2/3a: 1//3 , the solution y = a; 2 /’ 3 is undefined at a; — 0. This function is a solution ■' 
the differential equation on (—oo. 0) and also on (0, oo). 
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(a) Differentiating y 2 — 2y = x 2 — x + e we obtain 2 yy' — 2 y' - 2x — 1 or (2 y — 2)y' = 2x — 1. 

(b) Setting x = 0 and y = 1 in the solution wo have 1 — 2 = 0 — 0 + c or c = —1. Thus, a solution 
of the initial-value problem is y 2 — 2y = x 2 — x — 1. 

(c) Solving y 2 —2y— (x 2 — x— 1) = 0 by the quadratic formula we get y = (2±^/4 + 4(x' 2 — x — 1) )/2 
= 1 ± V x 2 — x = 1 ± y'x(x — 1). Since x(x — 1) > 0 for x < 0 or x > 1, we see that neither 
y = 1 + \Jx(x - 1) nor y = 1 — y^x(x — 1) is differentiable at x = 0. Thus, both functions are 
solutions of the differential equation, but neither is a solution of the initial-value problem. 

Setting x = xq and y = 1 in y = —2/x + x. we get 

2 

1 =-h ro or Xq - xo - 2 = (xo - 2)(xo + 1) = 0. 

X() 

Thus, xq = 2 or xo = —1. Since x = 0 in y = —2/a’ + x, we see that y = —2/x + x is a solution of 
•he initial-value problem xy' + y = 2x, y(— 1) = 1, on the interval (—oo. 0) and y — —2/x + x is a 
r j hit ion of the initial-value problem xy' + y = 2x. y{ 2) = 1. on the interval (0, oc). 

From the differential equation, y'{ 1) = l 2 + [|/(1)] 2 = 1 + (—l) 2 = 2 > 0, so y(x) is increasing in 
jMiie neighborhood of x = 1. Front y" = 2x + 2yy' we have y"{ 1) = 2(1) + 2(—1)(2) = — 2 < 0, so 
.r) is concave down in some neighborhood of x = 1. 



b) When y = x 2 + Ci, y' = 2x and {y') 2 = 4x 2 . When y = —x 2 + c -2 . y' ~ —2x and {y') 2 = 4x 2 . 

_2»2 /■£ q 

! 

. x > 0. 

The slope of the tangent line is y' |(_i. 4 )= 6\/4 + -5(—l) 3 = 7. 
h ifferentiating y = x sin x + x cos x we get 

i/ = x cos x -1- sin x — x sin x + cos x 


y" = —x sin x + cos x + cos x — x cos x — sin x — sin x 


= —x sin x — x cos x + 2 cos x — 2 sin x. 
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Thus 

y" 4- y = —x sin x — x cos x + 2 cos x — 2 sin x + x sin x + x cos x = 2 cos x — 2 sin x. 

An interval of definition for the solution is (—oo. oc). 

24. Differentiating y — x sin x + (cos x) In (cos x) we get 

, • ( sin x\ . , \ i / \ 

u — x cos x + sin x + cos x - — (sin x) lnfcos x) 

V cos x J 

= x cos x + sin x — sin x — (sin x) ln(cos x) 

= x cos x — (sin :r) In (cos x) 

and 


sin 2 x 


y = —x sin x + cos x — sin x 
= —x sin x + cos x + 

= —x sin x + cos x + 


- Sill X 

cosx 


— (cosx) In (cos x) 


cos X 
1 — cos 2 X 


cos X 


— (cos a;) ln(cos x) 

(cos x) ln(cos x) 


= —x sin x + cos x + sec x — cos x — (cos x) In (cos x) 
— —x sin x + sec x — (cos x) ln(cos x). 


Thus 


y" + y = —x sin x + sec x — (cos x) ln(cos x) +x sin x + (cos x) ln(cos x) = sec x. 

To obtain an interval of definition we note that the domain of In a? is (0,oc). so we must havt 
cos a; > 0. Thus, an interval of definition is (—7 t/2, 7t/2). 

25. Differentiating y — sin (In x) we obtain ;/ = cosfln x) /x and y" = — (sin(lnx) + cos(ln x)]/x 2 . Then 

2 / sin(lna’) +cos(lnx')\ cos(ln x) 


x 2 y" + xy' + y = x~ 


x- 


x 


X 


+ sin (lux) = 0. 


An interval of definition for the solution is (0, oo). 

26. Differentiating y = cos(lnx) ln(cos(lnx)) + (In x) sin(ln x) we obtain 


y' = cos(ln x ) 


1 


cos (lux) 


sin(ln.r)' 

x 


+ ln(cos(lnx)) 


sin(lnx)^ | ^ cos(lnx) ( sin (In x) 

j | J.X1 JCr I 


X 


X 


ln(cos(ln:/;)) sin(lnx) (In x) cos(ln x) 


x 


X 
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and 


y" = -x 


t cos(ln x) i n _^ 1 ( sin(ln x) 


x 


In (cos (In ff)) L -|- sin (In :r)--*—-( 

cos (In x)\ x 

sin(In x) \ cos (In a:) 


x - 2 


+ In (cos (line)) sin (line )—x + x 

x- 


(In (- 


X 




X 


— (In re) cos (line) i 


x 


,.2 


sin 2 (In x) 


■ ln(cos(ln x)) cos(ln or) + - s ^ ~y + In (cos (line)) sin(hne) 


— (line) sin(line) + cos(ln:r;) — (In x) cos (In x) 


Then 


x 2 y" + xy' + y = — ln(cos(ln x)) cos(knc) 


sin 2 (line) 


+ ln(cos(ln a;)) sin (hi x) — (In a;) sin(lnar) 


cos (hie) 

f cos (In e) — (In x) cos (In x) — In (cos (In a;)) sin (In x) 

+ (In x ) cos(ln x) + cos(ln x) ln(cos(ln x)) + (In x) sin (In x) 

1 


sin 2 (In x) ,, . sin 2 (In x) -f cos 2 (In e) 

v ' + cos (In x) = — v ' 


= sec (In x). 


cos (line) ' cos(lne) cos(lne) 

To obtain an interval of definition, we note that the domain of hne is (0, oc), so we must have 
:os(ln x) > 0. Since, cos x > 0 when -tt/2 < x < tt/2, we require -tt/2 < In x < tt/2. Since e x 
is an increasing function, this is equivalent to e -ff/2 < x < e T i‘ 2 . Thus, an interval of definition is 
,? -7r / 2 . e^/ 2 ). (Much of this problem is more easily done using a computer algebra system such as 
-■lathematica or Maple.) 

P vblems 27 ■■ 30 we have y' = 3ciC ix — c- 2 e~ x — 2. 

The initial conditions imply 

Cl + f’2 = 0 

3ci — C2 — 2 = 0, 

si ci = ^ and C 2 = —Thus y = — \e~ x — 2x. 

The initial conditions imply 

Ci + C2 = 1 

3ci — C 2 — 2 = —3, 

- j ci = 0 and C 2 = 1. Thus y = e~ x — 2x. 
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29. The initial conditions imply 

cie 3 + C2e~ l —2 = 4 
3cie 3 — cae -1 — 2 = —2, 

so c\ = §e -3 and C 2 = f e. Thus y = |e 3a: “ 3 + |e~‘ T+1 — 2a;. 

30. The initial conditions imply 

cie -3 + C2fi + 2 = 0 
3cie -3 — C2e — 2 = 1, 

so ci = |e 3 and c ‘2 = — |e _1 . Thus y = |e 3x+3 — \e~ x ~ l — 2x. 

31. From the graph we see that estimates for yo and y\ are ijq = —3 and y\ = 0. 

32. The differential equation is 

dh cAq 

dt A w 

Using Aq = 7r(l/24) 2 = tt/576, A w = 7t(2) 2 = 4tt. and g — 32, this becomes 



dh ctt/570 c R 

33. Let P(t) be the number of owls present at time t. Then dP/dt = k(P — 200 + lOt). 

34. Setting A'(t) = —0.002 and solving A'(t ) = —0.0004332A(t) for A(t), we obtain 

A'(f) -0.002 


.4(f) = 


-0.0004332 -0.0004332 


4.6 grams. 
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Exercises 2.1 


Solution Curves Without a. Solution 



When x = 0 or y = 4, dy/dx = —2 so the lineal elements have slope —2. When y = 3 or y = 5, 
dy/dx = x — 2. so the lineal elements at 3) and (x, 5) have slopes x — 2. 


At (0, yo) the solution curve is headed down. If y —* oo as x increases, the graph must eventually 
turn around and head up, but while heading up it can never cross y = 4 where a tangent line 
to a solution curve must have slope —2. Thus, y cannot approach oo as x approaches oo. 


en y < ^x 2 , y' = x 2 — 2y is positive and the portions of solu- 
. curves “outside” the nullcline parabola are increasing. When 
^.r 2 , y' = x 2 — 2 y is negative and the portions of the solution 
ecs “inside” the nullcline parabola arc decreasing. 


y 

3-: / /V \ \ v i \ \\ i \ V \ \ V \ '■/>//' 
i //\w m i i i iM\\/// 

i / /-Vwmimw y// / 
2- i / /Aa \ \\ \\ \\\\\f/// I 
i / / / Ann \ \ \ ft \ \ \ \ yy / / 
j i th / \\n \ \ \\\ \ \ /f / f 

l! I fl t / /\\\ \ \ \N t I f 

! let// -V\n \ mm 

: iff// /MM 




ii/// 

S / / s . 

r///ft!f\\\ 

ill f t i jf / / / 

r /// i f t f i l 1 

' i i m / / / / 

/ / / / 1 i i / f 

5 M J 1 

j 1 / / / 

?// / M J M M 

M M 

! M M 

f// M M M M 

till! 

i / / / 

f / M / J M M 

:!!!! 

[ i M l/i 

t tt f 
till 
r mm/, 

M M M M M 
M M M M M 
M M 1 J M II 


if Itnti lij l tililtlit 

-3 -V."-1 “ 1 2* T 


Any horizontal lineal element should be at a point on a nullcline. In Problem 1 the nullclincs 
are x 2 —y 2 = 0 or y — ±a:. In Problem 3 the nullclines are 1 - xy = 0 or y — l/x. In Problem 
4 the nullclines are (sin x) cos y — 0 or x - mr and y — tt/2 + mr, where n is an integer. The 
graphs on the next page show the nullclines for the differential equations in Problems 1,3. and 
4 superimposed on the corresponding direction field. 
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y 



- 3 - 2-10 1 2 3 

Problem 1 


y 



y 



(b) An autonomous first-order differential equation lias the form y' = f(y). Nullclines have th- 
form y = c where /(c) = 0. These are the graphs of the equilibrium solutions of the differential 
equation. 

19. Writing the differential equation in the form dy/dx = y( 1 — y)(l + y) we see that critical 
points are located at y = — 1, y = 0, and y — 1. The phase portrait is shown at the right. 



20. Writing the differential equation in the form dy/dx = y 2 (l — y) (1 + y) we see that critical 
points are located at y = — 1, y = 0, and y = 1. The phase portrait is shown at the right. 



30 



































Exercises 2.1 Solution Curves Without a Solution 



Solving y 2 — 3 y = y(y — 3) = 0 we obtain the critical points 0 and 3. From the phase 
portrait we see that 0 is asymptotically stable (attractor) and 3 is unstable (repeller). H 

3- 

V 

0 


Solving y 2 — y z = y 2 (l — y) = 0 we obtain the critical points 0 and 1. From the phase I 
jrtrait wc see that 1 is asymptotically stable (attractor) and 0 is semi-stable. y 

14 - 

k 

o 


? jiving (y — 2) 4 = 0 we obtain the critical point 2. From the phase portrait we see that 
1 is semi-stable. 

2 - 

n 

jiving 10 + 3y — y 2 = (5 — y )(2 + y) — 0 we obtain the critical points —2 and 5. From 

phase portrait we see that 5 is asymptotically stable (attractor) and —2 is unstable ir 

repeller). 5 

n 

-2 


31 









Exercises 2.1 Solution Curves Without a Solution 


25. Solving y 2 ( 4 — if) = y 2 ( 2 — y)(2 + y) = 0 we obtain the critical points —2, 0, and 2. From 
the phase portrait we see that 2 is asymptotically stable (attractor), 0 is semi-stable, and 
—2 is unstable (repeller). 

o 

-2- 


26. Solving 2/(2—2/)(4—y) = 0 we obtain the critical points 0, 2, and 4. From the phase portrait 

we see that 2 is asymptotically stable (attractor) and 0 and 4 are unstable (repellers). A 

4 - 

2 - 

A 

o • 


27. Solving yln(y + 2) = 0 we obtain the critical points —1 and 0. From the phase portrait 

we see that —1 is asymptotically stable (attractor) and 0 is unstable (repeller). a 

o- 

-i 

A 

-2 - 


28. Solving ye y — 9 y — y(e y — 9) = 0 we obtain the critical points 0 and In 9. From the phase 
portrait wc see that 0 is asymptotically stable (attractor) and In 9 is unstable (repeller). 

In 9 


0 I 

i 


29. The critical points are 0 and c because the graph of f(y) is 0 at these points. Since f(y) > 0 ft 
y < 0 and y > c, the graph of the solution is increasing on (—oo, 0) and (c, oc). Since f(y) < 0 ft 
0 < y<c, the graph of the solution is decreasing on (0, c). 


32 



Exercises 2.1 Solution Curves Without a Solution 


y 



T::e critical points are approximately at —2,2, 0.5, and 1.7. Since f(y) > 0 for y < —2.2 and 
'< y < 1.7, the graph of the solution is increasing on (—oc, —2.2) and (0.5,1.7). Since f(y) < 0 
—2.2 <y < 0.5 and y > 1.7, the graph is decreasing on (—2.2,0.5) and (1.7, oc). 


y 



~:.:u the graphs of 2 = 7r/2 and 2 ; = sin y we see that 
- '2 y — siny = 0 has only three solutions. By inspection 
-fee that the critical points are —tt/2, 0, and w/2. 

~::::: the graph at the right we see that 



2 f < 0 for y < — tt/2 jl ... 

7T l > 0 for y > tt/2 V 

0 -- 

2 f > 0 for — 7t/2 < y < 0 n 

; 9 “ Sin n<0 for 0 < y < 7r/2. -f ■ 

7 


. ' -nables us to construct the phase portrait shown at the right. From this portrait we see that 

■ 1 :-.::d —7r/2 are unstable (repellers), and 0 is asymptotically stable (attractor). 

dx = 0 every real number is a critical point, and hence all critical points are nonisolated, 
that for dy/dx = f(y ) we are assuming that / and f are continuous functions of y on 
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some interval I. Now suppose that the graph of a noneonstant solution of the differential equation- 
crosses the line y = c. If the point of intersection is taken as an initial condition we have two distinct 
solutions of the initial-value problem. This violates uniqueness, so the graph of any noneonstant 
solution must lie entirely on one side of any equilibrium solution. Since / is continuous it can only 
change signs at a point where it is 0. But this is a critical point. Thus, f(y) is completely positivc- 
or completely negative in each region R t . If y(x) is oscillatory or has a relative extremum, then 
it must have a horizontal tangent line at some point (xo, ijq). In this case yo would be a critical 
point of the differential equation, but we saw above that the graph of a noneonstant solution canno: 
intersect the graph of the equilibrium solution y = yo- 

34. By Problem 33, a solution y(x) of dy/dx = f(y) cannot have relative extrema and hence must b-r 
monotone. Since y'(z) = f(y) > 0, y(x) is monotone increasing, and since y(x) is bounded abo\ v 
by 7 c' 2 , lirn^oo y(x) — L. where L < C 2 - We want to show that L = c- 2 - Since L is a horizonta. 
asymptote of y(x). lim. r _ >oc y'(x) — 0. Using the fact that f(y) is continuous we have 

f( L ) = /(Ji^Kx)) = lin^ftyix)) = JKmy(s) = 0. 

But then L is a critical point of /. Since ci < L < C 2 , and / has no critical points between ci an i 
C2, L = C2- 

35. Assuming the existence of the second derivative, points of inflection of y(x) occur where- 
y"(x) = 0. From dy/dx = f(y) we have d' 2 y/dx 2 — f'{y) dy/dx. Thus, the ^-coordinate of : 
point of inflection can be located by solving f(y) = 0. (Points where dy/dx = 0 correspond 
constant solutions of the differential equation.) 

36. Solving y 2 — y — 6 = (y — 3) (y + 2) = 0 we see that 3 and —2 are critical 
points. Now d 2 y/dx 2 = (2 y — 1) dy/dx = (2 y — 1 )(y — 3)(y + 2). so the only 
possible point of inflection is at y = ^ , although the concavity of solutions 
can be different on cither side of y = —2 and y = 3. Since y"(x) < 0 for 
y < —2 and | < y < 3, and y"(x) > 0 for — 2 < y < \ and y > 3, we 
see that solution curves are concave down for y < —2 and ^ < y < 3 and 
concave up for — 2 < y < ^ and y > 3. Points of inflection of solutions of 
autonomous differential equations will have the same y-eoordinates because between critical poi:/ - 
they are horizontal translates of each other. 

37. If (1) in the text has no critical points it has no constant solutions. The solutions have neither . 
upper nor lower bound. Since solutions are monotonic, every 7 solution assumes all real values. 
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The critical points are 0 and b/a. From the phase portrait we see that 0 is an attractor 
and b/a is a repeller. Thus, if an initial population satisfies Pq > b/a , the population 
becomes unbounded as t increases, most probably in finite time, i.e. P(t) ->ooa st-*T. 
I: 0 < Pq < b/a, then the population eventually dies out, that is, P(l) —> 0 as t —» oo. 
Since population P > 0 we do not consider the case Pq < 0. 


The only critical point of the autonomous differential equation is the positive number h/k. A 
phase portrait shows that this point is unstable, so h/k is a repeller. For any initial condition 
P 0) = Po < h/k.dP/dt < 0, which means P(t) is monotonic decreasing and so the graph of P(t) 
must cross the t -axis or the line P = 0 at some time t\ > 0. But P(t i) = 0 means the population 
is extinct at time t\. 

'Anting the differential equation in the form 

dt) k /mg \ 

dt m V k / V 

“r see that a critical point is m,g/k. ^ 

From the phase portrait we see that rng/k is an asymptotically stable critical 
i lint. Thus, lim^oc v = rng/k. ) 


A biting the differential equation in the form 

dv _ k /mg 2 \ & / kfrig 

dt m \ k ) m \V k 




see that the only physically meaningful critical point is Jrng/k. 

From the phase portrait we see that Jmgjk is an asymptotically stable 
:ideal point. Thus, lim^oc v - ^rng/k. 





a) From the phase portrait we sec that critical points are a and ,5. Let X(0) = Xo. 

If Xo < a, we see that X —► a as t —> oo. If a < Xo < / 3 , we see that X —> a as 
t —► oc. If Xo > 3, we see that X(t) increases in an unbounded manner, but more 
specific behavior of X(f) as t —+ oo is not known. 
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(b) When a = .8 the phase portrait is as shown. If Xq < a, then X(t) —> a as t —*■ oc. 
If Xq > a, then X(t) increases in an unbounded manner. This could happen in a 
finite amount of time. That is, the phase portrait does not indicate that X becomes 
unbounded as t —* oc. 


(c) When k = 1 and a = 3 the differential equation is dX/dt — (a — X) 2 . For X(t) = a — 1 /{t + c} 
we have dX/dt = 1 /(t + c) 2 and 


(a - X) 2 = 


a — (a — 


1 


t-rC 


0 t + C ) 2 


dt 


For X(0) = a/2 we obtain 


A'(t) = a - 


1 

t + 2 /q 


For AT(0) = 2a we obtain 


X(t) = a~ 


1 

t— 1/a ‘ 



For Xq > a, X(t) increases without bound up to t - 1/a. For t > 1/a, X(t) increases bu: 
X —* a as t —* oo 
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Exercises 


:"".v of the following problems we will encounter an expression of the form In jy(y)| = fix) + c. To 
gig) we exponentiate both sides of the equation. This yields |y(y)! = c/( x )+ c = e?eA x ^ which 
■ Q\ll) — ±e c e^). Letting ci = ±c e we obtain g(y) = cieZ^ x K 


7:; ;n dy = sin 5a: dx we obtain y — — A cos 5x + c. 
7::m dy = (x + l ) 2 dx we obtain y = |($-!-I ) 3 + c. 
7: jin dy = —e _3x dx we obtain y = | e~’ ix + c. 


(y - 1 ) 


i , . lx . i , i 

—x dy = dx we obtain-= x + c or y = 1 - 

_ * )i _ 1 /r* _L 


y - 1 


X + c 


1 4 

--•;::n - dy = — dx we obtain In |y| = 4 In |x| + c or y = c\x A . 

1 1.1 

7: .m —~dy = — 2x dx we obtain — = — x 2 + c or y — — y - 

y y x- + ci 

7:':>m e~ 2y dy = eMdx we obtain Ze~ 2y + 2e ,ix = c. 


r i"Mil e "ay = e dx we obtain oe J + ze = c. 

7: jin ye v dy = (e -x + e -3x ) tte we obtain ye y — e y + e~ x + ^e -,kr = c. 

( 1 \ * It ^ 1 

y + 2 + - I dy = x 2 In x dx we obtain ~ + 2y + In |yj = In Ja?| — -:r 3 + c. 

y j o y 

1 1 . 2 1 

r r :.in 7 --— 7 T dy - —- —7 da: we obtain -- =- 1 - c. 

(2y + 3 ) 2 J (4x + b) 2 2y + 3 4a; + 5 


esc y " sec 2 x ~ " *' 

— :os -y = — 5 s — j sin 2a; + c. or 4 cos y = 2x + sin 2a: + ci. 
sm 3 t 

From 2 y dy =-rr—- dx or 2 y dy = — tan 3 x sec 2 3 a; dx we obtain y 2 = — f sec 2 3a; + c. 


dx or sin ydy = — cos 2 xdx — — i(l + cos 2 a:) dx we obtain 


cos 3 3s * * - * 0 

—e x 

dy = - 3 dx we obtain — (e !J + 1) _1 = \ (e x + l ) -2 + c. 


(ev + l y {e* + iy ' 7 - 7 

y x , , / 9 \ 1/2 / 1/2 

r:\jin- ; —tttt dy — -^ da: we obtain 1 + y ) =1 + x + c. 

( 1 +y 2 ) 1 ' 2 (1 + .r 2 ) 1/2 V ; ' 

7i jin dS = A-dr we obtain 5 = ce fcr . 

7: jin _ dQ = A: dt we obtain In |Q — 70) = kt + cov Q — 70 = c\e kt . 

l U 
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17. From 


1 


t+ c or 


P-P 2 
P 


dP =( — + 


P 1 -P 


dP = dt we obtain In |P| — In |1 — P\ — t + c so that In 


1 -P 


= c\e f . Solving for P we have P = 


c\e‘ 


1 -P “ l .° ...1 + cie*' 

18. From dN = — l) dt we obtain In |A r | = te t+2 - e t+ ' 2 — t + c or A r = cie ; 


ie t+2_ e t+2_ t 


N 

■y — 2 X 1 ( 

19. From — _ - dy = : -r dx or (1 — 


y + 3 


x + 4 


y + 3 


dy = (l - 


5 


.t + 4 


dx we obtain y — 5 In \y + 3| = 


x — 5 In |x + 4| + c or 


x + 4 

„y + 3 


- cie x ~K 


20. From —rdi/ = — — 4 dx or fl + 


y -1 


x - 3 


y~ l . 


rfy = 1 + 


5 


a; — 3 


(i;r we obtain y + 2 In \y — 1 | = 


x A- 5 In I.t — 3| + c or ~—-^r = cie x y . 

(.t — 3) u 


1 , _ fx 2 \ 

21 . From x dx = ^ ^ = dy we obtain ^x 2 = sin -1 y + c or y - sin + cij. 


22 . From dy = ---r dx = 

it^ rSX 


e x 


23. From 


y- ~ e x + e 

1 


dx we obtain — — = tan 1 e x + c or y = 


1 


tan 1 e x + c 


x 2 + 1 


(e x ) 2 + 1 y 

dx = 4 dt we obtain tan -1 x = 4 1 + c. Using x(ir/4) = 1 we find c = — 37 r/ 4 . The 

solution of the initial-value problem is tan -1 x = 4t — ^ or x = tan ^ 4 t — 

^ 1 1 , 1 / 1 1 \ , 1/1 1 \ 

24. From - 15 —- dy — —^—- dx or - ---- \ dy = - ---- dx we obtain 

y 1 - 1 x 2 — 1 2 \y-l y+lj 2 \x - 1 x+lj 

In \y — 1 | — In |y + 1 | = In \x — lj — In la: + 1 | + Inc or ——^ —-p-. Using y( 2 ) = 2 we find 

y “b 1 X T 1 

y — 1 x — 1 

c = 1. A solution of the initial-value problem is ; —— = —— or y = x. 


1 


1 - x 


V 


x- 


1 


y + 1 x + 1 
1 


25. From - dy — — 3 — dx = — - j dx we obtain In |t/| =-In h| - c or xy = cie l - /x . Using 


x 


y(—l) = —1 we find c\ — e l . The solution of the initial-value problem is xy = e 1 l/x or 
y = g-O-VU fx. 

26. From -———- dy — dt we obtain — | In |1 — 2y\ =t + c or 1 — 2 y = c\e~ 2f . Using t/(0) = 5/2 we fine 

J. Zy 

ci = —4. The solution of the initial-value problem is 1 — 2 y = —4e~ 2t or y = 2e“ 2t + ^ . 

27. Separating variables and integrating we obtain 

,^ X _ - , = = 0 and sin -1 x — sin -1 y = c. 

vT^ v /i _ y 2 
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Exercises 2.2 Separable Variables 


Setting x — 0 and y = \/3/2 we obtain c — — tt/3. Thus, an implicit solution of the initial-value 
problem is sin -1 x —sin -1 y — —tt/3. Solving for y and using an addition formula from trigonometry, 
we get 


y = smtsin 


i ?r\ 

'* + -)=: 


x cos + \fi 

o 


0 . t r x 
sin — = — 


+ 


VsVT 


X 


,2 


1 —x 

From . . ^ dy = -—- dx we obtain 


1 + (2 yf ~ i + {x 2y 


^tan 1 2y — — ^ tan 1 x 2 + c or tan 1 2y + tan l x 2 = ci. 
z z 


Using 2 /( 1 ) = 0 we find c\ = tt/4. Thus, an implicit solution of the initial-value problem is 
tan -1 2 y + tan -1 x 2 = tt/4 . Solving for y and using a trigonometric identity we get 


2 y = tan ^ — tan 1 x 2 J 

1 /7T _i o\ 

y — - tan I — — tan x J 

1 tan j — tan (tan -1 x 2 ) 

2 1+ tan j tan(tan -1 x 2 ) 

_ 1 1-x 2 
~ 2 1 + x 2 ‘ 


Separating variables, integrating from 4 to x, and using t as a dummy variable of integration gives 

r x 1 dy . r x a 


J4 v at J4 

iy ^l4 = / e "^ : 


y 

Ini 


lnt/(x) - lny(4) = / e 
i4 

Using the initial condition we have 

In y (x) = In y(4) + [ e~' t *dt = lnl+ [' e~ t ~dt= I e~ f2 dt. 

J 4 24 ./4 

Thus, 

y{x) = <£*-** 
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Exercises 2.2 Sep a.rable Variables 


30. Separating variables, integrating from —2 to x, and using t as a dummy variable of integration gives 



/‘X 

/ sin 

J-2 y 2 dt 

1—2 

- y w 1 : 2 =. 

! sin i 2 d,t 

1 + y( — 2 ) -i = 

J' l ^mt 2 d,t 


— y(x) 1 = — y(— 2 ) 1 + j ^ sin t 2 dt 
y(x)~ ] =3 — J ^sin t?dt. 


Thus 


y(*) = 


3 — f* 2 sin t 2 dt' 

31. (a) The equilibrium solutions y(x) = 2 and y(x) = —2 satisfy the initial conditions y(0) = 2 and 
2/(0) = — 2 , respectively. Setting x = \ and y = 1 in y = 2(1 + ce 4a; )/(l — ce 4x ) we obtain 


1=2 


1 + ce 
1 — ce 


1 —ce = 2-t-2 ce, —1 = 3ce, and c= — — . 

3e 


The solution of the corresponding initial-value problem is 

1-ie 4 ®" 1 3 — e 4x_1 

V = 2-- 4 -;—r = 2 


' 1 + Je 4 ®- 1 

(b) Separating variables and integrating yields 


3 + e 


,4a:—1 


1 1 

- In | y - 2 | - - In \y + 2 | + In c\ = x 
4 4 

in \y — 2| — In | y + 2| + In c — 4:r 
c(y - 2) 


in 


= 4.r 


y + 2 


y - 2 

c -- = e . 


y + 2 

Solving for y we get y - 2 (c + e 4a: )/(c — e 4x ). The initial condition 7 /( 0 ) = —2 implies 
2(e + l)/(c — 1) = — 2 which yields c = 0 and y(x) - — 2 . The initial condition y(0) = 2 does 
not correspond to a value of c, and it must simply be recognized that y(x) = 2 is a solution ot 
the initial-value problem. Setting x = | and y — 1 in y — 2(c + e 4x )/(c — e 4x ) leads to c = —3c. 
Thus, a solution of the initial-value problem is 

_ n —3e + e 4x _ 0 3-e 4x - ] 
y — ^ ~ a... — ^ 


— 3e — e 4x 3 + e 4a 


4x—l 
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Exercises 2.2 Separable Variables 


32. Separating variables, \vc have 

dy 


dx 


y- - y x 


or 




.T + C. 


Using partial fractions, we obtain 


/(^-^K = hl M + e 

In J y — lj — In jy| = In |x| + c 

i_l y- 1 ' _ .. 


xy 

y - 1 


= e - = C\. 


Solving for y we get y = 1/(1 — cix). We note by inspection that y = 0 is a singular solution of the 
differential equation. 


(a) Setting x = 0 and y = 1 we have 1 = 1/(1 — 0 ), which is true for all values of c\. Thus, 
solutions passing through ( 0 , 1 ) are y = 1/(1 — cix). 


(b) Setting x = 0 and y = 0 in y — 1/(1 - c\x) we get 0 = 1. Thus, the only solution passing 
through ( 0 , 0 ) is y = 0 . 

(c) Setting x = \ and y = \ we have \ = 1/(1 — 5 ci), so ci = —2 and y = 1/(1 + 2x). 

(d) Setting x = 2 and y = { we have | = 1/(1 - 2 ci), so ci = and y = 1/(1 +1 x) = 2/(2 + 3x). 

hi. Singular solutions of dy/dx = xy 1 — y 2 are y = —1 and y = 1 . A singular solution of 
c- x + e~ x )dy/dx = y 2 is y = 0 . 

1-i. Differentiating In (a : 2 + 10) + esc y = c we get 


2x 

x 2 +10 


, dy 

esc y cot y — = 0 . 
' dx 


2x 

x 2 + 10 


1 cos y dy_ 
sin y sin y dx 


2x sin 2 y dx — (x 2 + 10 ) cos ydy = 0 . 


’■ biting the differential equation in the form 

dy _ 2x sin 2 y 
dx (x 2 + 10 )cosy 

- see that singular solutions occur when sin 2 y = 0 , or y = kir, where A: is an integer. 
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Exercises 2.2 Separable Variables 


35. The singular solution y = 1 satisfies the initial-value problem. 


36. Separating variables we obtain 


dy 


(»- 1) 2 


= dx. Then 


1 . x + c — 1 

= x + c and y 


y I ' x -+- c 

Setting a; = 0 and y = 1.01 we obtain e = —100. The solution is 

x- 101 


y = 


x - 100 


37. Separating variables we obtain 


dy 


(y - l) 2 + 0.01 


= dx. Then 


10 tan 1 10(y — 1) = x + c and y = 1 + tan 


x + c 


10 10 

Setting x = 0 and y — 1 we obtain c = 0. The solution is 

y = l + To tw To- 


38. Separating variables we obtain 


dy 


= dx. Then. 


{y - l) 2 - 0.01 

from (11) in this section of the manual with u = y — 1 and 
a = ^ , we get 

ll0 y-ll 


5 In 


= x + c. 


lOy — 9 

Setting x = 0 and y = 1 we obtain c = 5 In 1 = 0. The solution 
is 


I.01 

_ ^ . ./I 




-0 ro6X6.0Q2 

0.002 0.004 

0.98 


0.97 

L 

y 

1.02 


1 .ox 


- 0 . 004 - 6 T 002 "' 

oiboY 0.004 


0.9B ] 

1.0004; 

1.0002 

0.99981 

0.9996 

y 

1.0004! 

j 

1 . 0002 ) 

| 



0.9996? 


5 hi 


lOy - 11 


lOy - 9 


= x. 


Solving for y we obtain 
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Exercises 2.2 Separable Variables 


ll + 9e*/ 3 
10 + lOe*/ 5 ‘ 


Alternatively, we can use the fact that 


/ 


dy 


(y -1) 2 


-= —— tanh -1 -—- 

0.01 0.1 0.1 


= —10 tanli 1 1.0 (y — 1 ). 


(We use the inverse hyperbolic tangent because \y — 1 | <0.1 or 0.9 < y < 1 . 1 . This follows from 
the initial condition y(0) = 1.) Solving the above equation for y we get y — 1 + 0.1tanh(.x/10). 


39. Separating variables, we have 

-A_ .» (l + l!L_llL) dv = dx 

y-y j/(i -y)(i +y) \y l-y l + yj 

Integrating, we get 

In \y\ - \ In |1 - y\ - ^ In \l+ y\=x + c. 


When y > 1 , this becomes 

1 l 

111 j - - ln(y - 1) - - ln(y + 1) = 111 ,-f = x + e. 

2 2 

Letting x = 0 and y = 2 we find c = ln(2/\/3). Solving for y we get yi (a') = 2a x / \/4e 2x — 3. where 
.r > ln(\/3/2). 

When 0 < y < 1 we have 

lny - ^ ln(l - y) - J ln(l + y) = In - 7 = = a + c. 

2 2 ^1 - y 2 

Letting a = 0 and y = \ we find c = ln(l/\/3). Solving for y we get yiiz) = e x /yje 2x + 3 , where 

— OO < X < oc. 


When — 1 < y < 0 we have 

11 —v 

ln(-y) - -ln(l - y) - -ln(l + y) = In ~ =x + c. 

2 2 

Letting a = 0 and y = — ^ we find c = ln(l/\/3). Solving for y we get y 3 (a) = —e x /^/e 2x + 3, 
where — oc < x < oo. 


When y < — 1 we have 

ln (-y) ~ 5 ln(l -y) - J ln(-l - y) = In j/ - = x + c. 

2 2 v ^ 2 - 1 
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Exercises 2.2 Separable Variables 


Letting rr = 0 and y — —2 we find c = ln(2/v / 3)- Solving for y we get yi(x) = —2e x /\JAe 2x — 3 
where x > ln(\/3/2). 


y X X y 


1 

4( 

2( 

4 

2 

4 

2 


1 2 3 4 5 x 

-4 -2 t" 2 4 x 

-4 

~2 ”” 4. x 

1 2 3 4 5 

-2j 

-2i 

-2 

1 


“4j 

-4 

-4 

-1 

s 


40. (a) The second derivative of y is 

d?y __ dy/dx _ l/(y — 3) _ 1 

dx 2 (y- 1) 2 (y-3) 2 (y - 3) 3 

The solution curve is concave down when d 2 y/dx 2 < 0 or 
y > 3, and concave up when d 2 y/dx 2 > 0 or y < 3. From 
the phase portrait wc see that the solution curve is decreasing 
when y < 3 and increasing when y > 3. 


y 



(b) Separating variables and integrating we obtain 

(y — 3) dy — dx 

2 y 2 - % = x + c 

y 2 - 6y + 9 = 2x + 

(y ~ 3) 2 = 2x + ci 

y = 3 ± \/2x + ci. 


y 



The initial condition dictates whether to use the plus or minus sign. 

When yi(0) = 4 we have ci = 1 and yi(a') = 3 + \/2x + 1. 

When y2(0) = 2 wc have ci = 1 and y< 2 {x) = 3 — \/2x +1. 

When y 3 (l) = 2 wc have cj = — 1 and yz(x) = 3 — \/‘2x — 1. 

When yi(—1) = 4 we have ci = 3 and y,t(x) = 3 + -sj2x + 3. 

41. (a) Separating variables we have 2 ydy = (2x + 1 )dx. Integrating gives y 2 = x 2 + x + c. Whci. 

y(—2) - —1 we find c = — 1. so y 2 = x 2 + x — 1 and y = —\/x' 2 + x — l. The negative squar. 

root is chosen because of the initial condition. 
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Exercises 2.2 Separable Variables 


(b) 


(c) 


2 . (a) 


(b) 


( c ) 

3. (a) 


(b) 


4. (a) 


(b) 

( c ) 


From the figure, the largest interval of definition appears to be 
approximately (—oc. —1.65). 


y 

2 



X 


Solving x 2 + x — 1 = 0 we get x = ± ^V^, so the largest interval of definition is 

(—oo, ~\ — 5 Vo). The right-hand endpoint of the interval is excluded because y = 
—yfx 2 + x — 1 is not differentiable at this point. 


From Problem 7 the general solution is 3e 2y + 2e? x — c. When j/(0) = 0 we find c = 5, so 
3 e' 2j/ -f 2 e 3x — 5. Solving for y we get y = —5 In j(5 — 2e 3x ). 

The interval of definition appears to be approximately (—oc,0.3). y 



-2! 

Solving jj(5 — 2 e 3x ) = 0 we get x = | ln(|), so the exact interval of definition is (— 00 , | In §). 
While y‘ 2 ,{x) = — \/25 — x 2 is defined at x = —5 and x = 5, y^ix) is not defined at these values, 
and so the interval of definition is the open interval (—5,5). 

At any point on the x-axis the derivative of y(x) is undefined, so no solution curve can cross 
the x-axis. Since —x/y is not defined when y = 0, the initial-value problem has no solution. 
Separating variables and integrating we obtain x 2 — y 2 = c. For c ^ 0 the graph is a hyperbola 
centered at the origin. All four initial conditions imply c = 0 and y = ±x. Since the differential 
equation is not defined for y - 0 , solutions are y = ±x. x < 0 and y - ±x. x > 0. The solution 
for y(a) = a is y = x. x > 0 ; for y(a) = —a is y = —x\ for y{~(i) = a is y = —x, x < 0 ; and for 
y(— a) = —a is y ~ x, x < 0 . 

Since x/y is not defined when y - 0, the initial-value problem has no solution. 

Setting x = 1 and y = 2 in x 2 — y 2 = c we get c - —3, so y 2 = x 2 + 3 and y(x) = Vx 2 + 3, 
where the positive square root is chosen because of the initial condition. The domain is all real 
numbers since x 2 + 3 > 0 for all x. 
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Exercises 2.2 Separable Variables 


45. Separating variables we have dy/(\J 1 + y 2 sin 2 y) = da: which 
is not readily integrated (even by a CAS). We note that 
dy/dx > 0 for all values of x and y and that dy/dx = 0 
when y = 0 and y — it. which are equilibrium solutions. 


y 



46. Separating variables we have dy/(y/y+y) = dxf(y/x+x). To integrate J' dx/(y/x+x) we substitute 
v? = x and get 

/ 2u r 2 

--— du = / -- du = 2 In 11 -i- u| + c = 2 ln(l + \fx ) + c. 

(t> |’ Uf J 1 1 

Integrating the separated differential equation we have 

2 ln(l + y/y ) = 2 ln(l + \fx ) + c or ln(l + yfy ) - ln(l + \/x ) + In c\. 

Solving for y we get y = [ci(l + V*) — l] 2 - 

47. We are looking for a function y(x) such that 


«•*(!)- 


Using the positive square root gives 


dy 


- = V 1 -i- 


y 


dy 


dx V- .V - 


= dx 


sin 1 y = x + c. 


Thus a solution is y - sin(® + c). If we use the negative square root we obtain 

y — sin(c — x) = — sin (a; — c) = — sin(® + ci). 

Note that when c: — c\ — 0 and when c = c.\ ~ 7t/2 we obtain the well known particular solutions 

i 

y — sins', y = — sin®, y = cos®, and y — — cos®. Note also that y = 1 and y = — 1 are singular 
solutions. 


48. (a) 




3 


4- » 


Vil 

-)—i—fas 
-3 m 




_ 1 Vr-pg 

IS)—i—t- 


m 


i“L 3 . 
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Exercises 2.2 Separable Variables 


(b) For |a;| > 1 and \y\ > 1 the differential equation is dy/dx = y'y 2 — 1 /Vx 2 — 1. Separating 

variables and integrating, we obtain 

dy dr , , _i , _i 

... = , ^ = and cosh y = cosh x ± c. 

Setting x = 2 and y = 2 we find c = cosh 2 — cosh 2 = 0 and cosh - y = cosh - x. An 
explicit solution is y = x. 


9. Since the tension T\ (or magnitude Ti) acts at the lowest point of the cable, we use symmetry 
to solve the problem on the interval [0, L/2). The assumption that the roadbed is uniform (that 
is, weighs a constant p pounds per horizontal foot) implies W — px, where x is measured in feet 
and 0 < x < L/2. Therefore (10) in the text, becomes dy/dx = (p/T\)x. This last equation is a 
separable equation of the form given in (1) of Section 2.2 in the text. Integrating and using the 
initial condition y(0) = a shows that, the shape of the cable is a parabola: y(x) = (p(2T\)x 1 + a. 
In terms of the sag h of the cable and the span L, we see from Figure 2.2.5 in the text, that 
y{Lj 2) = h + a. By applying this last condition to y(x) = (p/2Ti)x 2 + a enables us to express 
p/2T\ in terms of h and L: y(x) = (4di/L 2 )x 2 + a. Since y(x) is an even function of x, the solution 
is valid on —L/2 < x < L/2. 


0. (a) Separating variables and integrating, we have (3y 2 + 1 )dy = 
— (&r + 5) dr and y 3 + y — —4x 2 — 5x + c. Using a CAS we show 
various contours of f(x, y) = y 3 +y + 4.r 2 + 5r. The plots shown 
on [—5,5] x [—5.5] correspond to c-values of 0, ±5, ±20, ±40, 
±80, and ±125. 


y 



(b) The value of c corresponding to y(0) = —1 is /(0, — 1) = —2; to 
y(0) = 2 is /(0,2) = 10; to y(—1) = 4 is /(—1,4) = 67; and to 
y(—1) = —3 is —31. 


y 



1. (a) An implicit solution of the differential equation (2y + 2 )dy — (4.r 3 ± Qx)dx — 0 is 


y 2 ± 2y — x 4 - 3x 2 + c = 0. 
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Exercises 2.2 Separable Variables 


The condition y(0) = —3 implies that c = —3. Therefore y 2 + 2 y — x 4 — 3x 2 — 3 = 0. 

(b) Using the quadratic formula we can solve for y in terms of x: 

—2 ± ^4 + 4(x 4 + 3x 2 + 3) 


The explicit solution that satisfies the initial condition is then 

y — —1 — \jx 4 + 3;r 3 + 4. 


(c) Prom the graph of f(x ) — x 4 + 3x 3 + 4 below we see that f(x) < 0 on the approximate inter'.-- 
—2.8 < x < —1.3. Thus the approximate domain of the function 

y — — 1 — \j x 4 + 3x 4 + 4 = — 1 — \j f(x) 


is x < —2.8 or x > —1.3. The graph of this function is shown below. 



(d) Using the root finding capabilities of a CAS, the zeros of / axe found to be -i-Vf oo 

—2.82202 and —1.3409. The domain of definition of the solution y(x) is then ' 2 

x > —1.3409. The equality has been removed since the derivative dy/dx does W 

not exist at the points where f(x) = 0. The graph of the solution y — <p(x) is -4 \ 

given on the right. _s \ 

-i 

: 

- 10 ! 


52. (a) Separating variables and integrating, we have 


and 


(—2 y + y 2 )dy = (x — x 2 )dx 


9 1 q 1 n 1 q 

-v ■ - 2 * - 3 X + * 


Using a CAS we show some contours of f(x, y) = 2 y s — 
6y 2 + 2;r 3 — 3x 2 . The plots shown on [—7,7] x [—5,5] 
correspond to c-values of —450, —300, —200, —120, 
-60, -20, -10, -8.1, -5, -0.8, 20, 60, and 120. 


y 
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Exercises 2.3 Linear Equations 


(b) The value of c corresponding to y(0) = 3 is /(0, |) = 

—^ . The portion of the graph between the dots cor- 4 ; 
responds to the solution curve satisfying the intial con- 2 ! 
dition. To determine the interval of definition we find o : 
dy/dx for 2y 3 4 — 6y 2 + 2x 2 — 3:r 2 = — — . Using implicit -2 

differentiation we get y' = (x — x 2 )/(y 2 — 2 y), which - 4 ; 

is infinite when y = 0 and y = 2. Letting y = 0 in 
2y 3 — 6y 2 + 2x ,i — 3x 2 = —^ and using a CAS to solve 
for x we get x = —1.13232. Similarly, letting y = 2, we find x — 1.71299. The largest interval 
of definition is approximately (—1.13232,1.71299). 



(c) The value of c corresponding to y(0) = —2 is /(0, —2) = 
—40. The portion of the graph to the right of the dot 
corresponds to the solution curve satisfying the initial 
condition. To determine the interval of definition we find 
dy/dx for 2y 3 — 6y 2 + 2a; 3 — 3a: 2 = — 40. Using implicit 
differentiation we get y' = (x — x 2 )/{y 2 — 2y), which 
is infinite when y = 0 and y = 2. Letting y = 0 in 
2y 3 — 6y 2 + 2a: 3 — 3a; 2 = —40 and using a CAS to solve 



for a* we get x — —2.29551. The largest interval of definition is approximately (—2.29551, 00 ). 



1. For y — 5y = 0 an integrating factor is e .1 odx = e ox so that — [e ox y = 0 and y = ce ox for 

dx L J 

—00 < x < 00 . There is no transient term. 

2. For y 1 + 2y = 0 an integrating factor is eJ 2 dx = e 2x so that \e 2x y] = 0 and y - ce~ 2x for 

dx L J 

—00 < x < 00 . The transient term is ce~ 2x . 

(i 

3. For y' + y = e ix an integrating factor is eJ dx = e x so that — [e x y] = e' te and y = 4c 3x + ce~ x for 

dx ~ ‘ £i 

—00 < x < 00 . The transient term is ce~ x . 

4. For y' + 4y = | an integrating factor is eJ 4dx = e 4x so that e 4x y| = |e 4x and y = ^ + ce~ 4x 
for — 00 < x < 00 . The transient term is ce~ 4x . 
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Exercises 2.3 Linear Equations 


5. For y'+3x 2 y = x 2 an integrating factor is eJ 3;K dx — e x ' J so that 


d_ 

dx 


for —oo < x < oc. The transient term is ce 


—X 


e x y 


6. For y' + 2 xy = x 3 an integrating factor is eJ 2x dx — a * 2 so that -j- . 

dx L 

2 

\x? — rj + cc~ x ~ for — 00 < x < oc. The transient term is ce~ x “. 


= x 2 e x3 and y = |+o. 


e x y 


— x 3 e x2 and .. = 


11 d 11 

7. For y' + —y = —5 an integrating factor is eJ— x so that — fry] = — and y = — lnx 

x ’ x z dx ' x x 

for 0 < x < 00 . The entire solution is transient. 


8. For y r — 2y = x 2 + 5 an integrating factor is e f 2dx = e 2x so that [e 2x y 
and y = —\x 2 - - j + ce 2x for —00 < x < oc. There is no transient term. 


= xV 2x + 5 e- 


1 1 ^ 

9. For xj - y = x sin x an integrating factor is e ~f0/ x ) dx = — so that — 

x dx 


x 


1 

-y 

x ■ j 


= sinx a: 


y = cx — x cos x for 0 < x < 00 . There is no transient term. 
2 3 


z <3 d 

10. For y 4— y = — an integrating factor is eJ ( 2 / x ) <lx = x 2 so that — x 2 y — 3x and y — | + <r. "* 
x x dx J 

for 0 < x < 00 . The transient term is cx~ 2 . 


11. For y' + — y = x 2 — 1 an integrating factor is eJ ( A / x ) dx = x 4 so that ~ x 4 y| = x 
x ' dx L J 


>’ 6 - x 4 a: 


y — — jrx + cx 4 for 0 < x < oc. The transient term is cx 4 . 


4 


r-4 


12. For y'- 


x 


y — x an integrating factor is e ' *)]<** = (x+l)e x so that ~ (x + l)e x y 

(1 “h J 

2 ^* _|_ 0 CG X 

x(x + l)e -x and y = —x --—— 4-- for — 1 < x < oo. There is no transient term. 

x + 1 x 4- 1 


13. For y' + (l + — Vy = ^ an integrating factor is eJ tH-( 2 / 3: )]^ c — X 2 e x so that |x 2 e x y 
V x/ x^ ox >■ 


Or 

— rr a: 


1 C X C6 X CC X 

- —k + o for 0 < x < oo. The transient term is —. 

2 x/ x z x z 

14. For y / -i- fl + —^ y = — e _x siii2x an integrating factor is e/^+fV-r)]^ = X e x so that \xe x y 

' ax ‘ 


x 


x 


ce 


sin 2x and y = — — e x cos 2x + 

2x x 


for 0 < x < oo. The entire solution is transient. 


dx 4 
dy V 

x = 2y 6 + cy 4 for 0 < y < oo. There is no transient term. 


15. For ^ — -x = 4y° an integrating factor is e = e lny 4 = y 4 so that -f- [y 4 x = 4y a:: 

an n ‘dytl 


50 



Exercises 2.3 Linear Equations 


For + -x = e v an integrating factor is et( 2 lv) d v — y 2 so that ■— ly 2 #] = y 2 e y and 
dy y dy L* J 

2 2 . c c 

x = e y - eP H— kg’ j + -~-r for 0 < y < oo. The transient term is . 

y jr ir ' sr 

r d 

For y'+(tana;)y = sec x an integrating factor is eJ tan x dx = secx so that — [(sec x) y] = sec 2 x and 
j = sin x + c cos x for —tt/2 < x < tt/2. There is no transient term. 

For 'i/ + (cot x)y - sec 2 x esc x an integrating factor is eJ cot r dx = e ln - sma 'l = sin a; so that 
d o 

— [(sin x) y) — sec^ x and y = sec a: + c esc x for 0 < x < tt/2. There is no transient term. 

T -1- 9 9tP~ X r fl 

For y' + -—7 y = -—— an integrating factor is eJ (( x + 2 )/( x+1 )] tte = (# + \)e x so — \{x + l)e a: y] = 
x +1 x +1 dx 


2.r and y = 


x 2 

x + 1 


x +1 


e x for — 1 < x < oo. The entire solution is transient. 


tor y' + 


V = 


x + 2 ' (x + 


—2 an integrating factor is eJi A P x + 2 )\ dx — (x + 2) 4 so that — [(a? -j- 2) 4 y] = 

£) (XX *- -* 


o ! .x + 2) 2 and y — ^(cc + 2) 1 + c(.-r + 2) 1 for —2 < x < oo. The entire solution is transient. 

O 

d>v 

For — + r sec 8 — cos 6 an integrating factor is eJ soc 6 d0 = c !n l secjr+taw;c l = sec 0 + tan (9 so that 
du 

~ [(sec $ + t' an ®) r \ — 1 + sin 0 and (sec 6 + tan 6}r = 6 — cos 0 + c for —tt/2 < 0 < tt/2 . 
id 


For + (2 1 — 1)P = At — 2 an integrating factor is e^ 2t ^ dt = e* 2 * so that ~ [c* 2 t P 

Q;Z 


4 1, — 2)e t t and P = 2 + ceP t for —oc <t< oo. The transient term is ce* ^. 

r or y' + (s -\—i y = - - an integrating factor is ei [ 3 +( 1 /- T )i , & = X e ix so that -7- [xe 3a: yl - 1 and 

V xj x dx L J 


dt L' 


__o , cc 

■j = e" 1 x H-for 0 < x < oc. The entire solution is transient. 


x 


For y' 


V = 


X + 1 


an integrating factor is ef'PP*' = £—1 so that 


x 2 — 1 x — 1 


x 4- 1 


d_ 

dx 


x — 1 


= i 


and (x — l)y = x(x + 1) + c(x -f- 1) for — 1 < x < 1. 

For y' + -y = — e x an integrating factor is eJ^^ x ^ dx = x so that \xy\ = e x and y = —e x + — 
xx dx x x 

1 2 — e 

for 0 < x < oc. If y(l) = 2 then c = 2 — e and y — -e x H- : . 

x x 


tor ^ — - x = 2 y an integrating factor is e = i so that — 

dy y - y dy 


1 


d 


-x 


= 2 and a; - 2y 2 4- cy 


49 

for 0 < y < oo. If y(l) = 5 then c = —49/5 and x — 2 y 2 -y. 

5 


_ di B. 


or ~ + y * = T an integrating factor is gi ( R / L ) dt = e Rt / L so that \e Rt ' L i] = —e Rt/L and 
at L L dt l j Tj 


d 


dt 
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E E ( E 

i = — + ce~ Rt / L for —oc < t < oo. If 'i(O) = io then c = io — E/R and i = — + (io — yr 

R \ R 


R 

dT 




28. For — kT = —T m k an integrating factor is eJ *■ k ^ dt = e kt so that ~ [e ki T] = —T m ke kt an: 

(it dt 

T = T m + ce kt for —oo < t < oo. If T(0) - To then c = Tq — T m and T = T m + (To — T m )e kt . 

29. For ?/ + -y——- y = % - an integrating factor is /(•' r —i)!^' = x + 1 so that -j~[(x + l)y] = 

x "I - X *2 H X (i x 

X X c 

In x and y = —In a,’-—- H-— for 0 < x < oc. If y(l) = 10 then c = 21 and 

x + 1 x + 1 x + 1 

21 


x _ x 

y = —— hi x - 


x + 1 


X + 1 ' X + 1 


30. For y'+ (tan x) y = cos 2 x an integrating factor is ef tanxdx = e ln I seca; ! = sec a; so that ~ [(ucc x) y] = 

UbJU 

cos x and y = sin x cos x + c cos x for — tt /2 < x < tt/ 2. If y( 0) - —1 then c = —1 and y = 
sin x cos x — cos x. 


31. For y’ + 2 y — /(x) tin integrating factor is e 2x so that 

ye 2 x = | l e2x + ci, 0 < a: < 3 
1 C 2 , x > 3. 


l y l 


C '2 = | so that 


If y(0) = 0 then 04 = —1/2 and for continuity we must have 

5(1 — e -2x ), 0 < x < 3 

?r(e 6 — l)e~ 2x , x > 3. 


4—I—h 


5 * 


y 


32. For y' + y = /(x) an integrating factor is e x so that 

( e x + ci, 0 < x < 1 
yer = < 

l -ed + c 2 , x > 1. 

If y(0) = 1 then tq = 0 and for continuity we must have 02 = 2e 
so that 



V = 


1 , 0 < X < 1 

2c 1- * — 1, x > 1. 


33. For t/ + 2 xy = /(x) an integrating factor is e x so that 


L„x 


} 2 


e x + c\ , 0 < x < 1 


C-2, X > 1. 

If y(0) = 2 then C] = 3/2 and for continuity we must have 
02 = + % so that 
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(± + \e~ x \ 0<a<l 

|(ie + |)e- x2 : a>l. 


For 


, 2a 

V+ I7^ V=< 


X 


>•4 


1 + X 2 

—x 


, 0 < a- < X 


. x > 1, 


-1 4 - 


1 + a 2 ; 

mi integrating factor is 1 + a; 2 so that 

^x 2 + ci, 0 < x < 1 
— 7jX Z + C2, X > 1. 
y( 0) = 0 then c\ = 0 and for continuity wc must have C 2 = 1 so that 

\ - — 1 , 0 < x < 1 

2 2 (1 + x 2 ) ' ~ ~ 

y = \ 


(l + .T 2 ) J/ = j 2 , 


(2(1 +a 2 ) 2 ‘ 


— . x > 1. 


'.Ye first solve the initial-value problem y' + 2 y — 4a:. y(0) = 3 on the interval 
j. 1], The integrating factor is eJ 2 dx = e 2x , so 

-y-[e 2x y] = 4 xc 2x 
dx ' - 

e 2x y = j 4a :e 2x dx = 2xe 2x — e 2x + C\ 
y — 2x — 1 + c\e~ 2x . 

Ysing the initial condition, we find y(0) = — 1 + c\ = 3, so c\ = 4 and 
i = 2a j — 1 -f 4e _2x . 0 < a < 1. Now, since y(l) = 2 — 1 + 4e -2 = 1 + 4e -2 , 
we solve the initial-value problem y' — {2/x)y - 4a, y( 1) = 1 + 4e -2 on the 
interval (1, oo). The integrating factor is eJ(~ 2 / x ) (lx — e _21n * _ x -2 g0 

y ~[x~' 2 y] = 4aa -2 = - 
dx x 

x~ 2 y = / — dx — 4 In a + C 2 
a x 

y = 4a 2 In a + C 2 a 2 . 



We use In a instead of In |a| because a >1.) Using the initial condition wc find y(l) = C 2 - l+4c 2 , 
a // = 4a 2 lna + (1 + 4e _2 )a 2 , a > 1. Thus, the solution of the original initial-value problem is 
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y = 


2x — 1 + 4e 2x , 0 < x < 1 

4x 2 In x H- (1 + 4e~ 2 )x 2 , x > 1. 


See Problem 42 in this section. 

X 

36. For y' + e x y = 1 an integrating factor is e e . Thus 

y) = e e and e e y = [ e (i dt -f c. 
dx ' Jo 


From y( 0) = 1 we get c = e. so y = e Jq e e dt + e 1 eT . 

When y' + e x y = 0 we can separate variables and integrate: 

— = — e x dx and In \y\ — —e x + c. 
V 

Thus y = c\e ~ cX . From t/(0) = 1 we get c\ = e, so y = e 1_e . 


When y' + e x y = e x we can see by inspection that y = 1 is a solution. 

37. An integrating factor for y' — 2xy = 1 is e ~ %1 . Thus 

2 c x j. 2 \Fi r 

e X V — f 0 e t dt = erf(.r) + c 

y = ^-e* 2 qi((x) 4- ce x . 

Zi 

From y( 1) = (y / T/2)e erf(l) + ee = 1 we get c = e -1 — ^ erf(l). The solution of the initial-vah 
problem is 

y = ~-e d:Z &d(x) + ^e _1 - ~ed(l.)je x2 

_ e x -i _i_ ( er f( ;r ) — erf(l)). 

38. We want 4 to be a critical point, so we use y' = 4 — y. 

39. (a) All solutions of the form y = x n e x — x 4 e x + cx 4 satisfy the initial condition. In this cas 

since 4/x is discontinuous at x = 0, the hypotheses of Theorem 1.2.1 are not satisfied and :: 
initial-value problem does not have a unique solution. 

(b) The differential equation has no solution satisfying y(0) = yo- yo > 0. 

(c) In this case, since xq > 0, Theorem 1.2.1 applies and the initial-value problem has a unit, 
solution given by y = x''e x — x 4 e x + cx 4 where c = yo/xf) — xoe x ° + e x °. 

40. On the interval (—3,3) the integrating factor is 

e jxdx/{x 2 - 9) __ f xdx/(9—x 2 ) __ gj lii(9—ac 2 ) _ ^g _ ^.2 
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and so 


d 

dx 


^/Q-x 2 


y 


- 0 and y = 


s/9^ 2 


We want the general solution to be y = 3x — 5 + ce x . (Rather than e x , 
approaches 0 as x —> oo could be used.) Differentiating we get 

y' = 3 — ce~ x ~ 3 — (y — 3x + 5) = — y + 3x — 2, 


any function that 


so the differential equation y 1 + y = 3x — 2 has solutions asymptotic to the line y = 3x — 5. 

The left-hand derivative of the function at x = 1 is 1/e and the right-hand derivative at x = 1 is 
1 — 1/e. Thus, y is not differentiable at x = 1. 

(a) Differentiating y c = c/x 3 we get 


v'c 


3c 


x 


so a differential equation with general solution y c = c/x 3 is xy' + 3y = 0. Now 


3 c 3 

- 3 = — Vc 

x x 6 x 

— /> / nr^ 


xy' p + 3 y p — x(3x 2 ) + 3(x' 3 ) - 6a: 3 

so a differential equation with general solution y — c/x 3 + z 3 is xy' -t- 3y — 6x 3 . This will be a 
general solution on (0, oo). 


(b) Since y( 1) = l 3 — l/l 3 = 0, an initial condition is y(l) = 0. Since 
i/(l) = l 3 + 2/1 3 = 3, an initial condition is y( 1) = 3. In each 
case the interval of definition is (0,oc). The initial-value problem 
xy' + 3y = 6x 3 , y(Q) = 0 has solution y = x 3 for — oo < x < oo. 
In the figure the lower curve is the graph of y(x) — x 3 — 1/x 3 , while 
the upper curve is the graph of y — z 3 — 2/x 3 . 



(c) The first two initial-value problems in part (b) are not unique. For example, setting 
2/(2) = 2 3 - 1/2 3 = 63/8, we see that y( 2) = 63/8 is also an initial condition leading to 
the solution y — x 3 — 1/x 3 . 

Since ef = e c ef ^( x ) dx = c\e) • p ( x ) rf ' x . we would have 

ciJ p ^ dx y = c 2 + j c\eJ p ^ dx f(x) dx and e J p ( x ) d - x y = C3 + J e J p ( x ) dx f(x) dx, 
which is the same as (6) in the text. 

We see by inspection that y = 0 is a solution. 

The solution of the first equation is x = cie _Alt . From x(0) = xo we obtain c\ = xo and so 
x — xoe~ Xlt . The second equation then becomes 

$ = xoAie -Al# - A 2 V or ^ + A 2 y = X(,\ie~ Xlt 

dt dt- 


55 



Exercises 2.3 Linear Equations 


which is linear. An integrating factor is e^ 2 *. Thus 

y [e X ' 2l y] = xoMe~ Xlt e X2t = 

Ul 

e«j, = yh- + c 2 

!/ = yin (; -'.‘ + c 2 e-«. 

A‘2 — Ai 

From y(0) = yo we obtain o 2 - (yoA 2 — i/oAi — .toA])/(A 2 — Ai). The solution is 

_ foAi Ait , yo^2 ~ yoA] - gpAi Aai 
y A 2 -Ai C + A 2 -Aj ’ 

dE 1 

47. Writing the differential equation as ——h —— E = 0 we see that an integrating factor is e f ' /RL 

(it il.0 


Then 


~[e‘/ RC E} = 0 
dt 


e f ‘/ RC E = c 

E = ce~ t/RC . 

From E( 4) = ce~ 4/RC = Eo wc find c = Eoe 4 ' IRC . Thus, the solution of the initial-value problem : 

E = EoeVBCe-*' 1 * 7 = E 0 e ~^ RC . 

48. (a) An integrating factor for y' — 2 xy = —1 is e~ xZ . Thus 

= -y 

vV 


5 * y ~ ~ f G e 1 = —y erf(;r) + c. 


From y( 0) = y/n/2, and noting that crf( 0 ) = 0, we get c = a/tt/2. Thus 


V = e 


\fn 




_ , 2 


2 erf (a?) + yy I = -y (1 - erf (a;)) = — e x erfc(®). 


(b) Using a CAS we find y{ 2 ) ps 0.226339. 


15 + 


U 


■n=-i 


tr 


49. (a) An integrating factor for 


, 2 10 sin .t 

y +-y = —o— 

X X 6 
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is x 2 . Thus 



sin a: 
x 


x 2 y = 10 I 

Jo 


x sin t 


0 t 


dt + c 


y = 10x 2 Si(x) + cx 2 . 


Prom y( 1 ) = 0 we get c = —10Si(l). Thus 


y - 10.x 2 Si(x) — 10;r 2 Si(l) = 10a; 2 (Si(x) — Si(l)). 


(b) y 



(c) From the graph in part (b) we see that the absolute maximum occurs around x — 1.7. Using 
the root-finding capability of a CAS and solving y'{x) = 0 for x we see that the absolute 
maximum is (1.688,1.742). 

( a) The integrating factor for y' — (sin x 2 )y = 0 is e~£o sin 1,2 <lt . Then 


dx l 

e -j:^ dtp=ci 


y = Cl eJo shlt2dt . 


Letting t = yjnf2u we have dt = yV/2 du and 

£ sin * 2 *=vf 1^ * sin (r u2 ) dv =\ll s (\ll x ) 

so y = Using 5(0) = 0 and y( 0) = c\ = 5 we have y = . 
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(c) From the graph wc see that as x —» oo, y(x) oscillates with decreasing amplitudes approaching 
9.35672. Since lim x _.oo 5 S(x) = ^ , lim a; _ 3C y(x) — 5eV / ^ « 9.357, and since lim^.^-^ S(x) = 
—^ , limj^-^c y(x) = 5 e _ v / ^/8 ~ 2.672. 

(d) From the graph in part (b) we sec that the absolute maximum occurs around x = 1.7 and tlic- 
absolute minimum occurs around x = —1.8. Using the root-finding capability of a CAS anc; 
solving y'(x) = 0 for x. we see that the absolute maximum is (1.772,12.235) and the absolute 
minimum is (—1.772.2.044). 



1. Let M = 2x— 1 and N = 3y+7 so that M y = 0 = N x . From f x = 2x— 1 we obtain / = x 2 —x+h(y 

h!(y) = 3 y + 7. and h(y) = | y 1 2 + 7 y. A solution is x 2 — x + ^y 2 + 7 y = c. 

2. Let M = 2x + y and N = —x — 6y. Then M y — 1 and N x = —1, so the equation is not exact. 

3. Let M = 5r; 4- 4 y and N = 4x — 8y :i so that M y = 4 = N. r . From f x = 5x + 4y wc obtain 
/ = |;r 2 + 4 xy + h(y), h!{y) — —8 y 3 , and h(y) — —2 y 4 5 6 7 . A solution is |.r 2 + 4 xy — 2 y A — c.. 

4. Let M - sin y — ysin x and N = c.osx + x cos y — y so that M y = cos y — sin a; = N x . Fro:.. 
fx = sin y — y sin x we obtain / = x sin y + y cos x — h(y). h'{y) — —y, and h(y) = —\y 2 . A solutic:. 
is x sin y + y cos x — \y 2 — c. 

5. Let M = 2 y 2 x — 3 and N = 2 yx 2 + 4 so that M g = 4 xy = N x . From f. r ~ 2 y 2 x — 3 we obta:: 

/ = x 2 y 2 — 3x + h(y), h'(y ) = 4. and h(y) — Ay. A solution is x 2 y 2 — 3x 4- Ay = c. 

6. Let M = Ax* — 3r/sin3;r — y/x 2 and N = 2y — 1/x + cos 3® so that M y = —3 sin 3.7; — 1/x 2 ar. 

N x = 1/x 2 — 3 sin 3a;. The equation is not exact. 

7. Let M = x 2 — y 2 and N = x 2 — 2 xy so that AI y = —2 y and A T X = 2x — 2 y. The equation is n " 
exact. 
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Let M = 1 + In x -|- yfx and N = — 1 4- In x so that M y — 1/x = N x . Prom f y = — 1 + In x we obtain 
= —y + y In x 4- h(y), h'(x) = 1 + In a:, and h(y) = x lnz. A solution is —y + y In x + x In x = c. 
Let M = y 3 — if sin x — x and N = 3xy 2 + 2y cos x so that M y = 3 y 2 — 2y sin x = N x . From 
A = y 3 — y 2 sin x — x we obtain / = xy 3 + y 2 cos x — ^x 2 + h(y ). h'(y) = 0, and h(y) = 0. A solution 
is xy 3 + y 2 cos x — t,x 2 = c. 

Let M — x s + y 3 and N = 3 xy 2 so that M y = 3 y 2 = N x . Ftoin f x = x 3 + y 3 we obtain 
' = \x A + xy 3 + h(y), h'(y ) = 0, and h(y) = 0. A solution is jib 1 + xy 3 = c. 

Let M = y In y — e~ xy and N = l/y + x In y so that M y = 1 + lny + xe~ xy and N x = In y. The 
equation is not exact. 

Let M = 3 x 2 y + c y and N = x 3 + xe y — 2 y so that M y = 3a; 2 + e v = N x . From f x = 3 x 2 y + e y we 
:btain / = x 3 y + xe y -j- h(y), h r (y) = —2 y. and h(y) = —y 2 . A solution is x 3 y + xe y — y 2 = c. 

Let M = y — 6a; 2 — 2xe x and N = x so that M y = 1 — N x . From f x — y — 6a; 2 — 2xe x we obtain 
.*■' = xy — 2x 3 — 2xe x + 2e x + h(y ), h'(y) = 0. and h(y) = 0. A solution is xy — 2x 3 — 2xe. x + 2e x = c. 

Let M = 1 — 3/x + y and N = 1 — 3 jy 4- x so that M y — 1 = N x . From f x = 1 — 3/x + y 

3 

-.vc obtain / = x — 3In |a?| + xy + h(y ), h!(y) = 1 — and h(y) = y — 3In \y\. A solution is 
- y + xy - 3 In \xy\ = c. 

Let M = x 2 y 3 — 1/ (^1 + 9ir 2 ^) and N = x 3 y 2 so that M y ■ 3x 2 y 2 = N x . From 
L- = x 2 y 3 — 1/ (l + 9 x 2 ^j wo obtain / = fX i y 3 — j arctan(3.i’) + h(y), h!(y) = 0, and h(y) = 0. 
A solution is x 3 y 3 — arctan(3x-) = c. 


Let M = —2 y and N = by — 2x so that M y = —2 ~ N x . From f x = —2 y we obtain / = —2xy+h(y). 
V(y) — 5 y, and h(y) = A solution is —2 xy + §y 2 = c. 


Let M = tana; — sin.r sin y and N = cos a; cos y so that M y = — sin x cos y = N x . From 
f x — tana; — sin a;sin y wo obtain / = lnjseca;| + cos x sin y + h(y), h'(y) = 0, and h(y) = 0. A 
solution is In | seca;| + cos x sin y = c. 

Let M = 2 y sin x cos x — y + 2y z e xy and N = —x + sin 2 x + 4xye xy so that 


M y = 2 sin x cos x — 1 + 4 xy 3 e xy2 + 4 ye xy2 = N x . 


From f x = 2y sin x cos x — y + 2 y 2 e xy2 we obtain / = y sin 2 x — xy + 2e cy2 + h{y ), h'{y) = 0. and 

o 2 

h(y) = 0 . A solution is y sin x — xy + 2e xy — c. 

Let M = 4 t 3 y — 15b 2 — y and N — t 4 + 3 y 2 — t so that M y = At 3 — 1 = A 7 *. From ft = At 3 y — 15b 2 — y 
wo. obtain / = t A y — bt 3 — ty + h(y), h'(y ) = 3 y 2 , and h(y) — y 3 . A solution is tSj — bt 3 — ty+y 3 = c. 


Let M — 1/t+l/t 2 — yj (l? + y 2 ) and N = ye y +t/ (t 2 + y 2 ) so that M y = (y 2 


Xf. From j) = 1 /t. + l/t 2 — y/ (t 2 + y 2 ^j we obtain f = In \t 


1 ft\ 

-arctan - 

t w 


-b 2 )/(b 2 + y 2 ) 2 = 

+ %)» h\y) = ye y , 
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and h(y) — ye v — e y . A solution is 

lnbfl- 


arctan 


1 

,y, 


4 - ye y — e v = c. 


21. Let M = x 2 +2xy+y 2 and N = 2xy4-x 2 -1 so that M y = 2(x+y) = Aq... From f x = x 2 +2xy+y 2 we 
obtain / = ^x^+x 2 y+xy 2 +h(y), h'(y ) — —1, and /i(y) — —y. The solution is |x 3 4-x 2 y+xy 2 —y - c 
If 2/(1) = 1 then c = 4/3 and a solution of the initial-value problem is |x 3 4- x 2 y 4- xy 2 — y = |. 

22. Let M = e x + y and iV = 2 + x + ye y so that M y — 1 = N x . From f x = e x + y we obtaii. 
/ = e x + xy + h(y). h'(y) — 2 + ye v , and h(y) = 2y 4- ye y — y. The solution i- 
e x + xy + 2y + ye v — e v — c. If y(0) = 1 then c = 3 and a solution of the initial-value prob¬ 
lem is e x + xy + 2y 4- ye v — e y — 3. 

23. Let M = 4y + 2t — 5 and N = 6y + 4t — 1 so that M y = 4 = Nt- From ft = 4y T 2t — 5 we obtain 
f — Aty+t 2 —5t+h(y), h'(y ) — 6y—1, and h(y) = 3y 2 — y. The solution is Aty+t 2 — 5t+3y 2 — y = c 
If y(-l) = 2 then c = 8 and a solution of the initial-value problem is 4ty + t 2 — 5t 4- 3y 2 — y = 8. 

24. Let Af = £/2y 4 and A r = (^3y 2 — t 2 j /y° so that M y = —2f/y 5 = AT*. From ft = £/2y 4 wc obtai: 


/ = ^4 + %), ^(y) = and h(y) = 


3 t 2 

- —t: . The solution is — r 
2 y 2 4y 4 

t 2 3 


2 y 2 


= c. If y(l) = 1 the:. 


e = —5/4 and a solution of the initial-value problem is —r — -—7 = — - . 

1 4y 4 2 y 2 4 

25. Let M = y 2 cos x — 3 x 2 y — 2x and N — 2 y sin x — x 3 + In y so that M y = 2 y cos x — Zx 2 — N x . Ftor.. 
fx = y 2 cos x — Zx 2 y — 2 x we obtain / = y 2 sin x—x 2 y — x 2 +h(y), h'(y) = In y, and h(y ) = y In y — <. 
The solution is y 2 sinx — x 3 y — x 2 + ylny — y — c. If y(0) = e then c = 0 and a solution of tli- 
initial-\?alue problem is y 2 sinx — x 3 y — x 2 + y lny — y = 0. 

26. Let M — y 2 + ysinx and N = 2xy — cosx — 1/ (l 4 y 2 j so that M y = 2y + sinx = N x . Fror.. 
f x = y 2 + y sinx we obtain / = xy 2 — ycosx 4- h(y), h'(y) = 
solution is xy 2 — ycosx — tan _1 y = c. If y(0) 


-1 


, and h(y) = — tan 1 y. TL- 


1 +y 2 

1 then c = — 1 — 7 r /4 and a solution of tli- 


initial-value problem is xy 2 — y cos x — tan 1 y 




27. Equating M y = 3y 2 + Akxy 2 and N x = 3y 2 + 40xy 3 we obtain & = 10. 

28. Equating M y = 18xy 2 — siny and N x = Akxy 2 — siny we obtain A: — 9/2. 

29. Let M = —x 2 y 2 sin x + 2xy 2 cos x and N = 2x 2 y cos x so that A/ y = —2x 2 y sin x + 4xy cos x — A' 
From = 2x 2 ycosx we obtain / = x 2 y 2 cosx + h(y), h'(y) = 0, and h(y) = 0. A solution r 
the difiFerential equation is x 2 y 2 cosx = c. 

30. Let M = (x 2 + 2xy — y 2 ) / ^x 2 + 2xy 4- y 2 ) and A' = (y 2 -i- 2xy — x 2 ^ / (y 2 + 2xy + x 2 ) so the - 

= —4xy/(x + y) 3 = A T X . From f x = (x 2 + 2xy + y 2 — 2y 2 ^ /(x + y) 2 "we obtain 
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f = x -\— -f h(y), h'(y ) = —1, and h(y) = —y. A solution of the differential e v:.-.::::: > 

x -\- y 

x 2 + y 2 = c(x + y). 

31. We note that (My — Ay/AT = 1/a;, so an integrating factor is eJ dx / x — x. Let M = 2 ::;..* — ; * 

and N = 2 x 2 y so that M y = 4a;y — N x . Prom f x — 2xy 2 + 3x 2 we obtain / = x 2 y 2 — .r ; — . 

h'(y) - 0, and h(y) = 0. A solution of the differential equation is x 2 y 2 + a; 3 = c. 

32. We note that (. M y — N x )/N = 1, so an integrating factor is ef dx = e x . Let M = xye x — y-«r — ... ? 

and N = xe x + 2 ye x so that M y — xe x + 2 ye x + e x - N x . Prom f y — :re ;r + 2ye x we :: 

/ — xye x + y 2 e x + h(x), hf(y) - 0, and h(y) — 0. A solution of the differential equa:;.:. 
xye x + y 2 e x = c. 

33. We note that (N x - M y )/M = 2 fy, so an integrating factor is e-f 2dy / y — y 2 . Let M = 

A r = 4y 3 + 9x 2 y 2 so that Af y = 18.xy 2 = N x . From f x = 6xy 3 we obtain / = 3a: 2 ;/ 3 — : . 
h'(y) — Ay 2 , and h(y) = y 4 . A solution of the differential equation is 3 x 2 y A + y 4 = c. 

34. We note that (M y — N x )/N = —cot a;, so an integrating factor is e~ f cot x (lx = esc a*. 

M = cos a: esc a; = cot a; and N = (1 + 2/y) sin a; esc a; = 1 + 2 fy. so that M y = 0 = Af r . F:*: 
f x — cot a.- we obtain / = hi (sin x) + h(y). h'(y ) = 1 + 2/y, and h(y) = y + lny 2 . A solution of 
differential equation is In (sin a;) 4- y + lny 2 = c. 

35. We note that (M y — N x )/N = 3, so an integrating factor is eJ ?jdx = e 3x . Let 

M = (10 - 6y + e" 3x )e 3 * = l()e 3x - 6ye 3x + 1 

and 

N = —2e 3x , 

so that M y = —Ce 3x = N x . Prom f x = 10e Ax — 6ye Ax + 1 we obtain / - ye 3x — 2 ye Ax + x + h\y . 
h!{y) = 0, and h(y) = 0. A solution of the differential equation is y e 3x — 2 ye ix + x = c. 

36. We note that (N x — M y )/M = —3/y, so an integrating factor is e -3 f dy > v == 1/y 3 . Let 

M = (y 2 + xy 3 )/y 3 = l/y + x 

and 

N = (5y 2 - xy + y 3 siny)/y 3 = 5/y - x/y 2 + siny, 

so that M y = —1/y 2 -- N x . Prom f x = 1/yH-ar we obtain / = xfy + \x 2 + h(y ), h’(y) = 5/y + siny. 
and h(y) = 5 In |y[ — cosy. A solution of the differential equation is x/y + ^x 2 + 5 In |y| — cosy = c. 

37. We note that (. M y — N x )/N = 2ar/(4 + ar 2 ), so an integrating factor is e~ 2 J xdx /( /,+x ~) = 1 /{A-\-x 2 \. 
Let M = x /(4 + x 2 ) and N = (x 2 y + Ay)/(A + x 2 ) = y, so that M y = 0 = N x . From f x — x(A 4- x 2 i 
we obtain / = j ln(4 + x 2 ) + h(y), h!{y) = y, and h(y) = ^y 2 . A solution of the differential equation 
is | In(4 + x 2 ) + \y 2 — c. 


61 




Exercises 2.4 Exact Equations 


38. We note that (M y — N x )/N = —3/(1+x), so an integrating factor is (i~ i S dx /^ +x ) = 1 /(1+x) 3 . L- 
M = (x 2 +y 2 —!5)/(l+x) 3 and N = —(y+xy)/(l+x) 3 — —y/(l+x) 2 , so that. M y = 2y/(l+x) 3 - V 
From f y = —y/( 1 + x) 2 wc obtain / = —|y 2 /(l + x ) 2 + A(x). /i'(x) = (a; 2 — 5)/(l + a:) 3 , a:, 
//.(re) = 2/(1 + re) 2 + 2/(1 + x) + In 11 — x\. A solution of the differential equation is 

2 2 


y~ 


+ 


+ 


+ In !l + re I = c. 


2(1+re) 2 (1+re) 2 (1 + rc) 

39. (a) Implicitly differentiating a ; 3 + 2x 2 y + y 2 = c and solving for dy/dx we obtain 

.5 „ 9 dy . ^ dy , dy 3re 2 + 4xy 

3 ®’ + 2X * + ^ + 2y S = ° a “ d tx = ~+ 2^ ' 

By writing the last equation in differential form we get (4xy + 3x 2 )dx + (2y + 2rc 2 )dy = 0. 

(b) Setting re = 0 and y = —2 in x 3 + 2x*y + y 2 = c we find c = 4, and setting re = y = 1 we air- 
find c = 4. Thus, both initial conditions determine the same implicit solution. 

(c) Solving re 3 + 2x?y + y 2 = 4 for y we get 

yi(x) = —x 2 - \]A - x 2 + a: 4 

and 


g2 (re) = -x 2 + \[a - re 3 + re 4 . 
Observe in the figure that yi(0) = —2 and 2 / 2 ( 1 ) = 1. 



40. To see that the equations are not equivalent consider dx = —(x/y)dy. An integrating factor 
y(x.y ) = y resulting in ydx + xdy = 0. A solution of the latter equation is y = 0, but this is not 
solution of the original equation. 

41. The explicit solution is y = y (3 + cos 2 x)/(l — re 2 ). Since 3 + cos 2 x > 0 for all re we must hav 

1 — x 2 > 0 or — 1 < x < 1. Thus, the interval of definition is (—1,1). 

42. (a) Since f y = N(x, y) - xe xy + 2 xy + 1/re we obtain / = e xy + xy 2 + — + h(x) so th<v 

•X 

fx = ye xv + V 2 - \ + h'(x). Let M (x. y) = yc xy + y 2 - \ . 

(b) Since f x = M (re. y) = y l f 2 x~ 1 ^ 2 + x (x 2 + yj we obtain / = 2 y 1 / 2 x 1 ' 2 + ^ In Ire 2 + y| + y(t. 

so that f y = y -1 / 2 x 1 / 2 + ^ (x 2 + y) + </(x). Let A r (x, y) = y _1 / 2 x 1/2 + | (x 2 + y) \ 

43. First note that 

d Ux 2 + y 2 ) = r= dx+ —■ dy. 
v y \/X 2 +y 2 y x 2 + y 2 
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Then x dx + y dy — \Jx 2 + y 2 dx becomes 


x 


yx 2 + y 2 


dx 


y 


yfe* + v 


= dy = d (\Jx 2 + y 2 \ = dx. 

7/2 V / 


The left side is the total differential of y'x 2 + y 2 and the right side is the total differential of x + c. 
Thus \Jx 2 + y 2 = x + c is a solution of the differential equation. 

44. To see that the statement is true, write the separable equation as —g(x) dx+dy/h(y ) = 0. Identifying 
M = —g(x) and N = l/h(y), we see that M y — 0 — N x , so the differential equation is exact. 

45. (a) In differential form we have (v 2 — 32 x)dx + xvdv — 0. This is not an exact form, but y(x) — x 

is an integrating factor. Multiplying by x we get (xv 2 — 32 x.)dx 4- x 2 v dv = 0. This form is 


the total differential of u = \x 2 v 2 — 4px 3 , so an implicit solution is jx 2 v 
x — 3 and v = 0 we find c = —288. Solving for v we get 

. lx 9 
— s, /- 


i-r-2,,2 _ 32^.3 _ c L e tting 


u = 8 


VS x 


.2 ’ 


(b) The chain leaves the platform when x — 8, so the velocity at this time is 

v(8) = 8^ 

46. (a) Letting 


18 

3 


9 

64 


12.7 ft/s. 


M (x, y) = 


2 xy 


(x 2 + y 2 ) 2 


and N (x, y) = 1 + 


li 1 ~ x 2 
(x 2 + y 2 ) 2 


we compute 


, f _ 2.x 3 - 8xy 2 Ar 

iVl'l! - y - 1 * X "1 


v (x 2 + y 2 ) 3 
so the differential equation is exact. Then we have 

2 xy 


dx M{X,V) (x 2 + y 2 ) 2 


= 2 xy(x l + if) 

2 , „,2 \-L . -/.A y 


,2 \ —2 


/O, y) = -y{x + V ) + g(y ) = 


x 2 + y 2 


9{y ) 


df 


y2 * 2 +g'(y) = N(x,y) = i + - y2 


dy (x 2 +y 2 ) 2 
Thus, g'(y) = 1 and g(y) = y. The solution is y — 
x 2 + y 2 = 1. 


V 


x 2 + y 2 


(x 2 + y 2 ) 2 ' 

= c. When c = 0 the solution is 


(b) The first graph below is obtained in Mathematica using f(x.y) —y — y/(x 2 + y 2 ) and 
ContourPlot [f[x, y], {x, -3, 3}, {y, -3, 3}, 
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Axes—>True, AxesOrigin—>{0, 0}, AxesLabel—> (x, y}, 
Frame—>False, PlotPoints—>100, ContourShading—>False, 
Contours—>{0, -0.2, 0.2, -0.4, 0.4, -0.6, 0.6, -0.8, 0.8}] 


The second graph uses 


x = — 


\ 


y 3 - q / 2 - y 


c-y 


and 


x = , 




ir - cy 2 - y 
c - y 


In this case the r-axis is vertical and the y -axis is horizontal. To obtain the third graph. ' 
solve y — y/(x 2 + y 2 ) = c for y in a CAS. This appears to give one real and two comi;.•: 
solutions. When graphed in Mathematica however, all three solutions contribute to the gra::.. 
This is because the solutions involve the square root of expressions containing c. For so:.. 
values of c the expression is negative, causing an apparent complex solution to actually be v-:... 




1. Letting y = ux we have 


(x — ux) dx + x(u dx •+- x du ) - 0 
dx + x du = 0 


dx 

-b du — 0 

x 


In lad + u = c 


x In |a| + y = cx. 
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2. Letting y = ux we have 


(,r + ux) dx + x(u dx + x du) = 0 
(1 + 2 u) dx + x du = 0 

= 0 


du 


dx 

~ + 1 + 2 u 
1 


In |x| + — In |1 + 2u\ = c. 

z 


x 2 


1 + 2— ) = ci 

xj 

x 2 + 2 xy = ci. 


3. Letting x = vy we have 


vy(v dy + y dv) + {y- 2vy) d,y = 0 

vy 2 dv + y (v 2 - 2v + 1^) dy — 0 

v dv dy 

+ — = 0 


In 


(?; - l) 2 y 

In |v - 1| - + In \y\ = c 

1 


x/y-1 


+ In y = c 


{x ~ y) ha |® - y\ - y = c(x - y). 


4. Letting x = vy wc have 


y(v dy + y dv) — 2 (vy + y) dy = 0 
y dv — (v + 2) dy = 0 

dv _<fy =0 

v + 2 y 

In \v + 2| — In |y| = c 


In 


x 


J 


— + 2; — In \y\ = c 

y i 


x + 2 y = cry 2 
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5. Letting y = ux wc have 


(utx 2 + ux 2 ') dx — x 2 (u dx -r x du ) = 0 

u 2 dx — x du — 0 


d x du _ „ 

7y U 

x vr 

111 \x\ + — = c 

u 

In lad + — = c 
V 


yin |rc| + x = cy. 

6. Letting y = ux and using partial fractions, we have 

(yPx 2 + ux 2 ) dx + x 2 (a dx + x du) = 0 

x 2 (v 2 + 2u) dx + x 2 du = 0 


dx du 

— + -7TT = 0 

x u(u + 2) 

1 1 

In |a:| + - In |m| — - In \u + 2| = c 

£ Zj 


9 

oru 
u -2 

'2 v 


= C 1 


af- = ei - + 2 


y 


X 


7 . Letting y = ux wc have 


x 2 y = ci(y + 2x). 

(ux — x) dx — (ux + x) (u dx + x du) = 0 

(u 2 + l) dx + x(u + 1) du = 0 

dx u + 1 , 

— + -s—- du = 0 
X u z + 1 

In |x'| -f ^ In (u 2 +1) + tan -1 u = c 
In x 2 f ^ + 1^ + 2 tan -1 - = ci 


In (x 2 + y 2 ) + 2 tan 1 — = ci. 


66 



Exercises 2.5 Solutions by Substitutions 


Letting y = ux we have 


(x + 3 ux) dx — (3x + ux)(u dx + x du) = 0 
( 'u 2 — l) dx + x(u + 3) du = 0 
u 3 


dx 
— + 


du = 0 


X (u— l)(lt+l) 
ln|x) + 21n|it — 1| — ln|«+ 1| = c 
x(u — l) 2 


u + 1 


= Cl 


(y ~ *) 2 = ci {y-x). 


Letting y = ux we have 


—ux dx + (x + \fu x)(u dx + x du) = 0 
(x 2 + x 2 \/u ) du + xv?' 2 dx = 0 

u~ 3/2 + —\ du + — = 0 


XU X 

-2 u~ l/2 + In \u\ + In \x\ = c 

In \y/x\ + In |xj — 2\jx/y + c 
y(ln \y\ — c) 2 = Ax. 


Letting y — ux we have 


ux + yV 2 — (ux) 2 j dx — x(udx + xdu) d,u = 0 
\/x 2 — u 2 x 2 dx — x 2 du = 0 


x\]\ — u 2 dx — x 2 du = 0, (x > 0) 


du 


dx 


x \j 1 - u 2 


= 0 


In x — sin 1 u = c 


sin 1 u — In x + ci 
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. -i y , 

sin ' — = In x + C-2 
x 

y . . 

- = sm(In:r + 02 ) 
x 

y — x sin (In x + 02)- 

See Problem 33 in this section for an analysis of the solution. 

11. Letting y — ux we have 

(at 3 — « 3 a’ 3 ) dx + u 2 x 2 (udx + x du) — 0 

dx + u 2 x du = 0 

dx 9 , 

-h u 2 du = 0 

x 

... 1 3 

In p;| + -u = c 
3 .t 3 In |»| + y 3 — ci a: 3 . 

Using 2/(1) = 2 wo find ci = 8. The solution of the initial-value problem is 3 x :i In Ja;| + y ,i = 8x 3 . 

12. Letting y — ux we have 

(x 2 4 - 2 u 2 x 2 )dx — ux 2 (u dx 4 - x du) = 0 
& -2 (l + u 2 )dx — ux 2, du = 0 
dx u du 


x 1 + td 
1 


= 0 


In |orj — - ln(l - 1 - u 2 ) = c 
£ 


x 1 


1 + u 2 
A 


Cl 


X 4 = Cl(x 2 + ?/ 2 ). 

Using y{— 1) = 1 wc find ci — 1/2. The solution of the initial-value problem is 2:r 4 = y 2 + x 2 . 

13. Letting y = ux we have 

(a; + uxe u ) dx — xc a (u dx + x du) = 0 

dx — xe u du = 0 
d,x 


- e du =0 


x 
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In |t| — e u - c 
In \x\- e y/x = c. 

Using y(l) = 0 wc find c — —1. The solution of the initial-value problem is In |.x| 
Letting x = vy we have 

y(v dy + y dv) + vy(ln vy — In y — 1) dy = 0 

y dv + v In v dy — 0 

d,v dy 
+ —= 0 


= e yi x - 1. 


v In v y 
in |ln |n|| + In \y\ = c 


V In 


= Cl. 


Using y(l) = e we find ci = — e. The solution of the initial-value problem is y In 


Xl 


y 




_ #1 1 _ o . o . dtv 3 3 . , _ , o . 

From y H —y — —y and w = y we obtain ——I —w — — . An integrating factor is x so that 

x' x' dx xx ' 


x 3 w — :c 3 + c or t/ 3 = 1 + cx 3 . 


div 


From y' — y = e x y 2 and w = y 1 we obtain ——I- w = —e x . An integrating factor is e x so that 

dx 


( x w — —Ae 2x + cory 1 = — ke x + ce x . 




dw 


From y' + y = xy* and w = y 3 we obtain — 3 w = —3.x - . An integrating factor is e 3x so that 

dx 

?~' ix w = xe~‘ ix + + c or t/ -3 = x + j + ce' ix . 

From j/ — ^1 + y = y 2 and w — y~ x we obtain ^ + ^1 + w = -1. An integrating factor is 

1 . 0 

xe x so that xe x w - —xe x + e x -f- c or y~ l = —! + — + — e~ x . 


x x 
dw 1 


1 


From y' — -y = — ~y 2 and w = y 1 wc obtain _|_ - w = A An integrating factor is t so that 
tt z dt t t/ 

1 c t 

tw — hit + c or y~ l = - lnt + Writing this in the form - = lnt + c. we see that the solution 

t t y 

can also be expressed in the form e l ' y = cyt. 

2 


From y 


3(1 + t 2 ) y 3 (1 +1 2 ) 


2f 4 _o ... dw 21 

y and w = y wc obtain —^ 


-21 


dt 1 + f 2 1 + t 2 


. An integrating 


. . 1 , w 

factor is -- t so that 


1 + t 2 


1 + t 2 


T ^ + covy 3 = l + c(l + f 2 ). 
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__ ,2 3 4 . _o . . dw 6 9 , . ... ■ fi i 

21. Prom y - y — —~y and w = y we obtain ——(- —w = —~ . An integrating factor is x so the.: 


n y uixu ia.' - y m ^ wuu'Aii . i - n 

:r ~ * ' ax x x- 


= —|:r 5 + c or y 3 = 1 + cz 6 . If y(l) = ^ then c = ^ and y 3 — — |x 1 + ^ 


aru? 




-6 


'33 

22. From y' + y = y -1 / 2 and u; = y 3/2 we obtain — + -u? = - . An integrating factor is e 3x ' /2 so tha: 

e ix / 2 w — e 3 T 2 + c or y 3 / 2 = 1 + ce -3x/2 . If y(0) = 4 then c = 7 and y 3/2 = 1 + 7e _3x / 2 . 

d /i J 

23. Let u = x + y + 1 so that du/dx = 1 + dy/dx. Then — — 1 = u 2 or ——r> du = dx. Tlim 

ax 1 + «■ 

tan -5 u = x + c or u = tan(x + c), and x + y + 1 = tan(x + c) or y — tan(x + c) — x — 1. 

24. Let u ~ x + y so that du/dx = 1 + dy/dx. Then ~ — 1 = -—— or u du = dx. Thus bu? = x + . 

dx u 


or u 2 = 2x + ci, and (x + y) 2 = 2x + cj. 


du 


25. Let u = x + y so that du/dx = 1 + dy/dx. Then — 1 = tan 2 u or cos 2 udu = dx. Thin 
^u+|sin2u = x+c or 2u+sin 2u = 4x+ei s and 2(x+y)+sin2(x+y) = 4x+ci or 2y+sin 2(x+y) - 
2x + ci. 

26. Let u = x + y so that du/dx = 1 + dy/dx. Then ^ — 1 = sinu or-\— du = dx. Multiplying 

' dx 1 + smu 

1 sin it 

by (1 — sinu)/(l — sinu) we have — — du = dx or (sec 2 u — seen tan u)du = dx. Thin 

cos z u 

tan u — sec u = x + c or tan (a: + y) — sec(x + y) = x + c. 

27. Let u = y — 2x + 3 so that du/dx = dy/dx — 2. Then ^+2 = 2 + s/u or du - dx. Thin 

dx s/u 


2y/u = x + c and 2 >/y — 2x + 3 = x + c. 


du 


28. Let u = y — x + 5 so that du/dx = dy/dx — 1. Then ——(- 1 = 1 + e u or e U du = dx. Thin 

dx 

—e~ u = x + c and — e y ~ x+5 = x + c. 

29. Let u — x + y so that du/dx = 1 + dy/dx. Then ~ — 1 = cos u and--- 

dx 1 + cos u 


du = dx. Now 


1 


1 — COS u 1 — COS u 2 

-- 2 - = CSC U — CSC u cot u 

sin u 


1 + cos u 1 — COS 2 u 

so we have f (esc 2 u—esc u cot u)du = f dx and — cot u+ese u = x+c. Thus — cot (x+y)+ esc(x+ y) = 
x + c. Setting x = 0 and y = tt/4 we obtain c = \[2 — 1. The solution is 

csc(x + y) — cot (a: + y) = x + V2 — 1. 


(f/ii 

30. Let u = Sx + 2y so that du/dx = 3 + 2 dy/dx. Then — = 3H-- =- 

' ' dx u + 2 u + 2 


5u + 6 -u + 2 

and ~ r (in z — l (id 


Now by long division 


5u + 6 


u + 2 1 


5u + 6 5 25u + 30 


70 



Exercises 2.5 Solutions by Substitutions 


so we have 

f (1 + - - — ) du = dx 
J \5 Zbu + 30/ 

'lid + y In 125u + 30| = x + c. Thus 

— (3x 2y) -p ^—7 hi |75x + 5Oy -T 301 = x -\- c. 

o 2o 

Setting x = — 1 and y = — 1 we obtain c = ^ In 95. The solution is 

14 4 

-(3a; 4- 2 y) + — In|7ox + 50 y + 30| = x + — In 95 
o 25 2 o 

;>r 

5 y — 5x + 2 In |75x + 50y + 30| = 2 In 95. 


We write the differential equation M(x, y)dx + N(x,y)dy — 0 as dy/dx = f(x. y) where 


/(x,y) 


M(x,y) 
N(x. y) ' 


The function fix. y) must necessarily be homogeneous of degree 0 when M and N are homogeneous 
:*f degree a. Since M is homogeneous of degree a, M(tx,ty ) — t a M(x,y), and letting t = 1/x we 


have 

M( 1, yfx) = Z- M(x, y) or M{x, y) = x“M( 1, y/x). 

Thus 

dy _ ,, s _ x a M(l, y/x) _ M(l,y/x) _ /y\ 

dx * r ’ ^ x a JV(l,y/x) A r (l, y/x) \x/ 


Rewrite (5x 2 — 2 y 2 )dx — xydy — 0 as 


and divide by xy. so that 


We then identify 


xy = 5x 2 - 2y 
ax 


2 


dy _ , x y 

ax y x 



(a) By inspection y = x and y — —x are solutions of the differential equation and not members of 
the family y = x sin (In x + C 2 ). 

(b) Letting x = 5 and y = 0 in sin -1 (y/x) = lnx + C 2 we get sin -1 0 = ln5 + corc = — In 5. Then 
sin -1 (y/x) = In x — In 5 = ln(x/5). Because the range of the arcsine function is [— tt/ 2, tt/2] we 


71 



Exercises 2.5 Solutions by Substitutions 



must have 

7T X 7T 

—— < m - < — 

2 ~ 5 ~ 2 

e -^/2 < * < g 7r /2 

5 

5e _ ^ /2 < a’ < 5e n / 2 . 

The interval of definition of the solution is approximately 
[1.04,24.05]. 

34. As x —s- — oc. e to —> 0 and y —► 2 x + 3 . Now write (1 -I- ce 6a ’)/(l — ce 6x ) as (e -te + c)/(e~ 6x — 
Then, as x —*■ oc, e~ bx —* 0 and y —*■ 2 x — 3 . 

35. (a) The substitutions y — yi + u and 

dy _ dyi ^ du 
dx dx dx 

lead to 

— + ^ = P + Q(yi + u) + R(y\ + u) 2 
dx dx 

= P + Qy\ -r Ryf + Qu + 2y\ Ru + Ru 2 
or 

~~{Q + 2 yiA)u = Ru 2 . 
ax 

This is a Bernoulli equation with n = 2 which can be reduced to the linear equation 

die 


dx 


+ (Q + 2 yiR)w = -R 


by the substitution w = u 1 . 

1 Ji 


integrating factor is x 3 so that x 3 w = -|x 4 + c or u = —\x + ex 3 


dw f 1 4 

(b) Identify P(x) = -4/x 2 , Q(x) = -1/x, and R(x) = 1. Then — I —- + - J w = -1. -4 

-l 2 

. Thus, y — —b u. 
x 

36. Write the differential equation in the form x(y'/y) = In x +In y and let u — In y. Then du/dx = y j 
and the differential equation becomes x(du/dx) - lnx 4- u or du/dx — u/x = (In x)/x, which j 
first-order and linear. An integrating factor is e~J dx - x — 1/x, so that (using integration by par:- 

In x 


d rl i lax . u 1 

- u\ = — 7T and - = — 

x J x/ x x 


dx 


+ c. 


The solution is 


In y = — 1 — In x -b c.x or y -• 




X 


37. Write the differential equation as 


dv 1 „ _i 

——■— V = 3 2v 1 , 
dx x 
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:• iid let u = v 2 or v = u 1 ' 2 . Then 

dv 1 du 

dx 2 dx ' 

-iid substituting into the differential equation, we have 

1 _I/O dll 1 |/9 - 1/9 du 2 

-u ■ " -—I— ic ,2 = 32u 1/_ or ——I—« = 64. 

2 dr r dr x 

The latter differential equation is linear with integrating factor cJ = x 2 . so 

d 


— [r 2 u] = 64.r 2 
dx 


-,nd 


9 64 o 9 64 c 

x u = — x° + c or v~ = — x + . 

O <j X 


’.Vrite the differential equation as dPjdt — aP = —bP 2 and let u = P 1 or P = u 1 

dp _9 d u 

— = —u — , 
dt dt 

-iid substituting into the differential equation, wc have 

_2 du _-r _9 du 7 

— u — - au = — ou " or — + au = b. 

dt dt 

The latter differential equation is linear with integrating factor eJ ndt = e at , so 

^ 1 _ U„ai 


dt 


[e -it] = be' 


:id 


e af u = - c aL -r c 
a 


e <dp-l = - e at + c 

a 


P - 1 = -+ ce- 
a 

i 

P = 


at- 


a 


bj a + ce~ at b + Ci<i~ (U 


. Then 
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1. We identify f(x, y) = 2x — 3y + 1. Then, for h = 0.1, 

Vn +1 = yn 0.1 (2x n 3t / f i T 1) = 0.2x n + 0.7 y-n + 0.1, 

and 

y(l.l) *yi= 0.2(1) + 0.7(5) + 0.1 = 3.8 
y{ 1.2) * 2/2 = 0.2(1.1) + 0.7(3.8) + 0.1 = 2.98. 

For h = 0.05, 

y n —l — J/ri + 0.05(2a; n — 3y n + 1) = 0.1x n + 0.85'// n + 0.05, 

and 

2/(1.05) « Vl = 0.1(1) + 0.85(5) + 0.05 = 4.4 
2/(1. 1) » W2 = 0.1(1.05) -r 0.85(4.4) + 0.05 = 3.895 
y(1.15) ~ y A = O.l(l.l) + 0.85(3.895) + 0.05 = 3.47075 
2/(1.2) « y 4 = 0.1(1.15) + 0.85(3.47075) + 0.05 = 3.11514. 

2. We identify f{x,y) = x + y 2 . Then, for h = 0.1, 

Vn+i =Vn + 0.1(x n + y 2 ) = 0.1 x n + y n + O.ly 2 , 

and 

y(0.1) « yi = 0.1(0) + 0 + 0.1(0) 2 = 0 

y(0.2) » 2/2 = 0.1(0.1) + 0 + 0.1(0) 2 = 0.01. 

For h = 0.05, 

Vn+1 = Vn + 0.05(.x n + y 2 ) = 0.05z„ + y n + 0.05y 2 , 

and 

2/(0.05) « 2/1 = 0.05(0) + 0 + 0.05(0) 2 = 0 
2 /( 0 .1) w 2/2 = 0.05(0.05) + 0 + 0.05(0) 2 = 0.0025 
2/(0.15) w 2/3 = 0.05(0.1) + 0.0025 + 0.05(0.0025) 2 = 0.0075 
y(0.2) » ?/4 = 0.05(0.15) + 0.0075 4- 0.05(0.0075) 2 = 0.0150. 
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Separating variables and integrating, we have 

— = dx and In \y\ = x — c. 

y 

Thus y = c\e x and, using y(0) = 1, we find c = 1, so y = e x is the solution of the initial-value 
problem. 


A = 0.1 h= 0.05 



yn 

Actual 

Value 

Abs. 

Error 

% ReI . 

Error 


*71 

yn 

Actual 

Value 

Abs. 

Error 

% Rel. 
Error 

0,00 

1.0000 

1.0000 

0.0000 

0.00 


0.00 

1.0000 

1.0000 

0.0000 

0.00 

0.10 

1.1000 

1.1052 

0.0052 

0.47 


0.05 

1.0500 

1.0513 

0.0013 

0.12 

0.20 

1.2100 

1.2214 

0.0114 

0.93 


0.10 

1.1025 

1.1052 

0.0027 

0.24 

0.30 

1.3310 

1.3499 

0.0189 

1.40 


0.15 

1.1576 

1.1618 

0.0042 

0.36 

0.40 

1.4641 

1.4918 

0.0277 

1.86 


0.20 

1.2155 

1.2214 

0.0059 

0.48 

0.50 

1.6105 

1.6487 

0.0382 

2.32 


0.25 

1.2763 

1.2840 

0.0077 

0.60 

0.60 

1.7716 

1.8221 

0.0506 

2.77 


0.30 

1.3401 

1.3499 

0.0098 

0.72 

0.70 

1.9487 

2.0138 

0.0650 

3.23 


0.35 

1.4071 

1.4191 

0.0120 

0.84 

0.80 

2.1436 

2.2255 

0.0820 

3.68 


0.40 

1.4775 

1.4918 

0.0144 

0.96 

0.90 

2.3579 

2.4596 

0.1017 

4.13 


0.45 

1.5513 

1.5683 

0.0170 

1.08 

1.00 

2.5937 

2.7183 

0.1245 

4.58 


0.50 

1.6289 

1.6487 

0.0198 

1.20 






0.55 

1.7103 

1.7333 

0.0229 

1.32 






0.60 

1.7959 

1.8221 

0.0263 

1.44 






0.65 

1.8856 

1.9155 

0.0299 

1.56 






0.70 

1.9799 

2.0138 

0.0338 

1.68 






0.75 

2.0789 

2.1170 

0.0381 

1.80 






0.80 

2.1829 

2.2255 

0.0427 

1.92 






0.85 

2.2920 

2.3396 

0.0476 

2.04 






0.90 

2.4066 

2.4596 

0.0530 

2.15 






0.95 

2.5270 

2.5857 

0.0588 

2.27 






1.00 

2.6533 

2.7183 

0.0650 

2.39 


Separating variables and integrating, we have 

— = 2x dx and In \y\ = x 2 + c. 

y 

2 . , , * 2 _1 

Thus y ~ Cl e x and, using y(l) = 1. we find c - e , so y = e x 1 is the solution of the initial-value 

problem. 
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ft = 0.1 



yn 

Actual 

Value 

Abs. 

Error 

%ReI. 

Error 

1.00 

1.0000 

1.0000 

0.0000 

0.00 

1.10 

1.2000 

1.2337 

0.0337 

2.73 

1.20 

1.4640 

1.5527 

0.0887 

5.71 

1.30 

1.8154 

1.9937 

0.1784 

8.95 

1.40 

2.2874 

2.6117 

0.3243 

12.42 

1.50 

2.9278 

3.4903 

0.5625 

16.12 


ft=0.05 


X n 

yn 

Actual 

Value 

Abs. 

Error 

% Rel. 
Error 

1.00 

1.0000 

1.0000 

0.0000 

0.00 

1.05 

1.1000 

1.1079 

0.0079 

0.72 

1.10 

1.2155 

1.2337 

0.0182 

1.47 

1.15 

1.3492 

1.3806 

0.0314 

2.27 

1.20 

1.5044 

1.5527 

0.0483 

3.11 

1.25 

1.6849 

1.7551 

0.0702 

4.00 

1.30 

1.8955 

1.9937 

0.0982 

4.93 

1.35 

2.1419 

2.2762 

0.1343 

5.90 

1.40 

2.4311 

2.6117 

0.1806 

6.92 

j 1.45 

2.7714 

3.0117 

0.2403 

7.98 

I 1.50 

3.1733 

3.4903 

0.3171 

9.08 


! *n 

y^ 

o 

o 

o 

0.0000 

0.10 

0.1000 

0.20 

0.1905 

0.30 

0.2731 

0.40 

0,3492 

0.50 

0.4198 


7. ft.—o.i 


X n 

yn 

o 

o 

o 

0.5000 

0.10 

0.5250 

0,20 

0.5431 

0.30 

0.5548 

o 

o 

0.5613 

0.50 

0.5639 


ft=0.05 


X n 

yn 

0.00 

0.0000 

0.05 

0.0500 

0.10 

0.0976 

0.15 

0.1429 

0.20 

0.1863 

0.25 

0.2278 

0.30 

0.2676 

0.35 

0.3058 

0.40 

0.3427 

0.45 

0.3782 

0.50 

0.4124 

h=0.05 

X n 

yn 

o 

o 

o 

0.5000 

0.05 

0.5125 

0.10 

0.5232 

0.15 

0.5322 

0.20 

0.5395 

0.25 

0.5452 

0.30 

0.5496 

0.35 

0.5527 

0.40 

0.5547 

0.45 

0.5559 

0.50 

0.5565 


6. ft=0.1 ft=0.05 


- V .. 

yn 

0.00 

1.0000 

i 0.05 

1.0500 

0.10 

1.1053 

0.15 

1.1668 

0.20 

1.2360 

0.25 

1.3144 

0.30 

1.4039 

0.35 

1.5070 

0.40 

1.6267 

0.45 

1.7670 

0.50 

1.9332 

h= 0.05 

X n 

yn 

0.00 

1.0000 

0.05 

1.0500 

0.10 

1.1039 

0.15 

1.1619 

0.20 

1.2245 

0.25 

1.2921 

0.30 

1.3651 

0.35 

1.4440 

0.40 

1.5293 

0.45 

1.6217 

0.50 

1.7219 


*/l 

yn 

o 

o 

o 

1.0000 

o 

o 

1.1000 

0.20 

1.2220 

0.30 

1.3753 

0.40 

1.5735 

0.50 

1.8371 


X n 

y n 

0,00 

1.0000 

0.10 

1.1000 

0.20 

1.2159 

0.30 

1-3505 

0.40 

1.5072 

0.50 

1.6902 
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/z=0.1 

■*« 

yn 

| 1-00 

1.0000 

: 1.10 

1.0000 

1.20 

1.0191 

1.30 

1.0588 

1.40 

1.1231 

1.50 

1.2194 


h=0.05 


*n 

yn 

1.00 

1.0000 

1.05 

1.0000 

1.10 

1.0049 

1.15 

1.0147 

1.20 

1.0298 

1.25 

1.0506 

1.30 

1.0775 

1.35 

1.1115 

1.40 

1.1538 

1.45 

1.2057 

1.50 

1,2696 


10 . *-= 0.1 


*/! 

yn 

0.00 

0.5000 

0.10 

0.5250 

0.20 

0.5499 

0.30 

0.5747 

0.40 

0.5991 

0.50 

0,6231 



v» 

0.00 

0.5000 

0.05 

0.5125 

0.10 

0.5250 

0.15 

0.5375 

0.20 

0.5499 

0.25 

0.5623 

0.30 

0.5746 

0.35 

0.5868 

0.40 

0.5989 

0.45 

0.6109 

0.50 

0.6228 


1. Tables of values were computed using the Euler and RK4 methods. The resulting points were pic ::e i 
and joined using ListPlot in Mathematica. A somewhat simplified version of the code used 
this is given in the Student Resource and Solutions Manual (SRSM) under Use of Computers 
Section 2.6. 


h = 0.25 


h = 0.1 


h = 0.05 



2. See the comments in Problem 11 above. 




h = 0.05 


RK4 

Euler 


2 3 4 5 


3. Tables of values, shown below, were first computed using Euler's method with h = 0.1 and h = 0. ’: 
and then using the RK4 method with the same values of h. Using separation of variables we nr.: 
that the solution of the differential equation is y = 1/(1 — x 2 ), which is undefined at x = 1. when:- 
the graph has a vertical asymptote. Because the actual solution of the differential equation becoir.-.s 
unbounded at x approaches 1, very small changes in the inputs x will result in large changes in 
corresponding outputs y. This can be expected to have a serious effect on numerical procedures. 
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/i=0..l (Euler) 

/>,=0.05 (Killer) 

/?=(). 1 (RK4) 

h=0m (RK4) 

X n 

yn 

X n 



x n 

y. : 

X n 

yn 

• 

O 

o 

o 

1.0000 1 

0.00 

1.0000 


0.00 

1.0000 : 

0.00 

1.0000 ! 

s 

0-10 

1.0000 ! 

0.05 

1.0000 


0.10 

1.0101 


0.05 

1.0025 I 

0.20 

1.0200 ! 

0.10 

1.0050 


0.20 

1.0417 


0.10 

1.0101 | 

0.30 

1.0616 ; 

0.15 

1.0151 


0.30 

1.0989 

| 0.15 

1.0230 | 

0.40 

1.1292 

0.20 

1.0306 


0.40 

1.1905 

i 0.20 

1.0417 j 

0.50 

1.2313 ; 

0.25 

1.0518 


0,50 

1.3333 

! 0.25 

1.0667 j 

o 

VO 

o 

1.3829 i 

0.30 

1.0795 

i 0.60 

1.5625 

! 0.30 

1.0989 

o 

o 

1.6123 

0.35 

1.1144 

! 0.70 

1.9607 

i 0.35 

1.1396 I 

0.80 

1.9763 

0.40 

1.1579 

| 0.80 

2.7771 

| 0.40 

1.1905 | 

0.90 

2.6012 I 

0.45 

1.2115 

j 0.90 

5.2388 

; 0.45 

1.2539 

1.00 

3.8191 

0.50 

1.2776 

| 1,00 

42.9931 

i 0.50 

1.3333 



0.55 

1.3592 



1 0.55 

1.4337 



0.60 

1.4608 



j 0.60 

1.5625 



0.65 

1.5888 



| 0-65 

1.7316 



0.70 

1.7529 



j 0.70 

1.9608 



0.75 

1.9679 



j 0.75 

2.2857 



0.80 

2.2584 



| 0.80 

2.7777 



; 0.85 

2.6664 



[ 0.85 

3.6034 



\ 0.90 

3.2708 



j 0.90 

5.2609 j 



1 0.95 

4.2336 



1 0.95 

10.1973 j 



j 1.00 

5.9363 



| 1.00 

84.0132 j 


The graphs below were obtained as described above in Problem 11. 


h = 0.25 



A = 0.1 



0.2 oTI ’ oTe ' ' o'.8 ’ ~T * 


14. (a) The graph to the right was obtained as described above 
in Problem 11 using h — 0.1. 


y 
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(b) Writing the differential equation in the form y' + 2xy = 1 we sec; that an integrating factor is 

e f 2xdx _ e :r 2 SQ 


d 2 2 


and 


.,2 r x t i 
/ e* dt 
Jo 


y = e 


+ ce' 


This solution can also be expressed in terms of the inverse error function as 

y = e~ x erfi(x) + ce~ x . 

Letting x — 0 and y( 0) = 0 we find c = 0. so the solution of the initial-value problem is 

„2 r x ,2 . ^ 


2 ,2 v/TT 2 

y = e x e dt = —e x erfi(.r). 


(c) Using cither FindRoot in Mathematics or f solve in Maple we see that y'(x) = 0 when 
x = 0.924139. Since //(0.924139) — 0.541044. we see from the graph in part (a) that 
(0.924139.0.541044) is a relative maximum. Now-, using the substitution u = —t in the in¬ 
tegral below, we have 



Thus. y(x) is an odd function and (—0.924139. —0.541044) is a relative minimum. 



Writing the differential equation in the form y' = k(y + A/k) we see that the critical point —A/k 
is a repeller for k > 0 and an attractor for k < 0. 

Separating variables and integrating we have 

dy 4 
— = • dx 
V x 

In y = 4 In x -r c — In x 4 + c 
y = ci.r 4 . 

We see that when x = 0. y = 0. so the initial-value problem has an infinite number of solutions for 
4 = 0 and no solutions for k ^ 0. 

True; y = k^/k-i is always a solution for k\ ^ 0. 
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4. True; writing the differential equation as ai(x) dy + a‘z{x)y dx — 0 and separating variables yieldr 

dy _ Q2 (a:) , 

V aiOr) 

6. ^ = j,(» - 2) 2 (y - 4) 

7. When n is odd, x n < 0 for x < 0 and x n > 0 for x > 0. In this case 0 is unstable. When n is eve: 
x n > 0 for x' < 0 and for x > 0. In this case 0 is semi-stable. 


When n is odd, —x n > 0 for x < 0 and —x n < 0 for x > 0. In this case 0 is asymptotically stall: 
When n is even, —x n < 0 for x < 0 and for x > 0. In this case 0 is semi-stable. 

8. Using a CAS we find that the zero of / occurs at approximately P = 1.3214. From the gray.. 
we observe that dP/dt > 0 for P < 1.3214 and dP/dt < 0 for P > 1.3214. so P — 1.3214 is : i 
asymptotically stable critical point. Thus, lim^oo -P(f) = 1.3214. 



10. (a) linear in y, homogeneous, exact 
(c) separable, exact, linear in x and y 
(e) separable 
(g) linear in x 
(i) Bernoulli 


(b) linear in x 

(d) Bernoulli in x 

(f) separable, linear in x, Bernoulli 

(h) homogeneous 

(j) homogeneous, exact. Bernoulli 


(k) linear in x and y. exact, separable, homogeneous 

(l) exact, linear in y (m) homogeneous 

(n) separable 

11. Separating variables and using the identity cos 2 x — ^(1 + cos2.t), we have 

2 y 

cos x dx = -r, - dy. 

y 2 + 1 


11 j 

0 X+ 7 sin2x = 9 ln (y 2 + i) + c > 


and 
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2x + sin 2x = 2 In ( \i 2 + l) + c. 

Write the differential equation in the form 

y In - dx = ( x In — — v I dy. 

' V \ V ') 

This is a homogeneous equation, so let x = uy. Then dx = udy + y du and the differential equation 
becomes 

y In u(u dy + y du) — (uy In u — y) dy or y In u du = —dy. 

Separating variables, we obtain 

In u du = 

y 

u hi | a | — u. = — In |y| + c 



x 

y 


X 

V 


— — In \y\ + c 


.r(ln.T — lny) — x = —y In \y\ + cy. 


The differential equation 

dy , 2 _ 3x 2 _ 2 

dx 6x + 1^ Qx + 1^ 

is Bernoulli. Using w = y 3 , we obtain the linear equation 

dw 6 _ 9a; 2 

dx 6a; + 1 1 6x -f 1 ’ 

An integrating factor is 6a; + 1, so 

-j- [(6a; + lW' 1 = —9a -2 , 
dx 

3:r 3 c 

W ==L --. 

6.t + 1 Ga; + 1' 

and 

(6a - + l)y 3 = —3a; 3 + c. 

Note: The differential equation is also exact.) 

Write the differential equation in the form (3y 2 + 2x)dx + (4y 2 + 6xy)dy = 0. Letting M = 3y 2 + 2x 
and N = 4y 2 + 6 xy we sec that M y = Gy = N. r , so the differential equation is exact. From 
f x = 3y 2 + 2x we obtain / = 3a - ;y 2 + x 2 + h(y). Then f y = Qxy + hf(y) = 4y 2 + 6 xy and h'{y) = Ay 2 
so h(y) = A one-parameter family of vsolutions is 

3a;y 2 + x 2 + ^y 3 = c. 
o 
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15. Write the equation in the form 


An integrating factor is e ln< = t. so 

d 


dQ 1 _ o, 

* + 1 Q = t lnt 


and 


16. Letting u = 2x + y + 1 we have 


—[tQ] = t 4 In t 

tQ = In t + c 

Zb 0 

Q =~k i+ ¥ lnt+ r 


du ^ _j_ dy 
dx dx ’ 


and so the given differential equation is transformed into 

(du \ , du 2 u +1 

“U -2 =1 or di = — 


Separating variables and integrating w j e get 


u 


2 u "t 1 
1 1 1 


2 2 2 u + 1 


du = dx 
du = do; 


^ In |2 m 4-1| = x + c 

2 u — In |2« + 1| = 2x + ci. 
Resubstituting for u gives the solution 

Ax + 2y + 2 — In \Ax + 2 y + 3| = 2x + C\ 


or 


2x + 2y + 2 — In \Ax + 2y + 3| = c\. 


17. Write the equation in the form 

dy . 8x 2x 

dx ' x* + A y x 2 + 4 


An integrating factor is 



so 


d_ 

dx 
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and 




+ c 



letting M = 2 r 2 cos 9 sin 9 + r cos 9 and N = 4 r + sin 9 — 2 r cos 2 9 we see that M r = 4 r cos 9 sin 9 + 
: :>s 9 ~ Nff, so the differential equation is exact. From = 2r 2 cos 9 sin $ + r cos 9 we obtain 
* == —r 2 cos 2 9 + r sin 9 4- h(r). Then f r — —2 r cos 2 9 + sin 9 + h'{r ) = 4r + sin 9 — 2r cos 2 9 and 
V.r) ■ 4 r so h(r) — 2 r 2 . The solution is 

—r 2 cos 2 9 + r sin 9 + 2r 2 = c. 


The differential equation has the form ( d/dx ) [(sin x)y] = 0. Integrating, we have (sin x)y = c. or 
. = cj sin a;. The initial condition implies c = —2sin(77r/6) = 1. Thus, y = 1/sina;, where the 
interval 7t < x < 2ir is chosen to include x = 7tt/6. 

separating variables and integrating we have 

% = -2{t+l)dt 

y 2 

-^-(t + l) 2 ,C 

y = 7 7T"i\2 i —> where -c = Cl • 

(t +1 y + ci 

The initial condition 2/(0) = — g implies ci = — 9, so a solution of the initial-value problem is 

V ~ (t + l) 2 -9 01 V ~ f 2 + 2f- 8’ 

-•here — 4 < t < 2. 


i a) For y < 0, y/y is not a real number. 

' b) Separating variables and integrating we have 

dy 

s/y 

Letting y(x 0 ) = yo we get c = 2 v /yo - x 0 , so that 


dx and 2y/y = x + c. 


2y/y = x + 2y/yo - x 0 and y = ^(x + 2y^ - x 0 ) 2 . 

Since y/y > 0 for y ^ 0. we see that dy/dx = T 2y/yd — -^o) must be positive. Thus, the 
interval on which the solution is defined is (xq — 2y/yd,oo). 
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22. (a) The differential equation is homogeneous and we let y - ux. Then 

(V 2 - y 2 ) dx + xy dy = 0 
(a:; 2 ■ u 2 x 2 ) dx + ux 2 (u dx + x du) = 0 

dx + ux du = 0 

. dx 

udu — - 

x 

^u 2 = - In |:c| + c 
y 2 

= —2In |zj + ci. 
x A 

The initial condition gives ci = 2 ; so an implicit solution is y 2 

(b) Solving for y in part (a) and being sure that the initial condi¬ 
tion is still satisfied, we have y = —\/2 |.x’|(l — In \x\) 1 ! 2 , where 
—e < x < e so that 1 — In |a?) > 0. The graph of this func¬ 
tion indicates that the derivative is not defined at x = 0 
and x — a. Thus, the solution of the initial-value problem 
is y — —y/2x(l — Ilia:) 1 / 2 , for 0 < x < e. 

23. The graph of yi(x) is the portion of the closed black curve lying in the fourth quadrant. Its inter" 
of definition is approximately (0.7.4.3). The graph of }j 2 {x) is the portion of the left-hand bl:- 
curve lying in the third quadrant. Its interval of definition is (—oo,0). 

24. The first step of Euler’s method gives y(l.l) se 9 + 0.1(1 + 3) = 9.4. Applying Euler’s method :: 
more time gives y(1.2) « 9.4 + 0.1(1 + l.l\/9^4) ~ 9.8373. 

25. Since the differential equation is autonomous, all lineal elements on a 
given horizontal line have the same slope. The direction field is then 
as shown in the figure at the right. It appears from the figure that the 
differential equation has critical points at —2 (an attractor) and at 2 (a 
repcller). Thus, —2 is an aymptotically stable critical point and 2 is an 
unstable critical point. 


y 



= x 2 (2 — 2 In |a;|). 
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Since the differential equation is autonomous, all lineal elements on a 
given horizontal line have the same slope. The direction field is then 
as shown in the figure at the right. It appears from the figure that the 
differential equation has no critical points. 


v 
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3 Modeling with First-Order 
Differential Equations 



1. Let P = P(t) be the population at time t. and Po the initial population. From dP/dt = kr 
obtain P — Pqp/N Using P(5) = 2Po wc find k = |ln2 and P = PoeO n2 )*/ 5 . Setting P(t) = 
we have 3 = e0 ll2 RP> ; so 

, „ (In 2)# , 5 In 3 _ 


In 3 = 


, 5 In 3 _ 

and t = - - « t .9 years. 
In 2 


Setting P(t) = 4P 0 we have 4 = c ( ,n2 W 5 , so 

In 4 = m 


and f ~ 10 vears. 


2. From Problem 1 the growth constant is k = i In 2. Then P = p 0 e^' /5 )(ln2)i ant [ io,000 = Poe^k- 
Solving for Po we get. Pq = lOjOOOe - ^/ 5 ) 1 " 2 = 6,597.5. Now 

P(10) = p oe (V5)0n2)(io) = 6; 597. 5e 2in2 = 4 p Q = 26,390. 

The rate at which the population is growing is 


P'(10) = kP(10) = —(In2)26,390 = 3658 persons/year. 
5 


3. Let P = P(t) be the population at time t. Then dP/dt = kP and P — ce kt . From P(0) = c = 
we see that P = 500e* :t . Since 15% of 500 is 75, we have P(10) = 500e lofc = 575. Solving for 
get k = -h In ^ In 1.15. When t = 30, 

P(30) = 500e^ 1//|O ^ lli 115 ' 30 = 500e 3In 115 = 760 years 

and 

P'(S0) = kP(30) = 1.15)760 = 10.62 persons/year. 


4. Let P = P(t) be bacteria population at time t and Po the initial number. From dP/dt = kr 
obtain P = Pue kt . Using P(3) = 400 and P(10) = 2000 we find 400 = Poe 3 *' or e k = (400/P 
From P(10) = 2000 we then have 2000 = Poe 10 * = Po(400/Pq) 10 / 3 , so 


2000 = p- 7/3 

400 10 / 3 0 


and Pq 


/ 2000 \ _3/7 
V400 10 / 3 / 


201 . 
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let A = A(t ) be the amount of lead present at time t. From dA/dt = kA and . 4 ( 0 ) = 1 we obtain 
4 _ e kt u s j n g , 4 ( 3 . 3 ) — 1/2 wc find k = ^ ln(l/ 2 ). When 90% of the lead has decayed, 0.1 grams 

“'ill remain. Setting A(t) = 0.1 we have 1/^.3) in(i/ 2 ) — o.l, so 

t . 1 , . , 3.3 In 0.1 

— In - — In 0.1 and t — ————— as 10.96 hours. 

3.3 2 ln(l/2) 

lot A — A(t) be the amount present at time t. From dA/dt — kA and .4(0) = 100 we obtain 
.-I - 100e kt . Using .4(6) - 97 we find 7 = ± hi0.97. Then .4(24) = 100 e (1/6)(ln0 97)24 = 100(0.97 ) 4 « 
iS.o mg. 

trtting A(t) = 50 in Problem 6 we obtain 50 — 100e*U so 

, , 1 , ln(l/ 2 ) 

kt — In - and t = . , . , ——— « 136.5 hours. 

2 (1/6) In 0.97 

a) The solution of dA/dt = kA is 4(£) = Aoe kt . Letting A = \Aq and solving for t we obtain the 
half-life T = -(In2 )/k. 

b) Since k — —(In 2 )/T we have 

A(t) = 4 0 e _(lu2)t/r = 4 0 2" </r . 

c) Writing |4o = Aq‘2~ L ' 1 as 2 -3 = 2 -i / 7 and solving for t we get t = 3 T. Thus, an initial 
amount .4o will decay to |/lo in three half-lives. 

!:•:/ = I(t) be the intensity, t the thickness, and 1(0) = Iq. If dl/dt = kl and 7(3) = 0.25/o, then 
: = I Q e kt , k = l 111 0.25, and 7(15) = 0.000987 o . 

7:::ii dS/dt — rS we obtain S — Soe r1 where 5(0) = So- 

a) If S 0 = $5000 and r = 5.75% then 5(5) = $6665.45. 

b) If S(t) =$10,000 then t = 12 years. 

:« 5 « $6651.82 

--"•.une that A = Aoe kt and k = —0.00012378. If A(t) = 0.145.4o then t ps 15,600 years. 

7: . :n Example 3 in the text, the amount of carbon present at time t is A(t) = .doe -0 ' 000123 ' 8 ! 
LTiring t = 660 and solving for Ao we have 4(660) = ^ oC -o.ooo.i237(660) _ o.9215534q. Thus, 
::: roximately 92% of the original amount of C-14 remained in the cloth as of 1988. 

-."lime that dT/dt = k(T- 10) so that T = U) + ce kt . If T(0) = 70° and T(l/2) = 50° then c = 60 
k = 21n(2/3) so that T(l) = 36.67°. If T(t) — 15° then t = 3.06minutes. 

-."•.une that dT/dt — k(T~ 5) so that T = o + ce kt . If T(l) = 55° and T(5) = 30° then k = — |ln2 
:. 1 c = 59.4611 so that T( 0 ) - 64.4611°. 
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15. We use the fact that the boiling temperature for water is 100° C. Now assume that dT/dt = 

k(T - 100) so that T = 100 + c.e kt . If T( 0) = 20° and T( 1) = 22°, then c = -80 and k = 
ln(39/40) —0.0253. Then T(t) — 100 — 80e -0 0253t , and when T = 90, t = 82.1 seconds. / 

T(t) = 98° then t = 145.7 seconds. 

16 . The differential equation for the first container is dTi/dt = k\(Ty — 0) = k\Ty, whose solution 
Ti(t) = cye klt . Since Ty{ 0) = 100 (the initial temperature of the metal bar), we have 100 - cy an 
Ty(t) - 100e felf . After 1 minute, 7j(l) = lOOe* 1 = 90°C, so ky = ln0.9 and 2\(t) = 100e <ln(J 
After 2 minutes, Ti(2) = 100c 2ln0-9 = 100(0.9) 2 = 81°C. 

The differential equation for the second container is dT 2 /dt = k-i^T-i — 100), whose solution 
T 2 (t) - 100+C2.e fe2< . When the metal bar is immersed in the second container, its initial temperatir.- 
is r 2 (0) = 81, so 

T 2 (0) = 100 + C. 2 e k ‘ m = 100 + c 2 = 81 


and c 2 = —19. Thus, T 2 (f) = 100 — 19e k ' 2t . After 1 minute in the second tank, the temperature 
the metal bar is 91°C, so 

T 2 ( 1) = 100 - 19e fe2 = 91 

_9_ 

19 


e k * = 


fe = ln s 

and T 2 (t) = 100 — 19e f ln ( 9 / 19 ). Setting T 2 (t) — 99.9 we have 

100 - 19e tln ( 9 / 19 ) = 99.9 

fln(9/19) _ Q- 1 
19 

ln(0.1/19) 
ln(9/19) 


t = 


7.02. 


Thus, from the start of the “double dipping” process, the total time until the bar reaches 99.9 
in the second container is approximately 9.02 minutes. 

17. Using separation of variables to solve d,T jdi = k(T — T m ) we get T.(t) = T m + ce kt . Using T(0) = 
we find c = 70 — T m , so T(t) = T rn + (70 — T m )e kt . Using the given observations, we obtain 


•r(^) = T m + (70 - T m )e k / 2 = 110 
T(l) = T m + (70 — T m )e k = 145. 
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Then, from the first equation, e k/ ' 2 — (110 — T rn )/{ 70 — T m ) and 

145 -T m 


e k = ("gfc/2^2 _ /'H° ~ T m' 2 


70 -T m 

(HO ~T m ) 2 
70 -Tm 


70 -T m 
= 145-Ti„ 


12100 - 220T m + Tl = 10150 - 215T m + T; a 
T m - 390. 

The temperature in the oven is 390°. 

(a) The initial temperature of the bath is T m (0) - 60°, so in the short term the temperature of the 
chemical, which starts at 80°, should decrease or cool. Over time, the temperature of the bath 
will increase toward 100° since e -0,1 * decreases from 1 toward 0 as t increases from 0. Thus, 
in the long term, the temperature of the chemical should increase or warm toward 100°. 

; b) Adapting the model for Newton’s law of cooling, we have r 


dT 

dt 


= —0.1(T - 100 + 40e~ aii ), T{ 0) - 80. 


Writing the differential equation in the form 
dT 


^ + 0.1T=10 —4e“ 01f 
dt 



we sec that it is linear with integrating factor = e ai *. Thus 

^-[e 0 U T] = 10e o li - 4 
dt} J 


e 0At T = 100e aiI -4 t + c 


o.it 


and 


T(t) = 100-4 te~ 0M +ce~ 0At . 


Now T(0) = 80 so 100 + c = 80, c = —20 and 

T(t) = 100 - 4 te~°’ u - 20e~ o lt = 100 - (4 1 + 20)e -0 - 1 *. 

The thinner curve verifies the prediction of cooling followed by warming toward 100°. The 
wider curve shows the temperature T m of the liquid bath. 

’ Tutifying T m = 70, the differential equation is dT/dt = k(T — 70). Assuming T(0) = 98.6 and 
'.rating variables we find T(t) = 70 + 28.9e fci . If t\ > 0 is the time of discovery of the body, then 

T(f i) = 70 + 28.6e Wl = 85 and T(t i + 1) = 70 + 28.6e fc ( tl+1 ) = 80. 
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Therefore e ktl — 15/28.6 and = 10/28.6. This implies 

= W = _10_ 2^6 = 2 

28.6 ' 28.6 15 3 ’ 

so k = In | ~ —0.405465108. Therefore 

t\ = \ ln-^- « 1.5916 as 1.6. 
k 28.6 

Death took place about 1.6 hours prior to the discovery of the body. 

20. Solving the differential equation dT/dt = kS(T — T m ) subject to T(0) = To gives 

T(t) = T m + (To - T m )e kSt . 

The temperatures of the coffee in cups 4 and B are, respectively, 

T a (t) = TO + 80e kSt and T u (t) = 70 + 80e 2kSt . 

Then T 4 (30) = 70 + 80e m5 = 100, which implies e 30fe5 = |. Hence 

T b ( 30) =70 + 80e mkS = 70 + 80 (e m6< ) 2 

= 70 + 80 = 70 + 80 = 81.25°F. 

21. From dA/dt = 4 — A/50 we obtain A = 200 + ce -< / 50 . If .4(0) = 30 then c = —170 
A = 200 - 170c - */ 30 . 

22. From dA/dt = 0 — .4/50 wc obtain A = cc~ t/,0 °. If 4l(0) = 30 then c = 30 and A = 30e _i/5,) . 

23. From dA/dt = 10 — .4/100 wc obtain A = 1000 + ce -< ' /10 °. If 4.(0) = 0 then c = —1000 
A(t) = 1000 - lOOOe - */ 100 . 

24. From Problem 23 the number of pounds of salt in the tank at time t is A(t) = 1000 — 1000e _i 
The concentration at time t is c(i) = 4(f)/500 = 2 — 2e~*/ 100 . Therefore c(5) = 2 — 2e -1/ '- 
0.0975 lb/gal and lim.f-, x c(t) = 2. Solving c(t) = 1 = 2- 2e _i//10 ° for t we obtain t = 100 hi 
69.3 min. 


25. From 


dA 10 A 

~dt ~ ~ 500 - (10 - 5 ft. 


= 10 


24 


100 -t 

we obtain 4 = 1000 — 10 1 + e(100 — t) 2 . If 4(0) = 0 then c = — ^ . The tank is empty in 
minutes. 

26. With Cin(t) = 2 + sin(t/4) lb/gal, the initial-value problem is 

^ + TS)- 4 = 6 + 3siu i’ 4 (°> = 50 - 
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Tile differential equation is linear with integrating factor eJ dt / m) = e*/ 100 , so 

d y/™°A(t)l = (6 + 3sm^) e t/ioo 


dt 


E!*/l00y4(t) = 600e f,/100 + i^e*/ 100 s i n - _ ^Z_^ e '/ 100 cas _ _j_ c 


-:A 


31? 


313 


t 

4 


... „„ 150 . t 3750 t _//-mn 

- 4( ‘ )=600+ 3i3 Sm 4-W COS 4 + “ ' 


L-rtting f — 0 and A — 50 we have 600 — 3750/313 + c = 50 and c. = —168400/313. Then 


150 


3750 


A(t) = 60° + gin _ cos ^ 


t 168400 


313 


-f./100 


. he graphs on [0,300] and [0.600] below show the effect of the sine function in the input when 
zupared with the graph in Figure 3.1.4(a) in the text. 


A(t) A(t) 




dA _ 4A _ o 2A 

dt ~ " 100 + (6 - 4)t ~ 50 + t 

■ t jbtain A = 50 +1 + c(50 + 1)~ 2 . If -4(0) = 10 then c = —100.000 and A(30) — 64.38 pounds. 

Initially the tank contains 300 gallons of solution. Since brine is pumped in at a rate of 
3 gal/min and the mixture is pumped out at a rate of 2 gal/inin. the net change is an increase 
of 1 gal/min. Thus, in 100 minutes the tank will contain its capacity of 400 gallons. 

b i The differential equation describing the amount of salt in the tank is A'{t) = 6 — 2 Aj (300 + 1) 
with solution 


A{t) = 600 + 2t- (4.95 x 10 7 )(300 + t)~ 2 , 0 <t< 100, 

as noted in the discussion following Example 5 in the text. Thus, the amount of salt in the 
tank when it overflows is 

A(100) = 800 - (4.95 x 10 7 )(400)~ 2 = 490.625 lbs. 

When the tank is overflowing the amount of salt in the tank is governed by the differential 
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equation 

^ = (3 gal/min) (2 lb/gal) - lb/gal) (3 gal/min) 

3 a 

= 6 - 400 ’ ' 4(100) = 490 ' 625 ’ 

Solving the equation, we obtain A(t) = 800 + ce _3t / 400 . The initial condition yields 


c = —654.947, so that 

A[t ) = 800 - 654.947e _3t/400 . 

When t = 150, A(150) = 587.37 lbs. 

(d) As t —> oo, the amount of salt is 800 lbs, which is to be expected since 
(400 gal) (2 lb/gal) = 800 lbs. 

(e) a 



29. Assume Ldi/dt + Ri = E(t), L = 0.1, R = 50, and E(t ) = 50 so that i = | + ce 500 L If z(0) = 
then c = —3/5 and lim^oo z(t) = 3/5. 

30. Assume L di/dt + Ri = E(t ), E(t) = Eq sin tut, and z(0) = zq so that 


z = 


E 0 R 


L 2 u 2 + R 2 


sin cut — 


EqLu 


L 2 u 2 + R 2 


cos cut + ce 


-Rt/L 


Since z(0) = zq we obtain c = zq + 


EqLuj 

L 2 tu 2 + R 2 ' 


31. Assume Rdq/dt + (1 /C)q = E(t), R = 200, C = 10 4 , and E(t) = 100 so that q = 1/100 + ce 50 
If < 7 ( 0 ) = 0 then c = —1/100 and z = ^e -5(M . 

32. Assume Rdq/dt+(l/C)q — E(t ), R = 1000, C = 5 x 10 -6 , and E(t) = 200. Then q = i^g+ce -20 

and z = —200ce -2OOi . If z(0).= 0.4 then c = — ggg, <7(0.005) = 0.003 coulombs, and z(0.005) i 
0.1472 amps. We have q —> as t —> 00 . 


33. For 0 < t < 20 the differential equation is 20 di/dt + 2z = 120. An integrating factor is e*/ 10 , a 
(d/dt)[e^ 10 i] = 6e*/ 10 and z = 60 + cje - */ 10 . If z(0) = 0 then c\ = —60 and z = 60 — 60e _t /* 
For t > 20 the differential equation is 20 di/dt + 2z = 0 and i = C 2 e - */ 10 . At t = 20 we wai 
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:;f - = 60 — 60e 2 so that c 2 — 60 (e 2 — l). Thus 




60 - 60e-^ 10 , 

60 (e 2 - l) c"*/ 10 , 


0 < t < 20 
t > 20. 


'■:-j)arating variables, we obtain 

dq 

Eo - g/C 

-Clnp 0 -^ 


dt 

k\ + k‘2t 

— Ill \k*[ + + Ci 

*2 


(£ 0 - j/erf 

(&i + fot ) 1 /*’ 2 


Siting g(0) = go we find c 2 = (£0 - %/C) c /k \' k2 , so 


(£ 0 -g/C)- g (Eo-qo/Cy^ 

(ki + kvt) 1 /^ fcj/ fe 2 



g = £oC + (go — £oC) 


fci \ 

k + k2t) 


1/CJfea 


i a) From rn dv/dt = mg — we obtain v — mg/k + ce - m . If u(0) = t'o then c = t'o — m,gjk and 
the solution of the initial-value problem is 



b) As t —* oo the limiting velocity is mg/k. 


\ c) From ds/dt = v and s(0) = 0 we obtain 



(a) Integrating d 2 s/dt 2 = —g we get v(t) = ds/dt = —gt + c. From u(0) = 300 we find c = 300, 
and we are given g — 32, so the velocity is v(t) = —32 1 + 300. 

■ b) Integrating again and using s(0) = 0 we get s(t) — —16t 2 + 300£. The maximum height is 
attained when v = 0, that is, at t a = 9.375. The maximum height will be s(9.375) = 1406.25 ft. 
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37. When air resistance is proportional to velocity, the model for the velocity is rndv/dt - 
—mg — kv (using the fact that the positive direction is upward.) Solving the differential equa¬ 
tion using separation of variables we obtain v(t) - —mg/k + c.e~ kt ' m . From t'(O) = 300 wc get 

, (t) = _^ + ( 300 + ^) e -^. 

A. ^ /i- ' 

Integrating and using s(0) = 0 we find 


s(() = _^ + |(300 + 


TO 

I 


m,g\ 

I 


Setting k — 0.0025. to = 16/32 = 0.5, and g — 32 we have 


s{t) = 1,340,000 - 6,400t - l,340,OOOe _ao05 * 

and 

v(t) = -6,400 + 6,700e -0 005# . 


The maximum height is attained when v = 0, that is, at t a = 9.162. The maximum height will 
s(9.162) - 1363.79 ft, which is less than the maximum height in Problem 36. 

38. Assuming that the air resistance is proportional to velocity and the positive direction is downwe:. 

with -s( 0 ) ■ 0, the model for the velocity is mdvjdt — mg — kv. Using separation of variatl- 
to solve this differential equation, we obtain v(t) = mg/k + ce~ kt,/ ' m . Then, using t;(0) = 0. ~- 
get v(t) — (mg/k)( 1 — Letting k = 0.5, to = (125 + 35)/32 = 5, and g = 32, we In 

v(t) = 320(1 — e _0 - lf ). Integrating, we find s(t) = 320/ -f 3200c + ci. Solving ,s-( 0 ) = j 

for ci we find ci = —3200, therefore s(t) — 320/ + 3200e“ 01 * — 3200. At / = 15, when 
parachute opens, n(15) = 248.598 and ,s(15) = 2314.02. At this time the value of k changes ‘ ■ 
k — 10 and the new initial velocity is no — 248.598. With the parachute open, the skydivr- ^ 
velocity is v p (t) — mg/k + C 2 (i~ ki f"\ where / is reset to 0 when the parachute opens. Lett:-.; 
to — o. g = 32, and k = 10, this gives v p (t) = 16 + c. 2 e~ 2t . From n( 0 ) - 248.598 we r.. i 

C ’2 = 232.598, so v p (t) = 16+232.598e _2 h Integrating, we get s p (t) = 16/—116.299e - 2 t +C 3 . Solv:. ; 
s p (0) = 0 for C 3 , we find c» = 116.299, so s p (t) = 16/ — 116.299e _2/ ' +116.299. Twenty seconds a: - ' 
leaving the plane is five seconds after the parachute opens. The skydivers velocity at this tin:- ■* 
v p ( 5) = 16.0106 ft/s and she has fallen a total of s(15) + ,s p (5) - 2314.02 + 196.294 = 2510.31 " • 
Her terminal velocity is lim t _oc v P (t) = 16, so she has very nearly reached hc;r terminal velr. 
five seconds after the parachute opens. When the parachute opens, the distance to the groui: ; 
15,000 - s(15) = 15,000 - 2,314 = 12,686 ft. Solving s v (t) = 12,686 we get / = 785.6 s = 1 
min. Thus, it will take her approximately 13.1 minutes to reach the ground after her parachute . - 
opened and a total of (785.6 + 15)/60 = 13.34 minutes after she exits the plane. 

39. (a) The differential equation is first-order and linear. Letting b = k/p, the integrating fact.. 
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e j3bdi/(bt+r 0 ) = ( rQ + bt y\ Then 


[( r o + btfvj = giro -i- Ad ) 3 and (r 0 + bt) 3 v - ^(r 0 + 6 i ) 4 + c. 

The solution of the differential equation is v(t) = (g/4b)(rp + 6 t) + c(r*o 4- Ad) -3 . Using ?;(0) = 0 
we find c — —gr^/Ab. so that 


v(t) 


g_ 

4 b 


(r 0 + bt) 


94 

4b{rp + bt ) 3 


gp 

4k 


(rp + -f) 
v P ' 


9p4 

4k{rp -f kt/p ) 3 


(b) Integrating dr/di — A/p we get r = kt/p+c. Using r(0) = rp we have c — rp, so r(t ) = kt/p+rp. 

(c) If r = 0.007 ft when t — 10 s, then solving r(10) = 0.007 for fc/p, we obtain kjp = —0.0003 and 
r(t) = 0.01 — 0.0003A. Solving r(t ) = 0 we get t = 33.3, so the raindrop will have evaporated 
completely at 33.3 seconds. 


Separating variables, we obtain dP/P = k cos t dt, so 
In |P| = k sin t + c and P = cie fcsin<: 
If P(0) = Pp, then ci = Pp and P = P Q e ksmt . 





(a) From dP/dt - (Aq — Aq)P we obtain P = PpeS kl where Po = P( 0). 

(b) If k] > k ‘2 then P —> oo as t —>• oo. If ki = Aq then P = Pp for every t. If k\ < Aq then P —s- 0 
as t —> oo. 

(a) The solution of the differential equation is P(t) = Ci e kl + h/k. If we let the initial population 
of fish be Po then P(0) = Po which implies that 

= Pp ~ ^ and P(t) = j^P 0 - ^ e kt + j. 


b) For Po > h/k all terms in the solution arc positive. In this ease P(t) increases as time t 
increases. That is. P(t) —» oo as t —* oc. 

For Pq — h/k the population remains constant for all time t: 

'h_h\ ,,h = h 
k k k k' 


m = 


For 0 < Po < h/k the coefficient of the exponential function is negative and so the function 
decreases as time t increases. 


c) Since the function decreases and is concave down, the graph of P(t) crosses the A-axis. That 
is, there exists a time T > 0 such that P(T) = 0. Solving 


' h/ 

Pp — T 


kT b 

6 + T = 0 

h- 
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for T shows that the time of extinction is 

T . 1 ^ ( h 
k 11 \ h — k',Po 

43. (a) Solving r — kx = 0 for x we find the equilibrium solution x = r/k. When x < r/k, 
dx/dt > 0 and when x > r/k , dx/dt < 0. From the phase portrait we see that 
lim^oo x(t) — r/k. 



k 


(b) From dx/dt — r — kx and x(0) = 0 we obtain x = r/k — (r/k)e kt 
so that x —► r/k as l —> oc. If x(T) = r/2k then T = (In 2)/A. 


X 



44. (a) Solving k\ (M — .4) — k^A = 0 for A we find the equilibrium solution 
A — k\M/{k\ + ki). From the phase portrait we see that Umt-,ocA(t) = 
k\M/(k i 4- k- 2 ). Since A ’2 > 0 ; the material will never be completely memo¬ 
rized and the larger k? is ; the less the amount of material will be memorized over 
time. MM 

ki + k 2 


(b) Write the differential equation in the form d,A/dt+(ki+k- 2 )A = 
k\M. Then an integrating factor is e ( fel+fc2 )*, and 

j t [e (fcl " fc2)f '.4] = kiMc {kl+h2)t 

e (ki+k 2 )t£ — e (ki+k 2 )t _j_ c 

h + k2 ' 


A = 


kiM 
k\ + A’2 


+ ce -(Aa+fc2)<_ 
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45. 


Using .4(0) =0 we find c = 

a -> ■ 

k-i + k-2 


fell/ 
k\ + A’2 


and A = 


hM 

k\ + &2 




(fci+As)* 


). As t 


■DC-, 


(a) 


For 0 < t < 4. 6 < t- < 10 and 12 < t < 1G, no voltage is applied to the heart and E(t) = 0. At 
the other times, the differential equation is dE/dt = —E/RC. Separating variables, integrating, 
and solving for e. we get E — ke~ l ' ,iC . subject to £(4) = £(10) = £(16) = 12. These intitial 
conditions yield, respectively, k = 12e 4/RC , k = 12e 10 / RC \ k = 12e 1G ‘ /RC , and k = 12e 22/ '- RC . 
Thus 

( 0, 0 < t < 4, 6 < t < 10, 12 < t < 16 


12e (i-o/^ ! 


m = 


12e (10 -t)/RC' 
12e (l«-0/HC > 




4 < t < 6 
10 <t< 12 
16 < t < 18 
22<t< 24. 



(a) 


(?) Using Newton’s second law of motion, F = ma = mdv/dt , the differential equation for the 
velocity v is 

dv . dv . 

m — = my sm 6 1 or — = y sin ft, 

at at 

where mg sin 0, 0 < 9 < tt/ 2, is the component of the weight along the plane in the direction 
of motion. 

(ii) The model now becomes 


dv . 

to — = mg sm 6 — fimq cos 0, 
dt 


where gmg cos 9 is the component of the force of sliding friction (which acts perpendicular 
to the plane) along the plane. The negative sign indicates that this component of force is a 
retarding force which acts in the direction opposite to that of motion. 

(iii) If air resistance is taken to be proportional to the instantaneous velocity of the body, the 
model becomes 


to = mg sin 6 — jmig cos 6 — kv. 

Cut/ 
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47. 


where k is a constant of proportionality. 

(b) (i) With m — 3 slugs, the differential equation is 


4=^-1 


or 


£ = 16. 
dt 


Integrating the last equation gives v(t) = 16* + c\. Since v(0) = 0, we have c\ — 0 and s 
v(t) ~ 16*. 

(w) With m = 3 slugs, the differential equation is 

r, dv .... 1 -\/3 , . y/3 

3 5 = ( 96 )'2-T'< 96) -T 

In this case v(t) = it. 

(Hi) When the retarding force due to air resistance 
equation for velocity v becomes 


or 


dv 

d* = ’’ 


is taken into account, the different: - 


„ dv _ 1 

3 5 = < 96 )'2 


v'a vC i 

-■ (96) 'T-4" 


or 


>s-“ 




The last differential equation is linear and has solution v(t) = 48 + c\(C tlY1 . Since u(0) = 
we find ci = -48, so v(t) = 48 - 48e"*/ 12 . 

(a) (i) If s(t) is distance measured down the plane from the highest point, then ds/dt = v. In: ~J 
grating ds/dl - 16* gives s(t) — 8* 2 + c 2 . Using s(0) = 0 then gives 02 = 0. Now the lem 
L of the plane is L = 50/ sin 30° = 100 ft. The time it takes the box to slide completely dc j 
the plane is the solution of s(t) = 100 or * 2 = 25/2, so *« 3.54s. 

(ii) Integrating ds/dt — 4* gives s(t) = 2* 2 + C 2 . Using s(0) = 0 gives 01 = 0, so s(t) = 2* 2 ; ; 
the solution of s(t) — 100 is now * « 7.07 s. 

(Hi) Integrating ds/dt = 48 — 48e - ^ 12 and using s(Q) = 0 to determine the constant 
integration, we obtain s(t) = 48* + 576e -< / 12 — 576. With the aid of a CAS we find that 
solution of s(t) = 100, or 

100 = 48* + 576e“' /12 - 576 or 0 = 48* + 576e _t/12 - 676, 


do ... 

m — = mg cos 9 (tan 9 

(LL 


is now * ~ 7.84 s. 

(b) The differential equation m dv jdt — mg sin (9 — /img cos 6 can be written 

/r). 

If tan/9 = jj., dv/dt = 0 and v(0) = 0 implies that v(t) = 0. If tan 9 < /./. and u(0) - 0. : 
integration implies v(t ) = g cos 0(tan 9 — //)* < 0 for all time *. 

(c) Since tan 23° = 0.4245 and ji = \/3/4 = 0.4330, we see that tan 23° < 0.4330. The differ*-: 
equation is dv/dt = 32 cos 23°(tan 23° — \/3/4) = —0.251493. Integration and the i> 
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the initial condition gives v(t) = —0.251493t + 1. When the box stops. v(t) = 0 or 0 — 
-0.251493m or t = 3.976254s. From s(t) = -0.125747t 2 +i we find s(3.976254) = 1.988119 ft. 

(d) With vo > 0. v(t) = —0.2-51493f + vq and s(t) — —0.125747 1 2 + vot. Because two real positive 
solutions of the equation s(t) = 100, or 0 = —0.125747£ 2 + vot — 100, would be physically 
meaningless, we use the quadratic formula and require that 6 2 — 4ac = 0 or Vq — 50.2987 — 0. 
From this last equality we find r'o ~ 7.092164 ft/s. For the time it takes the box to traverse 
the entire inclined plane, we must have 0 = —0.125747i 2 + 7.092164i — 100. Mathematica gives 
complex roots for the last, equation: t = 28.2001 ± 0.0124458'i. But, for 

0 = —0.125747* 2 + 7.09216469It - 100, 

the roots are t = 28.1999 s and t — 28.2004 s. So if uo > 7.092164, we are guaranteed that the 
box will slide completely down the plane. 

. (a) We saw in part (b) of Problem 36 that the ascent time is t a = 9.375. To find when the 
cannonball hits the ground we solve s(t) = —16t 2 + 300f = 0, getting a total time in flight of 
t = 18.75 s. Thus, the time of descent is £<* = 18.75 — 9.375 = 9.375. The impact velocity is 
Vi = t ! (18.75) = —300, which has the same magnitude as the initial velocity. 

i b) We saw in Problem 37 that the ascent time in the case of air resistance is t a = 9.162. Solving¬ 
s') = 1,340,000 — 6,400f — l,340,000e - °' ()(1M = 0 we see that the total time of flight is 18.466s. 
Thus, the descent time is t ( i = 18.466 — 9.162 = 9.304. The impact velocity is u,; — u(18.466) = 
—290.91, compared to an initial velocity of vq — 300. 


Exercises 3.2 

£ . ." Non linear Models 

■; ]! '; 1:7 


•' ! ' '~,Z. : lit; * 



a) Solving iV(l — 0.0005/V) = 0 for N wc find the equilibrium solutions N = 0 and 
N = 2000. When 0 < N < 2000, dN/dt > 0. From the phase portrait we see that 
lim^oo iV(t) — 2000. A graph of the solution is shown in part (b). 


o- 
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(b) Separating variables and integrating we have 


dN 


(h~N^) dN = dt 


and 


A r (l - 0.0005iV) \N N - 2000 


In N - In (A 7 - 2000) = t + c. 


N 



Solving for N we get N(t) — 2000e c+ */(l + e c+t ) = 2000e r e*/(l -I- e r e f ). Using A 7 (0) = 1 
solving for e c we find e c = 1/1999 and so N(t) = 2000e f /(1999 + e l ). Then JV(10) = 1833.'. 
so 1834 companies are expected to adopt the new technology when t = 10. 


2. From dN/dt - N(a — bN) and A r (0) = 500 we obtain 

500a 

5006 + (a — 5006)e _at 

Since lini^ N = a/6 = 50,000 and A r (l) - 1000 we have a = 0.7033, 6 = 0.00014, a:.. 
N = 50,000/(1 + 99e-° 7033i ). 

3. From dP/dt = P (l0 _1 - 10“ 7 p) and P(0) = 5000 we obtain P = 500/(0.0005 + 0.0995e" 01 ' -a 
that P —► 1,000,000 as t —* oo. If P(t) = 500,000 then t = 52.9 months. 

4. (a) We have dP/dt = P(a - bP ) with P(0) = 3.929 million. Using separation of variables i 

obtain 

pm _ _ 3.929a = ajb 

w 3.9296+(a-3.929i>)«-“' 1 + (a/3.9296 - l)e~“ 

c 

= 1 + (c/3.929 - l)e -af ’ 

where c = ajb. At t = 60(1850) the population is 23.192 million, so 

c 

93 109 —_ 

1 + (c/3.929 - l)e- 60a 

or c = 23.192 + 23.192(c/3.929 - l)e“ 60ft . At t = 120(1910), 

91-072 = -—— J 

1 + (c/3.929 - l)e- 120a 

or c = 91.972 + 91.972(c/3.929 — l)(e _60a ) 2 . Combining the two equations for c we get 

/(c- 23.192)/23.192\ 2 / c \ _ c- 91.972 
^ c/3.929- 1 J V 3.929 / ~ 91.972 

or 

91.972(3.929)(c - 23.192) 2 = (23.192) 2 (c - 91.972)(c - 3.929). 


The solution of this quadratic equation is c — 197.274. This in turn gives a = 0.0313. Ther:: 


P(t) 


197.274 

1 + 49.21e- ac,313t ' 
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Year 

Census 

Population 

Predicted 

Population 

Error 

% 

Error 

1790 

3.929 

3.929 

0.000 

0.00 

1800 

5,308 

5.334 

-0.026 

-0.49 

1810 

7.240 

7.222 

0.018 

0.24 

1820 

9.638 

9.746 

-0.108 

-1.12 

1830 

12.866 

13.090 

-0.224 

-1.74 

1840 

17.069 

17.475 

-0.406 

-2.38 

1850 

23.192 

23.143 

0.049 

0.21 

1860 

31.433 

30.341 

1.092 

3.47 

1870 

38,558 

39.272 

-0.714 

-1.85 

1880 

50.156 

50.044 

0.112 

0.22 

1890 

62.948 

62.600 

0.348 

0.55 

1900 

75.996 

76.666 

-0.670 

-0.88 

1910 

91.972 

91.739 

0,233 

0.25 

1920 

105.711 

107.143 

-1.432 

-1.35 

1930 

122.775 

122.140 

0.635 

0.52 

1940 

131.669 

136.068 

-4.399 

-3.34 

1950 

150.697 

148.445 

2.252 

1.49 


The model predicts a population of 159.0 million for 1960 and 167.8 million for 1970. The 
census populations for these years were 179.3 and 203.3, respectively. The percentage errors 
are 12.8 and 21.2. respectively. 

i a) The differential equation is dPjdt - P(5 — P) — 4. Solving P (5 — P) — 4 = 0 for P p 
we obtain equilibrium solutions P = 1 and P — 4. The phase portrait is shown on the 
right and solution curves arc shown in part (b). We see that for Po > 4 and 1 < Pq < 4 

4 * - 

the population approaches 4 as f increases. For 0 < P < 1 the population decreases to 
0 in finite time. 

i. 


b) The differential equation is 
dP 

— = P(5 - P) - 4 = -(P 2 - 5P + 4) = -(P - 4)(P - 1). 

C L L 


Separating variables and integrating, we obtain 

dP 


(P - 4)(P ~ 1) 
1/3 1/3 


= — dt 


P — 4 


P-1 

/ 

1, P - 4 
3 hl p3T 
P-4 


dP = -dt 


= -t + c. 


— C\t 



Setting /- = 0 and P = Pq we find ci = (Po — 4)/(Po — 1). Solving for P we obtain 

4(P 0 -l)-(P 0 -4)e- 3f 


P(t) = 


(P 0 -l)-(P 0 -4)e-3i • 


101 




Exercises 3.2 Nonlinear Models 


(c) To find when the population becomes extinct in the case 0 < Pq < 1 we set P = 0 in 

P-4 = Po -_4 3 t 
P-1 Po-1 ' 

from part (a) and solve for t. This gives the time of extinction 

3 P 0 -4 


6. Solving P(5 — P) — ^ = 0 for P we obtain the equilibrium solution P = |. For P ^ |, dPjdt < 0. 
Thus, if Pq < |, the population becomes extinct (otherwise there would be another equilibrium 
solution.) Using separation of variables to solve the initial-value problem, we get 


P(t) = [4P 0 + (10P 0 - 25)i]/f4 + (4P» - 10)t]. 


To find when the population becomes extinct for Pq < | we solve P(f) = 0 for t. We see that the 
time of extinction is t = 4Pq/5(5 — 2Pq). 


7. Solving P(5 — P) — 7 = 0 for P we obtain complex roots, so there are no equilibrium solutions. 
Since dP/dt < 0 for all values of P, the population becomes extinct for any initial condition. Usin: 
separation of variables to solve the initial-value problem, we get 


P(t) = f + T tan 


tan' 


—i f 2Po — 5 



Solving P(t) = 0 for t we sec that the time of extinction is 

t = ^(\/3tan~ 1 (5/v / 3) + Vs tan -1 [(2 Pq - 5)/V3 . 


8. (a) The differential equation is dPjdt = P(1 — InP), which has the equi¬ 
librium solution P = e. When Po > e. dP/dt < 0, and when Po < e, 
dPjdt > 0. 


P 



(b) The differential equation is dP/dt = P(1 + InP), which has the equilib¬ 
rium solution P = 1/e. When Po > 1/e. dPjdt > 0, and when Po < 1/e, 
dPjdt < 0. 



1/e 


(c) From dP/dt = P(a — 6InP) we obtain —(1/6)In |o — 61nP| = t + ci so that P = e tt/& e ce 
If P(0) = Pq then c — (a/b) — In Pq. 
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Let X = X(i) be the amount of C at time t and dXjdt = A:(120 — 2X)(i-50 — A' ■ . If A 0 


A(5) = 10. then 


X (*) = 


150 - 150e 18Ofrt 
1 - 2.5e imt 5 


v.’here k = .0001259 and A(20) = 29.3grams. Now by L’HopitaTs rule. X —► 60 as t —► oo, so that 


:he amount of A —> 0 and the amount of B —► 30 as A —> oc. 


From dX/dt = A: (150 — A’) 2 , A(0) = 0, and A(5) = 10 we obtain A = 150 — 150/(150fc£-i-1) where 
= .000095238. Then X(20) = 33.3 grains and A' —* 150 as t —* oc so that the amount of A —» 0 
and the amount of B —> 0 as t —► oc . If X(t) = 75 then t = 70 minutes. 


(a) The initial-value problem is dh/dt = —SAhVh/A Wf 
h( 0) = H. Separating variables and integrating we 
have 

dh_ _ _8A h 
\fh, A n 


dt 


and 2 Vh = —~~t + c. 
A^- 



Using //.(0) = H we find c = 2\fH , so the solution of 
the initial-value problem is Jh(t) = [A w \fH — 4 A},t)/A w , where A W VH — 4 Aft A > 0. Thus, 

h(t) = (A w \fB - 4 A h tf/Al for 0 < t < A w \fH/4A h . 


b) Identifying H = 10. A w = 4tt, and Aft = 7r/576 we have h(t) = A 2 /331.776 — (y5/2 /144)t +10. 
Solving h(t) = 0 we see that the tank empties in 576\/T0 seconds or 30.36 minutes. 

To obtain the solution of this differential equation we use h(t) from Problem 13 in Exercises 1.3. 
Then h{t) = (A w \[H — 4cA/ 4 A) 2 /A 2 . Solving A(i) = 0 with c = 0.6 and the values from Problem 11 
■ve see that the tank empties in 3035.79 seconds or 50.6 minutes. 

a) Separating variables mid integrating gives 

12 

6 h 3,/2 dh = —5 dt and — h? /2 = —5 t + c. 

5 

Using h( 0) = 20 we find c = 1920^, so the solution of the initial-value problem is h(t) = 
(800\/5 — f§t) 2,/0 . Solving h(t) = 0 we see that the tank empties in 384\/5 seconds or 14.31 
minutes. 


b) When the height of the water is h, the radius of the top of the water is r = h tan 30° = h, \ 3 
and A w = tt/; 2 /3. The differential equation is 


dh 

dt 


—c 


Aft 

A w 


yj2gh = -0.6 


?r(2/12) 2 

tt/i 2 /3 


V64 h = 


2 

5 b . 3 / 2 ' 
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Separating variables and integrating gives 

5 h 3/2 dh = -2 dt and 2 ft 5/2 = -2 1 + c. 

Using ft(0) = 9 we find c — 486. so the solution of the initial-value problem is h(t) = (243— tj 2 '" 
Solving h(t) = 0 we see that the tank empties in 243 seconds or 4.05 minutes. 

14 . When the height of the water is ft, the radius of the top of the water is |(20 — ft.) ar. 
A w = 4tt( 20 — ft) 2 /25. The differential equation is 

dh A h f— I r(2/12) 2 _ 5 Vh 

M = - C l-V 2 ^ = = 


dt 4tt( 20 - ft) 2 /25 

Separating variables and integrating we have 


6 (20 - ft ,) 2 ‘ 


( 2Q dh = ~ dt and 800 Vh - ^ft 3/2 + 2 ft 5/2 = ~t + c. 
s/h 6 3 5 6 

Using ft(0) = 20 we find c = 2560\/5/3, so an implicit solution of the initial-value problem is 

800 + = + 

3 o 6 3 

To find the time it takes the tank to empty we set ft = 0 and solve for t. The tank empties 
1024\/5 seconds or 38.16 minutes. Thus, the tank empties more slowly when the base of the cc:. 
is on the bottom. 

15. (a) After separating variables we obtain 

m dv 


1 


mg — kv 2 
dv 


9 1 - (Vkv/y/mg) 2 

y/rng \j kf mg dv 

Vkg 1 - (■ y/kv/y/mg ) 2 


= dt 
— dt 


dt 


Thus the velocity at time t is 


/to . _i Vk:v 
1 — tanh 1 -^— = t + c. 
kg Jmg 

tanh = 

s/mg V to 


Setting i = 0 and e = t'o wc find c\ = tanh -1 ( \/k. vq / ■ s fmg ). 
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b) Since tank t —> 1 as t —» oo, we have n; —+ yjmg jk as t —>■ oc. 

c) Integrating the expression for v(t) in part (a) we obtain an integral of the form / dufu: 


a(t) = ^ / tanh W 


I kg 


m. 


m 


t + c\ | dt = — In 


cosh [ \ l—t + ci 

1 V m 


+ c 2 . 


Setting i = 0 and s = 0 we find c 2 = — ( m/k ) ln(coshoi). where ci is given in part (a), 
me differential equation is mdv/dt = —mg — kir. Separating variables and integrating, we have 

do dt 

m 


mg + kv 2 


1 _i (Vkv\ 1 

tan 1 - I =- 

\\dddgj 


\/rngk 


t -j- c 


tan 


-i /vs 


;; 


m 

Igk 


>V™9j 


V 


m 


t + ci 


png 


igk 


Setting t;( 0 ) = 300, m = = 5,5 = 32, and fc — 0.0003, we find v(t) = 230.94tan(ci — 0.138564t) 

-nd Ci = 0.914743. Integrating 

v(t) = 230.94tan(0.914743 - 0.138564t) 

we get 

s(t) = 1666.67In | cos(0.914743 - 0.138564t)| + c 2 . 

"."sing -s( 0 ) = 0 we find c 2 = 823.843. Solving v(t) = 0 we see that the maximum height is attained 
when t = 6.60159. The maximum height is s(6.60159) = 823.843 ft. 

1 a) Let p be the weight density of the water and V the volume of the object. Archimedes 1 principle 
states that the upward buoyant force has magnitude equal to the weight of the water displaced. 
Taking the positive direction to be down, the differential equation is 

^ T 2 Y 7* 

m — = mg — kv — pv. 

til. 


( b) Using separation of variables we have 


m dv 


m 


( 1 mg — pV) — kv 2 

Vk dv 


m 


Vk (a /mg — pV ) 2 — (Vk v) 2 
1 . _i Vkv 


= dt 

= dt 


Vk y/riuj - pV 


tanh 


Vmg - pV 


= — t H” c. 


105 



Exercises 3.2 Nonlinear Models 


18. 


Thus 


v(t) = tanh ( ^ ~ W t + Cl] ' 


k 


m 


(c) Since tanh t —> 1 as t —> oo ? the terminal velocity is J(rag — pV) jk. 


(a) Writing the equation in the form (x — yjx 2 4- y 2 )dx -f y dy = 0 we identify M = x — yjx 2 +, - 
and N = y. Since M and N are both homogeneous functions of degree 1 we use the substitute 
y = ux. It follows that 


x — \Jx 2 — u 2 x 2 ^ dx + ux(u dx + x du) = 0 

1 - V 1 + Ur + U 2 


dx -j- x 2 u du - 0 


u du 


1 -f- li 2 — \/l + u 2 
u du 


dx 

x 

dx 


Vl + u 2 (1 — Vl + u 2 ) .J- 

Letting u.’ = 1 — Vl + u 2 we have du; — —udu/y/l + u 2 so that 

— In 1 — 1 + u 2 j = In jrr| + c 

1 

C] x 


1 — Vl -h « 2 

l - yl + u 2 = - — 




, . P2 _ /' y ' 2 

"7" V M? 


(-C2 = 1/Cl) 


1 + ^ + 4 = i+4. 


X X* 


xs 


Solving for y 2 we have 


y 2 = 2c 2 x + 4 = 4 


a,’ + 


C2 

2 


which is a family of parabolas symmetric with respect to the x-axis with vertex at (—c‘ 2 / 2 , C 
and focus at. the origin. 

(b) Let u — x 2 + y 2 so that 

du ,, „ dy 

— = 2x- + 2 y-f-. 
dx dx 
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Then 


dy 1 du 

y t = 2d,~ X 


and the differential equation can be written in the form 

1 du 1 du r~ 

--- x= . x+ ^ or 2 *=VS- 

Separating variables and integrating gives 

du . 

-— 7 = = dx 
2y/u 

\/u = x -he 
u = x 2 + 2 cx + c 2 
a ; 2 + y 2 = x 2 + 2cx + c 2 
y 2 = 2 cx + (?. 


(a) From 2 W 2 — IT'* = IT 2 (2 — IT) = 0 we see that IT = 0 and IT = 2 are constant solutions. 

(b) Separating variables and using a CAS to integrate we get 

dW 

_ ..... — dr. and — tanh M 

^2 


= = dx and — tanh 1 f^\/4 — 2W ) = x + c. 

- 9.W v 2 ) 


W\J 4 - 2W 

Using the facts that the hyperbolic tangent is an odd function and 1 — tanh 2 x = sech 2 x wc 
have 

^V4 — 2 IT = t.anh (—x — c) — — tanh(r -f c) 

^(4 — 2 IT) = tanh 2 (a; + c) 

1 - hv = tanh 2 (a: + c) 
z 

-IT = 1 — tanh 2 (a; + c ) = sech 2 (a; + c). 

£ 

Thus. IT (a:) = 2 sech 2 (a; + c). 

(c) Letting x = 0 and IT = 2 we find that sech 2 (c) = 1 and c -- 0. 



a) Solving r 2 + (10 — h) 2 — 10 2 for r 2 we see that r 2 = 20 h — h 2 . Combining the rate of input of 
water, ar. with the rate of output due to evaporation, kivr 2 = fcar( 20 /i — h 2 ), wc have dV/dt = 
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21 . 


7 r — ft7r(20ft — ft 2 ). Using V = IOtt/i 2 — rft 3 , we see also that dV/dt = (20?rft — irh‘ 2 )dh/d~ 
Thus, 


dft 


(207rft — Trft 2 )— = 7T — ft 7r (20ft — ft") and — = 


dft 1 — 20ft ft + ftft 2 


20ft - ft 2 



(b) Letting ft = 1/100, separating variables and integrating (with the 
help of a CAS), we get 

100ft(ft — 20) „ , 100(ft 2 - 10ft + 100) 

(,,-10)2 dh = dt “ d -Jo- =i + C ' 

Using ft(0) = 0 we find c = 1000, and solving for ft we get 
ft(f) = 0.005(\/t 2 + 4000t — t), where the positive square root is 
chosen because ft > 0 . 

(c) The volume of the tank is V = |tt(10 ) 3 feet, so at a rate of tt cubic feet per minute, the ta: 
will fill in §(10 ) 3 « 666.67 minutes ~ 11.11 hours. 

(d) At 666.67 minutes, the depth of the water is ft(666.67) — 5.486 feet. From the graph in (b ' 
suspect that lirri/__ >oc ft.(t) — 10, in which case the tank will never completely fill. To prove '1 
we compute the limit of h(t): 

f 2 + 4Q00t - t 2 
f t-^OO yffi + 4000ft + t 

4000t „ __ 4000 


lim h(t) = 0.005 lim (v/t 2 + 4000t — t) — 0.005 lim 

f—>00 ' t-> ooV v / t—*OCi 


= 0.005 lim - -- 

tyj 1 + 4000/t + t 


0.005 


1 + 1 


= 0.005(2000) = 10. 


(a) 


t 

P(t) 

Q(t) 

0 

3.929 

0.035 

10 

5.308 

0.036 

20 

7.240 

0.033 

30 

9.638 

0.033 

40 

12.866 

0.033 

50 

17.069 

0.036 

60 

23.192 

0.036 

70 

31.433 

0.023 

80 

38.558 

0.030 

90 

50.156 

0.026 

100 

62.948 

0.021 

110 

75.996 

0.021 

120 

91.972 

0.015 

130 

105.711 

0.016 

140 

122.775 

0.007 

150 

131.669 

0.014 

160 

150.697 

0.019 

170 

179.300 
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b) The regression line is Q = 0.0348391 — 0.000168222P. 

Q 

0.03; 

0.025 
0.02 
0.015- 
0 . 01 > 

0.005| 

20 TO 6? 80 100 12O' lio " P 

c) The solution of the logistic equation is given in equation (5) in the text. Identifying a == 
0.0348391 and b = 0.000168222 we have 

p(t) — -^- 

bP Q - {a - bPo)e ~ at ‘ 



d) With Pq = 3.929 the solution becomes 


P(t) = 


0.136883 

0.000660944 + 0.0341781e-° o3483!m ' 



f ) We identify t = 180 with 1970. t = 190 with 1980. and t = 200 with 1990. The model predicts 
P(180) = 188.661, P(190) = 193.735, and P(200) = 197.485. The actual population figures 
for these years are 203.303, 226.542, and 248.765 millions. As t — > oc, P(t) —► a/b = 207.102. 

Ill a) Using a CAS to solve P(1 — P) + 0.3e" jP = 0 for P we see that P — 1.09216 is an equilibrium 
solution. 

b) Since f(P) > 0 for 0 < P < 1.09216, the solution P(t) of 

dP/dt = P( 1 - P) + 0.3e _jf> , P(0) = P 0) 

is increasing for Po < 1.09216. Since /(P) < 0 for P > 1.09216, the 
solution P(t) is decreasing for Po > 1.09216. Thus P = 1.09216 is 
an attractor. 
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(c) The curves for the second initial-value problem are thicker. The 
equilibrium solution for the logic model is P = 1 . Comparing 
1.09216 and 1 , we see that the percentage increase is 9.216%. 



23. To find t-d we solve 


dv , 9 . . 

m — = mg — kv-, t’(0) = 0 


using separation of variables. This gives 


»(‘Wt 


kg 


Integrating and using ,s( 0 ) = 0 gives 


s(t) = ~ In ( cosh \j — t J . 

K 


[kg 
cosn \ — 
V m 


To find the time of descent we solve s(t) = 823.84 and find t ( i = 7.77882. The impact velocity 
v{td) = 182.998; which is positive because the positive direction is downward. 


24. (a) Solving vt = yjmg/k for k we obtain k = mg/vf. The differential equation then becomes 


dv 


mg 1 2 


dv 


= or - = ry [1-^v ). 


V, 


dt 


v? 


Separating variables and integrating gives 


—] t-' 

i>t tanh — = gt + C\. 
vt 

The initial condition v(0) = 0 implies ci = 0, so 

v(t) = vt tanh — . 

V vt 


s(t ) = / vt tanh — dt = — In (cosh — \+ c- 2 . 

J vt. g \ vt. J 


We find the distance by integrating: 

Qt 

— a i = 

Vt g \ 
The initial condition s(0) = 0 implies C 2 = 0. so 

,2 


s(t) = ~ In tcosli — 1 . 
g \ v t J 
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In 25 seconds she has fallen 20,000 — 14,800 = 5.200 feet. Using a CAS to solve 

5200 = (tf/32) In ^cosh ^ 

for vt gives v t ~ 271.711 ft/'s. Then 

s(t) = ^- In ^cosh —^ = 2307.08ln(coshO.H7772f). 

(b) At t - 15, s(15) = 2,542.94 ft and v(15) = s'(15) = 256.287 ft/sec. 

-5. While the object is in the air its velocity is modeled by the linear differential equation mdv/dt = 
■ng — kv. Using m - 160, k = \ , and g ~ 32, the differential equation becomes dv/dt + (l/640)v = 
32. The integrating factor is eJ dt / 640 = e */ 040 and the solution of the differential equation is 

i t/m v = J 32e //,&w dt = 20,480e < / 640 + c. Using v(0) = 0 we see that c = -20,480 and v(t) = 

20.480 - 20,480e -t / 640 . Integrating we get s(t) = 20,480i + 13,107,200c~^ 640 + c. Since s(0) = 0, 
= -13,107,200 and s(t) = -13,107,200 + 20,480t + 13,107,200e"*/ 64() . To find when the object 
hits the liquid we solve s(t) — 500 — 75 = 425, obtaining t a = 5.16018. The velocity at the time 
:»f impact with the liquid is v a = v(t a ) = 164.482. When the object is in the liquid its velocity is 
modeled by the nonlinear differential equation mdv/dt = mg — kv 2 . Using rri = 160, g = 32, and 
: ' = 0.1 this becomes dv/dt - (51,200 — f 2 )/1600. Separating variables and integrating we have 

dv _ dt \/2 v — 160^2 _ 1 

51,200 — v 2 1600 an 640 11 v + 160\/2 1600^ C 

Solving u( 0 ) = v a = 164.482 we obtain c — —0.00407537. Then, for v < 160\/2 - 226.274, 
v ~ 160 _ e V 2 t / o ~ 1.8443 or _ v ~ 160 ^ _ e >/ 2 i / 5 - 1 . 84 4 3 

V + 160 \/2 V+160>/2 

Solving for v we get 

_ 13964.6 - 2208.29e^/ 5 

^ 61.7153 + 9.759376^/5 ' 

Integrating we find 

s(i) = 226.275 1 - 1600 ln(6.3237 + e v ^/ 5 ) + c. 

S jiving s(0) = 0 we see that c = 3185.78, so 

s(t) = 3185.78 + 226.275f - 16001n(6.3237 + e v ^ /5 ). 

7:> find when the object hits the bottom of the tank wc solve s(t) = 75, obtaining 4 = 0.466273. 
The time from when the object is dropped from the helicopter to when it hits the bottom of the 
milk is t a + tb = 5.62708 seconds. 
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26 . The velocity vector of tlic swimmer is 

v = v. s + v r = (—ty cos $, —Vs sin 6) + ( 0 . v r ) = cos 9. -v a sin 6 + ty) = - 


Equating components gives 


dx dy . . 

— = —ty cos 0 and — = — ty sm 9 + ty 
dt " at 


dx x j dy y 

— = -v s r -- — and — - -v s r - = + ty. 

dt ^j x 2 _|_ ,^2 dt y ^' 2 +f / 2 


Thus. 


dy _ dy/dt _ -v 8 y + Vry/x 2 + y 2 _ v 9 y - v r \'x 2 + y 2 
dx dx/dt —v s x v s x 

27. (a) With k = v r /i y, 

dy _ y ~ A~^/x- 2 + t/ 2 
dx x 

is a first-order homogeneous differential equation (see Section 2.5). Substituting y — ux int: 
the differential equation gives 

u + x-j— = u — k\J 1 + -u 2 or ^ = —A* v/1 + u 2 . 
dx dx 

Separating variables and integrating we obtain 

/ dii t , , i ( r " \ i . . 


I --j= = = = — j kdx or In yu + \Jl + u 2 J = -klnx + Inc. 


This implies 


f 'T 2 
— + ^ _ - 


The condition y(l) = 0 gives c = 1 and so y -\- \jx 2 + y 2 — a - 1 k . Solving for y gives 

y( x ) = \ (* 1_ * - xl+k ) ■ 

(b) If k = 1 , then v s — v r and y = ^(1 — r 2 ). Since ?y( 0 ) = the swimmer lands on the we-' 
beach at (0. |). That is, ^ mile north of (0,0). 

If fc > 1. then ty > v s and 1 — k < 0. This means lim ;;: ^ 0 + y{x) becomes infinite, sin - 
lim x _, 0 + x l ~ lt becomes infinite. The swimmer never makes it to the west beach and is swe:' 
northward with the current. 

If 0 < A: < 1. then v s > ty and 1 — k > 0. The value of y(x) at x = 0 is y(0) = 0. The swimm- 
has made it to the point ( 0 , 0 ). 
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28. The velocity vector of the swimmer is 

v = v fl 4- v r 

Equating components gives 

dx 

dt 

so 

dy 

dx 


{-v s . 0 ) + ( 0 . v r ) 


{dx dy\ 
\dtdt) 


—Vs and 



dy/dt _ v r __ v r 
dx/dt —Vf) v s ' 


29. The differential equation 

dy 30 a.- (1 — x) 

dx 2 

separates into dy — 15(— x + x 2 )dx. Integration gives y(x) = — ^-x 2 + 5a" 5 + c. The condition 
7 /( 1 ) = 0 gives c = | and so y(x) = ^(—15x 2 + l()x 3 + 5). Since y( 0 ) = the swimmer has to walk 
2.5 miles back down the west beach to reach (0,0). 


30. This problem has a great many components, so we will consider the case in which air resistance is 
assumed to be proportional to the velocity. By Problem 35 in Section 3.1 the differential equation 
is 

dv 

m — = mg — kv, 
dt 


and the solution is 


/ + n m 9 , 
v{t) = T + 


i'0 


_ m 9 \ -kt/m 


If we take the initial velocity to be 0, then the velocity at time t is 


v(t) 


mg _ mg -kt/m 
k k 


The mass of the raindrop is about rn = 62 x 0.000000155/32 « 0.0000003 and g = 32, so the 
volocitv at time t is 

_ 0-0000096 _ 0-0000096 _ 3 333333 fe * 

1 j k k 

If we let k = 0.0000007, then t’( 100 ) ~ 13.7 ft/s. In this case 100 is the time in seconds. Since 
7 mph ~ 10.3 ft/s, the assertion that the average velocity is 7 mph is not unreasonable. Of comse, 
this assumes that the air resistance is proportional to the velocity, and, more importantly, that 
the constant of proportionality is 0.0000007. The assumption about the constant is particularly 
suspect. 


SI. (a) Letting c - 0.6. .4/, = tt(^ • A w — tt • l 2 = tt, and g = 32, the differential equation 
in Proble 12 becomes dh/dt = — 0.00003255\/h/ Separating variables and integrating, we get 
2 '/h, = —0.00003255t + c, so h = {c\ — 0.00001628t) 2 . Setting h( 0 ) - 2 , we find c = \/2, so 
h(t) = (\/2 — 0.00001628t) 2 , where h is measured in feet and t in seconds. 
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(b) One hour is 3.600 seconds, so the hour mark should be placed at 

h(3600) = [V2 - 0.00001628(3600)] 2 « 1.838 ft « 22.0525 in. 

up from the bottom of the tank. The remaining marks corresponding 
to the passage of 2. 3, 4. .... 12 hours are placed at the values shown 
in the table. The marks are not evenly spaced because the water is not 
draining out at a uniform rate; that is, hit) is not a linear function of 
time. 


time 

(seconds ) 

height 
(inches) 

0 

24.0000 

1 

22.0520 

2 

20.1864 

3 

18.4033 

4 

16.7026 

5 

15.0844 

6 

13.5485 

7 

12.0952 

8 

10.7242 

9 

9.4357 

10 

8.2297 

11 

7.1060 

12 

6.0648 


32. (a) In this case A w — tt/i 2 /4 and the differential equation is 


dh 


1 


dt 7680 


h-w. 


Separating variables and integrating, we have 


h 3/2 dh = 


7680 


dt 


?A 5/2 = -~ f + c >- 

o 7680 


Setting h(0 ) = 2 we find c\ = 8\/2/5, so that 


and 


V 2 = 

5 7680 + 5 ’ 

h 5 / 2 = 4^2_ —t 

V 3072 ’ 

( r 1 2/5 

'* = ( 4V5 - 3072 ( 


(b) In this case h(4 hr) = h(14,400 s) = 11.8515 inches and h {5 hr) = h(18,000 s) is not a v- 
number. Using a CAS to solve h(t) — 0 ; we see that the tank runs dry at t fa 17,378 s =» 4.: 
hr. Thus, this particular conical water clock can only measure time intervals of less than 4.: 
hours. 
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33. If we let r/ ( denote the radius of the hole and A w — ir [/(h)] 2 , then the 
differential equation dh/dt — —ky/h, where k — cAp \flgj A w . becomes 


dh 

dt 


arrjs/Zg nr = 8 cr\y/h 

Am? ' im? 


1 7H 

\ 2 

/ 

\ 

/ 

\ 1- 

/ 

\ 

/ 


-A, 


For the time marks to be equally spaced, the rate of change of the height must be a constant; that 
is, dh/dt = —a. (The constant is negative because the height is decreasing.) Thus 


8 cr’hVTi 

WW’ 



and 


r = fW = 2 n, 


1 2c 1/4 

Va A 


Solving for h. we have 


h = 


a 


64c 2 r£ 


The shape of the tank with c = 0.6, a = 2 ft/12 hr = 1 ft/21,600 s, and r/,. = 1/32(12) — 1/384 is 
shown in the above figure. 


;4. : This is a Contributed Problem and the. solution has been provided by the authors of the problem..) 

(a) Answers will vary 

(b) Answers will vary. This sample data is from Data from "Growth of Sunflower 
Seeds" by H.S. Reed and R.H. Holland, Proc. Nat. Acad. Sci., Volume 5,1919, 
page 140. as quoted in http://math.arizona.edu/~dsl/bflower.htm 

day height 

7 17.93 

14 36.36 

21 67.76 

28 98.10 

35 131.00 

42 169.50 

49 205.50 

56 228.30 

63 247.10 

~0 250.50 

"7 253.80 

84 254.50 
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(c) 

300 

250 

200 

150 

100 

50 

0 

0 20 40 60 80 100 

(d) In the case of the sample data, it looks more like logistic growth, with C = 255 cm. C 
is the height of the flower when it is fully grown. 



(e) For our sample data: 


day 

height 

dH/dt 

k estimate 

7 

17.93 

2.633 

0.000619 

14 

36.36 

3.559 

0.000448 

21 

67.76 

4.410 

0.000348 

28 

98.10 

4.517 

0.000293 

35 

131.00 

5.100 

0.000314 

42 

169.50 

5.321 

0.000367 

49 

205.50 

4.200 

0.000413 

56 

228.30 

2.971 

0.000487 

63 

247.10 

1.586 

0.000812 

70 

250.50 

0.479 

0.000425 

77 

253.80 

0.286 

0.000938 

84 

254.50 

0.100 

0.000786 


We average the k values to obtain k « 0.000521. An argument can be made for dropping 
the first two and last two estimates, to obtain k » 0.000432. 


255 

(f) The solution is y- -ttt- 

V ' * 1 + Ke~ mt 

^ ■ 255 

obtain v --—. 

1+133.697<T' 133 


We use the height of the sunflower at day 42 to 
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(b) The solution is P(t) — e kt . k = 1/12, with graph: 



(c) the DE has the constant zero function as equilibrium. 

(d) The population grows to infinity. 

(e) If the initial population is Po then the resulting population would be 
P(t)=P 0 e kt ,k = l/12, 

(f) The solution would change from constant to exponential. 

(g) Direction field with solution sketch. 
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(h) The solution to the IVP is 


P = 


125 

3 + 122e- ( / 12 


and the graph is 


40 



20 | 


C 20 40 60 80 ICO 


i) the constant solutions to the DE are the zero function and the 125/3 
function. 

j) solutions tend to 125/3. 

k) If the initial population is P 0 then the resulting population could be 
expressed by 

125 

3 + 125C'e-*/!2 


where 


C = 


1 _3_ 

Po 125' 


1 the solution would no longer be constant but tend to 125/3. 

m} there would be little change...the new solution would still tend to 125/3. 
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(n) Direction field with solution sketch. 

50 | 


40. j- 



(o) the zero function is the only constant solution. 

(p) The solution is slowly approaching 0; a change to P(0) would still result 
in a solution curve which tends to 0. 



1 . The linear equation dxjdt = — Apr can be solved by either separation of variables or by a:, 
grating factor. Integrating both sides of dx/x - —A \dt we obtain In |x| = —Ait + c from wh: - 
get x = C\e~ Xyt . Using ar(0) = xo we find ci = xo so that x — xq e~ Xlt . Substituting this resrh 
the second differential equation we have 

77 + A 2 y = Aix 0 e _Alt 
at 

which is linear. An integrating factor is e Aaf so that 

|e A2 *y] = Aixoe^ A ' 2_Al ^ + co. 
d.t L ' J 


y = 


AiXq 


. e (A 2 -Aj)f e -A 2 i + f . 2fi -A2f = _^l£0_ e -Ai t 


A 2 - Ai 


A 2 - Ai 

Using y( 0) = 0 we find C 2 = —AiXo/(A 2 — Ai). Thus 

V = c-m _ . 

A 2 — Ai v ' 


Old 
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Substituting this result into the third differential equation we have 

dz _ A 1 A 2 :r 0 / Xlt _ X2t \ 
dt A 2 -A 1 V " '' 


Integrating wc find 


A2W -a ,t , Ai.ro _ Ao/ 

= -t— i—r e + c *- 

/\2 — Ai A 2 — Ai 


Using ^(0) = 0 we find 03 = xq. Thus 


= *0 f 1 - + a^aT" A5 ’ 


20 i 



^y(t) 

10 }I 


5 'i\x( t) 

-"zTt) 

1 25 50 

75 100 125 150 


2. We see from the graph that the half-life of A is approximately x, y, z 
4.7 days. To determine the half-life of B we use t — 50 as a base, 20 j 

since at this time the amount of substance A is so small that 15 |/ 

it contributes very little to substance B. Now we see from the io;I 
graph that y(50) « 16.2 and y(191) ~ 8 . 1 . Thus, the half-life of 

B is approximately 141 days. TvT sq 75 100125 iso 1 

The amounts x and y are the same at about t = 5 days. The amounts x and z are the same at 
about t = 20 days. The amounts y and z arc the same at about t = 147 days. The time when y 

and z are the same makes sense because most of .4 and half of B are gone, so half of C should have 

■'eon formed. 

4. Suppose that the scries is described schematically by W => —XiX => —A 2 Y => —A 3 Z where 
-Ai, —A 2 , and —A 3 are the decay constants for W, X and Y. respectively, and Z is a stable element, 
let x(t), y(t). and z(t) denote the amounts of substances W, X, Y, and Z, respectively. A 
model for the radioactive series is 

dw 

Tt = 

dx 

di = Xlu '- M:V 

dy 

-77 = A 2 ;r - A3 y 

dt 


= A3 y. 


. ne system is 


x[ = 2-3 


A*i-4--|#, + T»*+e 


, 1,1 1 0 2 2 

X ' 2 = 5Q Xl 4 _ 50 T2 50 X2 ^ = 25 21 _ 25 3 ' 2 ' 
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6 . Let £]. ,t.' 2 . and . 7:3 be the amounts of salt in tanks A, B, and C, respectively, so that 


/ 1 

= loo * 2 ' 2 


Wo Xl6 = -to X2 


50 


*1 


4 = iS ) Xl ' 6 + ISj IS 


100* 2 ’ 2 100 


X 2 -0= —Xi 

50 


is 12 + is * 3 


* 3 = Wo X2 ''°- M* 3 “ M* 3 ' 4 = k X2 - 5f 3 ' 


7. (a) A model is 


dx 1 

nr 

dX'2 


= 3 


= 2 


*2 


100 -t 
xi 


2 - 

-3 


*1 


100 +1 

*2 


.7; i(0) = 100 
s 2 (0) = 50. 


dt 100 + t “ 100 -i’ 

(b) Since the system is closed, no salt enters or leaves the system and aq(i) +a 2 (i) = 100+50 = l ' 
for all time. Thus x\ = 150 — :r ; 2 and the second equation in part (a) becomes 
dx 2 _ 2(150 - x 2 ) _ 3x2 _ 300 _ 2z 2 _ 3*2 

dt 
or 


100 +1 
dx 2 


+ 


100 -t 100 + t 100 + t 100 -t 

300 


2 3 

+ 


*2 = 


100 +1 ’ 


dt UOO + i 100 -t, 
which is linear in x 2 . An integrating factor is 

e 21n(100+t)-31n(100-*) = ( 1 Q 0 + i) 2 (100 - i ) -3 

so 


d_ 

dt 


[(100 + if (100 - t)~' d x 2 \ = 300(100 +1)(100 - t)" 3 . 


-3 


Using integration by parts, we obtain 


(100 + i) 2 (100 -1 )" 3 * 2 = 300 [ 1(100 + 0(100 - 1)~ 2 - 1(100 - i)~ l + c 

_ A A 


Thus 


300 


*2 


(100 + i) 2 L 

300 


c (100 - if - 1(100 - t-f + 1(100 + i )(100 - t) 

A A 


~ (ioo + i) 2[c(100_f) +t(100_f)j - 

Using * 2 ( 0 ) = 50 we find c = 5/3000. At t = 30, * 2 = (300/130 2 )(70 3 c + 30 • 70) ~ 47.4 11 - 
8 . A model is 

= (4 gal/min )(0 lb/gal) - (4 gal/min) lb/gal 


200 


dX2 
dt 
dx 3 
dt 


f = (4 gal/min) (- 55*1 lb/gal) - (4 gal/min) lb/gal) 


- (4 gal/min) ( 7^*2 lb/gal) - (4 gal/min) ( -^-*3 lb/gal 


1 


V150 J 


100 
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or 


dx\ 

1 


clt 

_ 5C ) 1 

T 

d.X‘2 

1 

2 

dt 

= 50 Xl 

“ 75 : 

dx: 3 

2 

1 

dt 

= 75 X2 

~~ 25 


a-’s- 


Over a long period of time we would expect x \, :>' 2 - and x$ to approach 0 because the entering pure 
water should flush the salt out of all three tanks. 

Zooming in on the graph it can be seen that the populations are 
first equal at about t = 5.6. The approximate periods of x and y 
f-.re both 45. 



a) The population y(t) approaches 10,000, while the population 
x(t) approaches extinction. 



b) The population x(t) approaches 5,000, while the population 
approaches extinction. 



The population y(t) approaches 1.0.000, while the population 
x(t) approaches extinction. 


x,yk 

10 4 


5 + 




10 


20 
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(d) The population x(t) approaches 5.000. while the population 
y(t) approaches extinction. 



H-H*r 

20 



(b) 



(c) 



20 



(d) 



In each case the population x(t) approaches 6.000, while the population y(t) approaches 8.000. 

12. By Kirchhoff’s first law we have ii = %2 + i‘s- By Kirchhoff’s second law, on each loop we hav- 
E(t) = Li[ + R\i ‘2 and E(t) = Li\ + R 2 h + q/C so that q = CRih ~ CR 213 . Then = q' = 
CRii '2 — CR^is so that the system is 

Li '2 T Li 3 4- R \%2 — E(t) 

~R\i -2 + -^ 2*3 4- ^3 = 0. 

13 . By Kirchhoff’s first law we have i\ = j '2 4 - £ 3 . Applying Kirchhoff’s second law to each loop r 
obtain 

E(t) = i l R 1 + L i ^ + i 2 R 2 
at- 

and 


E(t) = i l R 1 + L 2 ^- + hR3. 

at 

Combining the three equations, we obtain the system 

L 1 ^ + (R 1 +R 2 )i 2 + Rih = E 

L 2 —^- 4- R\i 2 4- (Ri + Rz)h = E. 
at 
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14. By KirehhofFs first law we have i\ = i 2 + is- By KirehhofFs second law, on each loop we have 
E(t ) — Li\ + Ri -2 and E(t) — Li[ + q/C so that q = CRi 2 . Then 13 = q' = CRi^ so that system is 

Li' + Ri 2 = E(t) 

CjR i 2 -t~ i 2 — il — 0. 


15. We first note that s(t) + i(t) + r(t ) = n. Now the rate of change of the number of susceptible 
persons, s(t), is proportional to the number of contacts between the number of people infected and 
the number who are susceptible; that is, ds/dt = —k-isi. We use —k\ < 0 because s(t) is decreasing. 
Next, the rate of change of the number of persons who have recovered is proportional to the number 
infected: that is, dr/dt = k 2 i where k 2 > 0 since r is increasing. Finally, to obtain di/dt we use 

d . . . d 

lt ( s + i + r )--n = 0 . 


This gives 

di dr ds 

dt dt dt 

The system of differential equations is then 


-k 2 i + k\si. 


ds 

dt 

di 

dt 

dr 

dt 


—k\si 


k 2 i k\ si 
k 2 i. 


A reasonable set of initial conditions is i(0) = io, the number of infected people at time 0, s(0) = 
— io, and r(0) = 0. 

a) If we know s(t) and i(t) then we can determine r(t) from s + i + r = n. 


b) In this case the system is 


ds 

dt 

di 

dt 


—0.2 si 

-0.7 i + 0.2 si. 


We also note that when i(0) = io- s(0) = 10 — io since r(0) = 0 and i(t) + s(t) + r(t) — 0 for 
all values of t. Now k 2 /k\ = 0.7/0.2 = 3.5, so we consider initial conditions s(0) = 2, i(0) = 8; 
s(0) - 3.4. i(0) = 6.6; s(0) = 7, i(0) = 3; and s(0) = 9, i(0) = 1. 
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Wc see that an initial susceptible population greater than k^/k-i results in an epidemic in the se:.-- 
that the number of infected persons increases to a maximum before decreasing to 0. On the ot:. 
hand, when .s(0) < fo/Aq, the number of infected persons decreases from the start and there is : 
epidemic. 


17 . Since xq > yo > 0 we have x(t) > y(t.) and y — x < 0. Thus dx/dt < 0 
and dy/dt > 0. We conclude that x(t) is decreasing and y(t) is 
increasing. As t —* oc we expect that x(t) —* C and y(t) —» C, where 
C is a constant common equilibrium concentration. 


18 . We write the system in the form 

I “*><*-») 

where k\ = k/Va mid k -2 — kJVb- Letting z(t) = x(t) — y(t) we have 

dz 




dz 

dt 


( k-i + A’2 )z — 0. 


x(0) 

c 

y(0) 



This is a linear first-order differential equation with solution z(t) = c:\e Now 


^ = -h(y - x) = —kiz = -kiae-^+W 


and 


x{t) = Cl 




k) + k-2 


+ c 2 . 
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Since y(t) = x(t) — z(t) wc have 


y(t) = -ci- 


^2 


(ki+k.2)t. 


A’l + A'2 

The initial conditions ;r(0) = :i-o and y(0) = yo imply 


c 2 . 


Cl = xo - 2/0 


and 


c 2 = 


The solution of the system is 

x(t) 


v(t) = 


- yo)h z -(k,+k-,)t 

k i + ho 

(yp - xg)h2 (k L +b 2 )t 


+ 


+ 


As t 


A’i + A> 2 

oc, x(f) and y(t) approach the common limit 

+ 2/0 Ah xqk/Vb + uok/Va 


•to A'2 + yoA'i 
A’i + A’2 

^-’qA' 2 + ypAi 
A^i + A’2 
■^qA’ 2 + ,yoA-i 
A’i + A'2 

•i'oKi + yoUz? 


Ai + A’2 


k/Ya + k/V* 
14 , 

= - F 0 77 TTT - + 2/01 


14 + 14 


VO 




14 + Vs V a + Vb 

This makes intuitive sense because the limiting concentration is seen to be a weighted average of 
the two initial concentrations. 

Since there are initially 25 pounds of salt in tank A and 
none in tank B, and since furthermore only pure water is 
\eing pumped into tank A, we would expect that x\(t) 

”'ould steadily decrease over time. On the other hand, 
mice salt is being added to tank B from tank A, we would 
xpect rr 2 (i) to increase over time. However, since pure 
■ftter is being added to the system at a. constant rate and 

- mixed solution is being pumped out of the system, it makes sense that the amount of salt in both 
■:iks would approach 0 over time. 



”4 assume here that the temperature, T(t). of the metal bar does not affect the temperature, 74 (f), 
.: the medium in container A. By Newton’s law of cooling, then, the differential equations for 24(f) 
■:.:t T(t) are 

d ^- = k A (T A - T H ).. k A < 0 
C IT 

- = k(T-T A ), h < 0. 

- / met to the initial conditions T(0) = To and 24(0) = Ti- Separating variables in the first 
Motion, we find 74(f) = Tq + c\(^ At . Using 74(0) = T\ wc find ci = T) — T B , so 

74(f) = T B + (4 -T B )e kAt . 
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Substituting into the second differential equation, we have 

^ = k(T - T a ) = kT - kT A = kT - k[T D + (7\ - T B )eM t ] 
dT 

— - kT = -kT B - - T B )e k ^. 

This is a linear differential equation with integrating factor e l ~ kdt = e~ kt . Then 


d_ 

(It 


[( e' kt T ] = -kT B e' kt - k(T i - T B )e (kA ~ k l' 


e~ kt T = T B e~ kt - —(T, - T 5 )e^-^ + c 2 




fc 




A .-/1 


k 


T = T b - j—r(Ti - T*)e* At + c 2 e . 
kA ~ k 

Using T(0) = To wc find c 2 = To - T B + - - - A T\ - Tg), so 


T(t) = T b 


k 


k A - k 


k A - & 

(Ti — T B )e kAt + 


To-Tch—(Ti-Ts) 

^4 ~ « 


Jet 


21, (77ws is a Contributed Problem and the solution has been provided by the authors of the problem .) 

(a) In the short term there is a mixing of an ethanol solution. In the long 
term, the system will contain a 20% solution of ethanol. 


(b) 




(c) First write Q — 50P'—30+P/2 and then it’s straightforward substitution 
into the equation in (b). 


(d) Prom equation in (19) we find P'(O) = 6/10 + 7/50 — 200/100 = —63/50. 
The solution is 

m = sin^VSS - 100,-/- eos(|§) + 100 

(e) The solution is 


Q(t) = 


-270 
19 £ 


-i/400 


cos( 


V95P 130 


,V%t 


) - —e" </400 sinf 
2000 ; 19 ' ‘ ' 2000 


23 

)v / 95 + 20 + 


-t/20 


(f) In both cases, the there is a concentration of 20% in each tank; P(f) —* 100 
and Q(t ) —» 20. 
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Chapter 3 in Review 


The differential equation is dP/dt — 0.15P. 

True. From dA/dt — kA. .4(0) ■ Aq, we have A(t) = Aoc kt and A'(t) = kAoe kt . so A'(0) = kAo. 
At T = -(ln2)A- ; 

„4'(—(In2)/A:) = kA(-(hi2)/k) = kA {) e k H hl2 )A1 = kA 0 e~ ln2 = ^kA 0 . 


dp 

I. irrom — = 0.018P and P(0) = 4 billion wc obtain P = 4e 0018i so that P(45) = 8.99 billion. 
dt 

Let A = A(t) be the volume of COa at time t. From dA/dt = 1.2 — A/ 4 and A(0) = 16 ft 3 we 
jbtain A = 4.8 + 11.2e - */ 4 . Since A(10) ■ 5.7ft 3 , the concentration is 0.017%. As t —»• oo we have 
.4 —» 4.8 ft 3 or 0.06%. 

:. Separating variables, we have 


y 


Substituting y = s sin 6 . this becomes 


\JV 2 — s 2 sin 2 6 


s sin 0 


(s cos 9)d9 = —dx 

./ sm 9 J 


f 1 - sm 2 9 

s / -—— dO = -x + c 

J sm 9 

s j (esc 9 — sin 9)d9 = — x + c 
—s In | esc 8 + cot 9\ + s cos 9 — —x + c. 


—sin 


s . V 

—!- 

y y 


S 2 - if 2 ; 


\fs 2 — y 2 

+ s - -= —X + c. 


Letting s = 10. this is 


-10 In 


io v 100 - v 2 i - t 

-1- -- + V100 — y 2 = — x + c. 

y y ! 
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Letting x = 0 and y = 10 we determine that c = 0, so the solution is 

+ 100 — y 2 = —x 


-10 In 


10 + ^/lOO - y 2 


y 


or 


x = 10 In 


10 + 


If 


- \/l00 - y 2 . 


6. From VdC/dt = kA(C„ - C) and C(0) = Cq we obtain C = C s + ( C 0 - C s )e~ kAl/v . 

7. (a) The differential equation 

] r T~! 

— = k(T - T m ) = k[T - T 2 - B(T, - r)] 

= i[(l + B)T - ( BT , + 7b)] = *(1 + B)(t- 

is autonomous and has the single critical point (BT\ + T 2 )/(l + B). Since k < 0 and B 
by phase-line analysis it is found that the critical point is an attractor and 

lim T(t) = BTl + T2 . 

*->00 w 1 + B 

Moreover. 

BTi+T 2 \ BTi+T 2 


to T m (t) - to Pb + B( Tl - T)\ = r 2 + B (T, - 


! )-*£ 


B 


(b) The differential equation is 

dT 

dt 


= k(T - T m ) = k(T -T 2 ~ BTi + BT) 


or 


dT 

— - k( 1 + B)T = -k(B r i\ + T 2 ). 

U* (/ 

This is linear and has integrating factor e ~f /e ( 1 + B ) dt _ e -k{i+B)i Thus, 

y[e“ fc(1+s)t T] - -k(BT\+T 2 )e- k(1+B '> t 
e -k(l+B)t T = BTl +J 2 e -k(l+B)t + c 

r( sri + T 2 t(1+B) , 
w 1 + B 

Since k is negative, limt_.ee T(t) = (BT\ + T 2 )/( 1 + B). 

(c) The temperature T(t) decreases to the value {BT\ + T 2 )/( 1 + B), whereas T m (t) incrcas. 
{BT 1 +T 2 ) /(l-\- B) as t —> oc. Thus, the temperature (BT] +T 2 )/(1 + B), (which is a web:, 
average 

B Ti + ^-^T 2 


1 + B 


1 + B 
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of the two initial temperatures), can be interpreted as ail equilibrium temperature. The body 
cannot get cooler than this value whereas the medium cannot get hotter than this value. 

By separation of variables and partial fractions, 


In 


T - T, 


rn 


- 2 tan 1 ( — ) = 4 T? n kt + c. 

J- m / 


| T + T m 

Then rewrite the right-hand side of the differential equation as 

~ = fc(r 4 -T*) = [(X,„ + (T - T„,)) 4 - 7*] 


= kT: 


rn 


1 + 


T - T„ ' 4 


= kT'l 


\ , A T-T m fT-T, 
1 + 4 ——-+ 6 


m 


2 


- 1 


binomial expansion 


1 m \ M rn 

When T — T m is small compared to T m , every' term in the expansion after the first two can be 
ignored, giving 

rlT 

k\(T — T m ). where k\ — 4kTf n . 


dT 

dt 


We first solve (1 — t/10)di/dt + 0.2 i = 4. Separating variables we obtain 
■//'/(40 — 2i) = dt /(10 — t). Then 
1 



— - In 140 — 2i\ = — In 110 — £| + c or \/40 — 2 % — ci(10 — t). 

Since i(0) = 0 we must have ci - 2/\/l0. Solving for i wc get i(t) = 41 — it 2 , 

< t < 10. For t > 10 the equation for the current becomes 0.2 i = 4 or i = 20. Thus 

_ f At - It 2 . 0 < t < 10 
z(t) = < 5 ’ 

I 20, t > 10. 

The graph of i(t) is given in the figure. 

From y 1 + (y 1 ) 2 = k we obtain dx = {y/y/y/k — y)dy. If y = /csin 2 6 then 

dy = 2 k sin 9 cos 9 d0, dx = 2 k ^ ^ cos 26* j d9, and x = k,9 — — sin 29 + c. 

I: ,r = 0 when 9 = 0 then a = 0. 

From dx/dt. = k\x(a — x) we obtain 

/l/a + _l/a_\ di = 

\ x a — x J 

- • that, x = Q.C]_e aklt /{1 + c\ e akli ). From dy/dt = k^xy we obtain 

In \y\ = ^ In 11 + cie wA:i *| + c or y = c ‘2 (l + ^ . 
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12. In tank A the salt input is 

( 7 3^_\ ( 9 M _i. (■> ( x 2 lb \ _ ( u . 1 \ lb 

\ min ) \ gal J ' V min J \ 100 gal J \ ^ 100 / min ’ 

The salt output is 

L &i \KM . ( 5 &i\ — 

y min J V 100 gal j + \ min J y 100 gal J 25 > l min 


In tank B the salt input is 

5 galA (Xi_ Vo\ = ± x _lb_ 

° min J \ 100 gal J 20 Tl min 

The salt output is 

gal \ / X2_ _lb\ / gal \ f X2_ Jb\ _ J_ _ lb 
min J y 100 gal J \ min J \ 100 gal J 20 12 inin 


The system of differential equations is then 


dx\ 

~dt 


= U+ Wo X2 ~Y5 X ' 


dx 2 1 1 

~dt ~ 20' Xl “ 20 U2 


13. From y -= —x — 1 + cqeff we obtain y' = y -*■ x so that the differential equation of the ortho,c. 
family is 


dy _ 1 

dx y A x 


dx 

or — - + x = -y. 

dy 


This is a linear differential equation and has integrating factor eJ dy = e y , so 


— [e y .r] = —ye 
dy 


y 


e y x = —ye y + e y + C 2 
x = —y + 1 + c- 2 .e~ y 
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4. Differentiating the family of curves, we have 

1 _ 1 

# tr + c ) 2 s/ 2 ' 

The differential equation for the family of orthogonal trajectories is 
then if = y 2 . Separating variables and integrating we get 



1 

— = x + ci 

y 


U = 


1 

X + Cl 



. i This is a Contributed Problem and the solution has been provided by the author of the problem.) 

(a) p(x) = -p{x)g (v + jf j Q( x ) dx ) 

(b) The ratio is increasing. The ratio is constant. 

(c) p(s) = 



d) When the pressure p is constant but the density p is a function of x then 

/ v = _ Kp 

P X 9 (Ky + f q{x) dx) ' 

When the Darcy flux is proportional to the density then 

/ Kp 

P V 2 (CKp - Bcjx) ’ 

where C is an arbitrary constant. 

e ) As the density and Darcy velocity decreases, the pressure in the container initially increase- 
but then decreases. The density change is less dramatic than the drop in the velocity and has 
a greater initial effect on the system. However, as the density of the fluid decreases, the effec*. 
is to decrease the pressure. 
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16. (This is a Contributed Problem, and the solution has been provided by the authors of the problem >) 

(a) Direction field and the solution curve sketch together: (b) The solution is P(t) — e kt . k = 1/12, with graph: 




(c) the DE lias the constant zero function as equilibrium. 

(d) The population grows to infinity. 

(e) If the initial population is Pq then the resulting population would be 

P(t) = 1/12, 

(f) The solution would change from constant to exponential 
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(g) Direction field with solution sketch. 

70 | 


60 i 



(h) The solution to the IVP is 


P = 


125 

3 4- 122e-*/i2 


and the graph is 


40 : 


30: 


20 j 


10 i 





80.100 


(i) the constant solutions to the DE are the zero function and the 125/3 
function. 

(j) solutions tend to 125/3, 

(k) If the initial population is P 0 then the resulting population could be 
expressed bv 

125 

3 + 125<7e-Vi2 


where 



3 

125* 


(l) the solution would no longer be constant but tend to 125/3. 

(m) there would be little change...the new solution would still tend to 125/3. 
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(n) Direction field with solution sketch. 



(o) the zero function is the only constant solution. 

(p) The solution is slowly approaching 0; a change to P( 0) would still result 
in a solution curve which tends to 0, 
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1 :rora y — c\e x + cae x we find y' = cj_e x - Oje x . Then y(0) = ci + C2 = 0, y'(0) = c\ — C 2 = 1 so 

■fiat ci = ^ and c'2 = The solution is y = \e x — ^e~ x . 

I From y = cie ix + C 2 e~ x we find y' = 4cic 4x — C2e -X . Then y(0) = ci + C2 = 1. y'{ 0) = 4ci — c*2 = 2 
~r that- ci = | and C2 = §. The solution is y = |e 4x + ge _x ’. 

:. From y = cix + C2XInx we find y' - ci + C2(l + Inx). Then y(l) = ci = 3, y'{ 1) = ci + C2 = -1 so 

•hat ci = 3 and C2 = —4. The solution is y — 3x — 4xlnx. 

4. From y = a + cos x + C3 sin x we find y' = —C2 sin x 4- c$ cos x and y" — —C2 cos x — C3 sin x. Then 
. t) = ci -c -2 = 0, y'( 7r) = —C3 = 2, y"( tt) — C 2 = -1 so that ci = -1. C2 = —1, and C3 = -2. The 
fruition is y = — 1 — cosx - 2sinx. 

I From y = c\ + C 2 X 2 we find 1 / = 2c%x. Then y( 0) = ci = 0, t/(0) = 2c2 -0 = 0 and hence y'( 0) = 1 
is not possible. Since 02 (x) = x is 0 at x = 0, Theorem 4.1 is not violated. 

: hr this case we have y(0) = Ci = 0. y'{0) — 2c2 • 0 = 0 so Ci = 0 and C2 is arbitrary. Two solutions 
:-.re y = x 2 and y = 2x 2 . 

From x(0) = xo = ci we see that x(t) = xq cos tot + C2sinu^ and x'(t) = —Xgsin u>t + czucosut. 
Then x'(0) = xi = c -20 implies C2 = x\/to. Thus 


x(t) = xq cos tot + — sine ot. 

U) 


' riving the system 

= ci cos (oto + C2 sin ccfo = xo 
x'(t(\) = — cix’sinx’to + C2<ocosuto = x\ 

::r ci and C2 gives 


ujxq cos xit() — xi sinreto 
ci =- 


. Xi cos coto + ujx 0 sm iot{) 

and C2 = - 

uj 
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Thus 


, . cuxq cos u)t() — xq sin cc/q xq cos xh() + jjxq sin ojto . 

x{t) = -cos urt-\ - snuot 

to C 0 

= xq (cos ujt cos u)to + sin ut sin ccfo) ~i-(sin ut cos u+q — cos <jjt sin coto) 


= XQ COS U)(t — to) + — sill Co’ (t — to)- 


9. Since a^x) = x — 2 and xq = 0 the problem has a unique solution for — oo < x < 2 . 

10. Since oq(x) = tanrr and xq = 0 the problem has a unique solution for —n/2 < x < 7t/2. 

11 . (a) We have 7 /( 0 ) = cq + cq — 0. 7 /( 1 ) - cqe + C 2 e _1 = 1 so that ci - ej (e 2 — l) 

C 2 — — e/ (e 2 — l). The solution is y = e (ti x — / (e 2 — l). 

(b) We have y( 0) = C3 cosh O + C 4 sinh 0 = C3 — 0 and y(l) = C3 cosh 1 + c\ sinh 1 = C4 sinh 1 = 
so C 3 = 0 and 04 = 1/sinh 1. The solution is y = (sinh x) / (sinh 1). 

(c) Starting with the solution in part (b) we have 


sinh 1 


sinh x 


e x - e 


p x - p~ x 


e — 1 /e e 2 — 1 


12. In this case we have 7/(0) = ci = 1, t/( 1) = 2c2 = 6 so that cq = 1 and cq = 3. The solutic 

y = 1 + 3z 2 . 

13. From y ~ cie x cos x + cqe ;,; sin x we find 1 / = cie x (— sin x — cos x) + cqc:' /; (cos:r + sinz). 

(a) We have 7/(0) = ci = 1. y'{ tt) = —e w (ci + 02 ) = 0 so that ci = 1 and C 2 = —1. The solutic:. 
y = e r cos x — e x sin x. 

(b) We have y(O) = cq = 1, y(i r) = —e” = —1. which is not possible. 

(c) We have 7/(0) = cq = 1, 7 /( 7 r/2) - cqe Tr/ ’ 2 — 1 so that cq = 1 and c -2 = e -7 ^ 2 . The solutic 
y — c x cos x + e~ 7r / 2 e x sin x. 

(d) We have 7/(0) = ci = 0. y(n) = cqe” sin n = 0 so that cq = 0 and C 2 is arbitrary. Solutions 
y — cqe a: sinz, for any real numbers C 2 . 

14. (a) We have y(— 1) = cq + C 2 + 3 = 0, y(l) = cq + cq +3 = 4, which is not possible. 

(b) We have 7/(0) = cq • 0 + C 2 • 0 + 3 = 1, which is not possible. 

(c) We have 7/(0) = cq • 0 + cq • 0 + 3 = 3. 7/(1) = cq + cq + 3 = 0 so that cq is arbitrary 

cq = —3 — ci. Solutions are y = cqz 2 — (cq + 3)x -4 + 3. 

(d) We have 7 /( 1 ) = cq + C 2 + 3 = 3, y( 2) = 4cq -t- I 6 C 2 + 3 = 15 so that cq = —1 and cq = 1. 7 
solution is y = —x 2 + z 4 + 3. 

15. Since (—4)z + (3)x 2 + (l)(4z — 3z 2 ) = 0 the set of functions is linearly dependent. 
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Since (1)0 + (0)x + (0)e u: = 0 the set of functions is linearly dependent. A similar- argument shows 
that any set of functions containing f(x) = 0 will be linearly dependent. 

Since (—1/5)5 + (1) cos 2 x + (1) sin 2 x = 0 the set of functions is linearly dependent. 

Since (1) cos2;r + (1)1 + (—2) cos 2 x = 0 the set of functions is linearly dependent. 

Since (— 4t)x + (3)(x — 1) + (l)(a“ + 3) = 0 the set of functions is linearly dependent. 

From the graphs of fi(x) = 2 + x and fyfy) — 2 + |:r| 
we see that the set of functions is linearly independent 
since they cannot be multiples of each other. 


Suppose ci (1 + x) + C 2 X + c:$x 2 - 0. Then c\ + {c\ + C 2 )x + c^x 2 = 0 and so ci = 0. ci + 02 = 0, and 
.•3 = 0. Since ci = 0 we also have C 2 = 0. Thus, the set of functions is linearly independent. 

Since (— l/2)e x -j- (l/2)e -x + (1) sinli x = 0 the set of functions is linearly dependent. 

The functions satisfy the differential equation and are linearly independent since 

W (e -:te . e' la: ) = 7e x ± 0 
for —oc < x < oc. The general solution is 

y — c\ e~' ix + C 2 & 4x . 

The functions satisfy the differential equation and are linearly independent since 

IT (cosh 2 .t. sinh 2 x) = 2 
: -v — 00 < x < oc. The general solution is 

y = ci cosh 2 x + C 2 sinh 2 x. 

The functions satisfy the differential equation and are linearly independent since 

W (e x cos 2x, e x sin 2x) = 2 e 2x ± 0 

::r —00 < x < oc. The general solution is y — cje x cos 2a; + oxe x sin 2x. 

The functions satisfy the differential equation and are linearly independent since 

W (fP.xe*/ 2 ) = e* ^ 0 
::r — oc < x < oc. The general solution is 

y = c\t?i 2 + C 2 xe x - 2 . 
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27. The functions satisfy the differential equation and are linearly independent, since 

W (a 3 , a 4 ) = a 6 fy 0 

for 0 < x < oc. The general solution on this interval is 

y = c-ja 3 + C 2 X 4 . 

28. The functions satisfy the differential equation and are linearly independent since 

W (cos (In a). sin (In a)) = 1 /a ^ 0 
for 0 < x < oo. The general solution on this interval is 

y = ci cos(lna) + C 2 sin(lna). 

29. The functions satisfy the differential equation and arc linearly independent since 

W (x,x~ 2 ,x ~ 2 In a - ) = 9.x -6 7 ^ 0 
for 0 < x < oc. The general solution on this interval is 

y = cyx + C 2 Z‘~ + 03 a In a. 

30. The functions satisfy the differential equation and are linearly independent since 

VF(1; x, cos X, sin a;) = 1 

for 00 < x < 00. The general solution on this interval is 

■y — ci + 02 x + C 3 cos x + c,\ sin a:. 

31. The functions y\ = e lx and yo = e 5x form a fundamental set of solutions of the associated home 
neous equation, and y p — 6 e x is a particular solution of the nonhomogeneous equation. 

32. The functions y\ = cos x and 1/2 — sin a: form a fundamental set of solutions of the associated ho: 
geneous equation, and y p = x sin x -f (cos a) In (cos x) is a particular solution of the nonhomogene 
equation. 

33. The functions y\ = e 2x and y^ = xe 2x form a fundamental set of solutions of the assoeh 
homogeneous equation, and y p = x 2 e 2x + x — 2 is a particular solution of the nonhomogene 
equation. 

34. The functions y\ = a -1 / 2 and 3/2 = a -1 form a fundamental set of solutions of the associa 
homogeneous equation, and y p — ^a 2 — |a is a particular solution of the nonhomogeneous equat: 

35. (a) We have y' pi = 6 e 2x and y" = 12 e 2x , so 

y'k - 6 y' Pl + 5 %a = Ue2x - 36e2x + 15e2x = ~^ 2x - 


140 



Exercises 4.1 Preliminary Theory—Linear Equations 


Also. y! pt} — 2x + 3 and y", — 2. so 

Vp . 2 - + Sum = 2 - 6(2.r + 3) + 5(:r 2 + 3;r) = 5a: 2 + 3a; - 16. 

(b) By the superposition principle for nonhomogeneous equations a particular solution of 
y" — 6 y r + by = 5a: 2 + 3a' — 16 — 9e 2x is y p = x 2 + 3a: + 3e 2x . A particular solution of 
the second equation is 

Up = -2 Vp 2 - l Pl = — 2 x? - 6a; - ^e 2r . 

(a) y pi = 5 

(b) y P2 = -2a: 

(c) Up = y Pi + y P . 2 = b-2x 

( d ) Vv = \y P \ ~ 2 Vp2 - 5 + 4,-r 

(a) Since D' 2 x = 0. a: and 1 are solutions of y" = 0. Since they arc linearly independent, the 
general solution is y = C]_x + C 2 - 

(b) Since D 4 x 2 = 0 . x 2 , x, and 1 are solutions of y"' = 0 . Since they are linearly independent, the 
general solution is y = c\x 2 + c 2 x + 03 . 

(c) Since D 4 x' i — 0. x 3 , x 2 , x. and 1 are solutions of ;</ 4 ' = 0 . Since they are linearly independent, 
the general solution is y — c\x 3 + 02 .x 2 + 03 .t + c.\. 

1 d) By part (a.), the general solution of y" = 0 is y c = c\x + C 2 . Since D 2 x 2 = 21 = 2 , y p = a : 2 is a 
particular solution of y" = 2 . Thus, the general solution is y = c\x + c 2 + a; 2 . 

ie) By part (b), the general solution of t/" — 0 is y c = c\x 2 + C 2 X + C 3 . Since D 3 x 3 = 3! = 6 , 
y p = x 3 is a particular solution of y'" — 6 . Thus, the general solution is y — ci x 2 + cox +C 3 + x 3 . 

(f) By part (c), the general solution of = 0 is y c = clx 3 +c 2 x 2 +oyx+c,\. Since D 4 x 4 = 4! = 24, 
y p - x 4 is a particular solution of yW = 24. Thus, the general solution is y = c-iX 3 4 - c 2 x 2 + 

C$X + C 4 + .l’ 4 . 

By the superposition principle, if y\ = e x and y 2 = e~ x are both solutions of a homogeneous linear 

differential equation, then so are 

l _|_ ( -x 1 e x _ e -x 

2^1 + IJ 2 ) = - 2 - = coshr and -(yi - y 2 ) = -—— = smlir. 
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39. (a) From the graphs of yi = x 3 and y 2 = |a;j 3 we see 
that the functions are linearly independent since they 
cannot be multiples of each other. It is easily shown 
that y\ = x 3 is a solution of x 2 y" — 4 xy' + 6 y = 0 . 
To show that y 2 = [cc| 3 is a solution let y 2 = x 3 for 
x > 0 and let y 2 = —x 3 for x < 0 . 




(b) If x > 0 then y 2 = x 3 and 


W(yi.y 2 ) = 


x 


X" 


1 3x 2 3x 


= 0 . 


If x < 0 then y 2 = — x 3 and 


W( yi ,y 2 ) = 


-:r 3 


3x 2 —3x 2 


= 0 . 


This does not violate Theorem 4.1.3 since a 2 (x) = x 2 is zero at x = 0. 


(c) 


The functions Y\ = x 3 and Y 2 = x 2 arc solutions of x 2 y" — 4 xy' + 6 y = 0. They are line ] 
independent since W (x 3 ,x 2 ^j - x 4 =£■ 0 for —oo < x < oo. 


(d) The function y — x :i satisfies y( 0) = 0 and </(0) = 0. 

(e) Neither is the general solution on (—oo, oo) since we form a general solution on an interval: 
which 

a 2 (x) 0 for every x in the interval. 


40. Since e x 6 — e A e? = (e °e 2 )e x — e 


x 3 _ ,, 3 e * = ( e o e 2 
set of functions is linearly dependent. 


x — ° 5 e 3:+2 , we see that e x 3 is a constant multiple of e x+2 and 


41. Since Oyi + 0 y 2 + • ■ • + 0+ ly^+i — 0, the set of solutions is linearly dependent. 

42. The set of solutions is linearly dependent. Suppose n of the solutions are linearly independei:' 
not. then the set of n +1 solutions is linearly dependent). Without loss of generality, let this sr 

yi, y 2 > • • •: Vn- Then y = c\y\ -i- c 2 y 2 H- 1 - c n y n is the general solution of the nth-order differev 

equation and for some choice, c*. c%., ■ ■ ■, c*. of the coefficients y n +\ = c*yi + c 2 y 2 + • —I- c*y n . 1 
then the set yi, y 2 , .... y n , y n +i is linearly dependent. 
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Exercises 4.2 


Reduction of Order 



Problems 1-8 we use reduction of order to find a second solution. In Problems 9-16 we use formula 
from the text. 

Define y = u(x)e 2x so 

y' = 2ue 2x + tie 2x , y" — e 2 x u" + 4e 2 x u' + 4e 2 x u. and y" — 4y + 4y = e? x u" = 0 . 

Therefore u" = 0 and u = cjx + c-±. Taking c.\ = 1 and C 2 — 0 wc see that a second solution is 
— Xe . 

Define y = u(x)xe~ x so 

y' = (1 — x)e~ x u + xe~ x u', y" = xe~ x u" + 2(1 — x)e~ x u / — (2 — x)e~ x u. 
and 

y" + 2 y' + y = e~ x (xu" + 2 u') = 0 or u" + — u! = 0 . 


x 


2 


i: h.i = u' we obtain the linear first-order equation -|— t/> = 0 which has the integrating factor 

_2fdx/x^ x 2' Now 


d_ r 

dx 


[a' 2 'tc] = 0 gives x 2 u> = c. 


, 2 ,„ _ 


1 


-herefore tv = it! = c/x 2 and u = c.\fx. A second solution is 1/2 = — xe x = e x . 

'Jb 

Define y = u(x) cos Ax so 

y = —4u sin 4* + u f cos 4x. y" = u" cos 4x — 8 u' sin 4.x — 16tt cos 4x 
•-.r.d 

y" + 16 y = (cos 4x)u" — 8(sin4x)w / = 0 or u" — 8 (tail 4x)u' = 0. 

I: w = u! w r e obtain the linear first-order equation w' — 8 (tan 4x)w = 0 which has the integrating 
:.-.:tor e~ 8 J tan4a:;dx — cos 2 4x. Now 

— [(cos 2 4x)u’l = 0 gives (cos 2 4x)w = c. 
dx 

Therefore w = u' = csec 2 4x and u = ci tan4x. A second solution is = tan4xcos4x = sin4x. 

I Tfinc y = u(x) sin 3x so 

y' = 3 u cos 3x + u' sin 3 x, y" = u" sin 3x + Qu 1 cos 3x — 9u sin 3 x. 
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and 

y" + 9y = (sin 3x)u" + 6 (cos 3x)u' = 0 or u" + 6 (cot 3 x)u' = 0. 

If w ~ u' we obtain the linear first-order equation ic' + 6 (cot 3x)w — 0 which has the integrate, 
factor COT,ixdx = sin 2 3.x. Now 

y-[(sin 2 3x)«. - ] = 0 gives (sin 2 3 x)w = c. 

Therefore w = u' = cese 2 3x and u = ci cot 3x. A second solution is j /2 = cot 3x sin 3x = cos Zx. 

5. Define y = u(x) cosh x so 

y' = u sinh x + u' cosh x. y" = u" cosh x + 2v! sinh x -i- u cosh x 


and 

y" — y — (cosh x)u" + 2 (sinh x)v! = 0 or xi" + 2 (tanh x)u' — 0 . 

If w = v! we obtain the linear first-order equation w' + 2 (tanh x) w = 0 which has the integrati:. 
factor e 2 f tfmhxdx = cosh 2 x. Now 


4~ [(cosh 2 x)w] - 0 gives (cosh 2 x)w — c. 
ax 


Therefore w = u' — c sech 2 x and u = ctanhx. A second solution is p 2 — tanhxcoshx = sinh x. 

6. Define y = u(x)e 0X so 


y' ~ 5 e 5x u + e 


iyx v!. 


y" = e 5x u" + 10 e ox u f + 25 e ox u 


and 

y" - 25 y = e 5x (ti" + 10 -«') = 0 or u" + 10 u' = 0 . 

If w = v! we obtain the linear first-order equation w' + lOw; = 0 which has the integrating fact 

e io fdx = e i0x Now 

4~ [e lte u>] = Q gives e 10x w = c. 
dx v 

Therefore to = u r = cc _10x and u = cie~ 1Qx . A second solution is y^ = e~ L0x e 3x — a~ ox . 


7. Define y = u{x)e lx ' 3 so 


and 


y = ^e 2x / 3 u -r e 2x ' 3 u r . y" = e 2x ‘ /3 u" + ^e 2x/ ' 3 u' -f- ^e‘ 2x,/3 u 
9y" - 12 y' + 4 y = 9e 2x/ V = 0. 


Therefore u" = 0 and u = cqx + C 2 - Taking c:\ = 1 and c -2 = 0 we see that a second solution 
//2 = xe 2x ' 3 . 


8 . Define y = u{x)e x ' 3 so 


■(/ — -e x / 3 ti + e X ' 3 v!, y" = e x ' 3 u" + \e r ' 3 xi + \e x ' i3 u 


9 
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6y" + y' -y 


e x ^(6u" + oil) = 0 or u" + ^v! = 0 . 


x — v! we obtain the linear first-order equation w' + |te = 0 which has the integrating factor 

•xfdx _ e 5x/'6_ No w 

— [e 5 x/ 6 w] = 0 gives e 0X/l(i w = c. 
ax 

:erefore w = v! - ce~ Zx ^ and u = c\e~ r>x ^. A second solution is y <2 = e~ ox f 6 e x/i — e~ x f 2 . 
riitifying P(x) = —7/x we have 

e -f(-7/x)dx fl 


. fe -Ji-V*)dx . /• i , 

Wi = x 4 /-g- dx = x 4 - dx - x 4 In |x|. 

J iX- J X 


second solution is ij 2 = x 4 In \x\. 
-atifying P(x) = 2/x we have 


9 f e f ( 2 / x ) dx 2 f 

y* = x j —^— dx = x J x 


~ G dx = -±aT 3 . 
o 


second solution is 1/2 = x 3 . 
ratifying P(x) = 1/x wc have 

r g — J d x / x f (J.'r / ]_ \ 

» = lnl y = ln */ i(ta 5 p = ln:r Ptai) = - L 

second solution is y 2 = 1. 

.ratifying P(x) = 0 we have 

/ c — f (I dx , I v 

——rr dx — x}! 2 In a- —) = — x 1//2 . 

x(ln x) 2 V In x) 

second solution is t /2 = x 1 / 2 . 

'entifying P(x) = — 1/x we have 

f _ rim ! m 

X 


2/2 = X Sill 


/ e ~ J -dx/x .. 

9 . 2/i —x dx = x s in(In x) / -r— 

x 2 sin On at) J x 2 sn 


dx 


2 (In at) ' J x 2 sin 2 (In x) 

f csc^ fin itO 

: x sin (In x) / —-— dx = [xsin(lnx)j [—cot(lna;)j = —x cos (In re). 


x 


second solution is 1 J 2 = x cos (In x). 
sutifying P(x) = —S/x we have 

r e -J- 3 dx/x , x ii 

's(lnx) / 7 9 n - 7 dx = x 2 cos (In x) / -j—-- dx 

J x l cost (In a?) J a ; 4 cos z (In x) 


y 2 = X- COS( 


9 

= :ir col 


s(ln x) j 


sec 2 (In x) 


dx = x 2 cos(ln x) tan(ln x) = x 2 sin(ln x). 


0 . 


x 
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A second solution is y 2 = x 2 sin (In a;). 

15. Identifying P(x) - 2(1 + x)/ (l - 2x - x 2 ) we have 

p— f 2(l+x)dx/(l-2x-x 2 ) 


IJ2 = (X + 1) 


= (x + l) 


(x + I .) 2 


dx = (x + 1 ) j 


r gln(l—2a;—rr 2 ) 
(x + l ) 2 


1 - 2x ~ x 2 . 

(r+l)2 <te= ( x+i) 


[x + l) s 


— 1 dx 


2 1 

= (x + 1) —--- — x =—2 — x 2 — x. 

3-' 1 -L 

A second solution is y 2 — x 2 + x + 2. 

16. Identifying P(x) — —2xj (l — x 2 ) we have 

y 2 = j e -I-2xdx/(l-a?) dx = j e ~H^)dx = | 

A second solution is y 2 = In |(1 + x)/(l — x)|. 


7 

5‘ ir = 2 ln r^ 


17. Define y = u(x)e 2a: so 


y - —2ue 2x + ue 2x , y" = u"e 2x - 4i/e 2x + 4«e 2x 


and 

y" - 4 y = e~ 2x u" - 4 e~ 2x u = 0 or u" - 4u' = 0. 

If w = v! we obtain the linear first-order equation n/ — 4 w = 0 which has the integrating : 

e -4 fdx = e -4x Now 

-j- [e~ Ax w\ = 0 gives e~ 4x w = c. 

\Atds 

Therefore w — 'll! — ce 4x and u — c\e 4x . A second solution is y 2 = e~ 2x e 4x = e? x . We - 
observation that a particular solution is y p = — 1 / 2 . The general solution is 

V = cie _2x + c 2 e 2x - 

18. Define y = u(x) • 1 so 

y' = vl, y" = u" and y" + xj = u" + u = 1 . 

If w = u' we obtain the linear first-order equation w' + w = 1 which has the integrating : 
e J dx _ e x j\r ow 

- 7 - — e x gives e x w = e x + c. 

dx 

Therefore w = u* = 1 + ce~ x and u = x + c\e~ x + c 2 . The general solution is 

y = u = x + c\er x + c 2 . 
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19. Define y = u(x)e x so 


y' = u(f -r u'cf . y" = u"e x + 2 u'e x + ue 3 


y" - 3 y' + 2 y = e x u" - eV = 5e 3a: . 

If w = u' we obtain the linear first-order equation w' — ic = 5e 2a: which has the integrating factor 
r r ~J dx = e~ x . Now 

4~ [e -:E u ! ] = oe x gives e~ x w = 5e x + ci. 
ax 

Therefore w = u' — 5e 2x + c\_e x and u = fe 2 * + C] e x -r ci- The general solution is 


Define y = u(x)e x so 


y = ue x = ^e 3x + cie 2a -i- coeT 
z 


/ = ue' r + ue x . y" — u"e x + 2 u'e x + we a: 


y — 4 y +3 y = e x u — e x u = x. 

I: w = we obtain the linear first-order equation w' — 2w ~ xe~ x which has the integrating factor 

- j'-2dx _ e ~2X' T^ ow 

4- \e~ 2 *w\ = are" 3 * gives <r*w = - \ arc" 3 * - V 3 * -I ci. 

<hr 1 3 9 

Therefore «? = u' = —| xe~ x — ^e~ x + c\e 2x and u = + C 2 C 2t + C 3 . The general 

-: ’ut ion is 

y = ue x = - x + - + C 2 e 3:p + 1:3 e x . 

a 1 For mi constant, let y\ = e mvX . Then y[ = m\e miX and i/{ - Substituting into the 

differential equation we obtain 

ay'l + by[ + cy, = am^e miX + bn ne’” 11 + ce miX 

= e rniX (am 2 + bm L tc) = 0. 

Thus. y\ = e miX will be a solution of the differential equation whenever am 2 4- bm\ + c = 0. 
Since a quadratic equation always has at least one real or complex root., the differential equation 
must have a solution of the form y\ ~ e ,UlX . 

o 1 Write the differential equation in the form 

// & / c 

y + -y + -y = 0 . 
a a 
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and let. yi = e myX be a solution. Then a second solution is given by 


p --bx/a 

-<../ 

_ ( ,mix I e -{b/a^2m\)x^ x 


1 


b/a + 2 m i 
1 

b/a + 2mi 


e mix e -(b/a-r2mi)x 


-(b/a—rn i)x 


(mi 7^ —b/2a) 


Thus, when rn i ^ —b/2a, a second solution is given by y 2 = e m ' 2X where m2 = —b/a — 
When m-i — —b/2a a second solution is given by 


yo = e" nx 


J dx = xt 


;m \x 


(c) The functions 


sin x = — (e lx — e ,x ) 
2 1 

si nh x — ^ (e x — e _;,; ) 


cos x = - (e i " r 4- e lx ) 
z 

cosh x = ^(e x + e~ x ) 


are all expressible in terms of exponential functions. 

22. We have y[ — 1 and y" = 0, so xy'[ — arj/j + </i = 0 — x + x = 0 and yi(a:) = x is a solution of: 
differential equation. Letting y = u(x)yi(x) — xu(x) wo get 

y' = xu'(x) 4- u(x) and y" = xu"(x)+ 2u'(x). 

Then xy" — xy 1 + y — x 2 u" + 2 xu' — x 2 u' — xu + xu = x 2 u" — (x 2 — 2 x)u' = 0. If we make ‘ 
substitution w - u'. the linear first-order differential equation becomes x 2 w' — (x 2 — x)w = 0, wh: 
is separable: 

dw / In 

& = l 1 " x) w 

dw 
w 

111 W = X — 111 X + c 


- = (l-iw 

w v X J 


w = c 1 — . 

X 


Then u f = c\e x /x and u = ci / e x dx/x. To integrate e x /x we use the series representation for 
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a second solution is 

f C ' 1 

</2 — xu{x) = c*i a- / — dx 
J x 

=ci ' i 7 ^( 1 +i+ ^ 2 + r 3+ -")* 

=c ' x .l{l + 1 + h x+ k x3+ ") ix 

(^ 1 2 1 H 

= ClX [111X + X + ^7T X + TTTTTTC-k + 


2(2!)" 3(3!) ‘ 


= ci (x In x + x 2 + 


r* 3 + 


1 


* 4 + 


2(2!) 3(3!)' 

interval of definition is probably (0. oc) because of the In x term, 
a \Vc have tf = y" = e x , so 

xy" — (x + 10)y / + lOy = xe x — (x + 10)e ;r + 10e ;r = 0. 


and y — e x is a solution of the differential equation. 

b i By (5) a second solution is 

/• e - J P(z) dx . c f dx , e /'(1+10/x)rfx 

V2 = nJ — dx •'j ■ -dx = <*j —— dx 

r „;r+ln;r 10 

= e x j ^ — dx = e x J x 10 e~ x dx 

= e a: (—3,628,800 - 3,628.800a: - 1,814,400a: 2 - 604,800a; 3 - 151,200a: 4 

- 30,240x' 5 - 5,040a: 6 - 720a; 7 - 90a; 8 - 10a; 9 - x m )e~ x 

= -3,628,800 - 3,628,800a: - 1,814,400a: 2 - 604,800a: 3 - 151,200.x 4 

- 30,240a: 5 - 5.040a’ 6 - 720a: 7 - 90x 8 - 10.x 9 - a 10 . 


1 10 1 

c) By Corollary (A) of Theorem 4.1.2. — —r V2 = ’Y' —r x n is a solution. 

101 " n^0 n] 
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Homogeneous Linear Equations with Constant Coettcien: 


1 . From 4m 2 -I- rn = 0 we obtain rn = 0 and rn = —1/4 so that y = cj + c^e -3 ^ 4 . 

2 . From m 2 — 36 = 0 we obtain m — 6 and m = —6 so that y = c\e 6x + C 2 e~ 6x . 

3. From rn 2 — m —6 = 0 wc obtain m = 3 and rn = —2 so that y = c\e* x + c- 2 e~ 2x . 

4. From rn 2 — 3m + 2 = 0 we obtain rn = 1 and rn = 2 so that y = c\e x + C 2 e 2x . 

5. From m 2 + 8 m + 16 = 0 wc obtain m = —4 and m = —4 so that y = cie -4a? + C 2 »e -4ar . 

6 . From m 2 - 10 m + 25 = 0 wo obtain rn — 5 and m -■ 5 so that y - c\e ox + c^xe™. 

From 12m 2 — bm — 2 = 0 we obtain m = —1/4 and m = 2/3 so that y — cie“ T/4 + C 2 (? x - A - 

S. From m 2 + 4m — 1 = 0 wc obtain rn = — 2 ± Vo so that y = + C 2 e( _2 ~^' 3 ) 3 i 

9. From m 2 + 9 = 0 we obtain m = 3 i and m = —3 i so that y = ci cos 3x + c *2 sin 3x. 

10. From 3m 2 + 1 = 0 we obtain m = if \/3 and m = —i/V 3 so that y = ci cos(xf \/3) + C 2 (sin xf \ 

11 . From rn 2 — 4m + 5 = 0 we obtain rn = 2 ±i so that y = e 2x (cj cos a; + C 2 sin x). 

12. From 2m 2 + 2 rn +1 = 0 we obtain m = —1/2 ± i/2 so that 

y = e~ x ^ 2 [c\ cos(a-/2) + C 2 sin(.r/ 2 )]. 

13. From 3m 2 + 2m + 1 = 0 we obtain m = —1/3 ± \f2if3 so that 

y = c~ t/3 [ci cos(-\/2.t/ 3) + <+ sin(\/2a:/3)]. 

14. From 2 m 2 — 3m + 4 = 0 wc obtain m = 3/4 ± \/23 if 4 so that 

y - e ix l A \c\ cos(\/23.r/4) + C2sin(V / 23a:/4)]. 

1-5. From m 3 — 4m 2 — 5m = 0 we obtain m = 0, rn = 5, and m = —.1 so that 

y = ci + C 2 e ax + c%e~ x . 

16. From m 3 — 1 = 0 we obtain m = 1 and m = —1/2 ± y/3i/2 so that 

y = cid 1 + e~ x / 2 [o 2 cos(\/3.r/2) + C 3 sin(\/3a:/2d 
1 ". From m 3 — 5m 2 + 3m + 9 = 0 we obtain m = — 1 . m = 3. and m = 3 so that 

y = Cie -a: + C 2 e 3jc + C 3 :re 3a: . 

15. From m 3 + 3m 2 — 4m — 12 = 0 we obtain m = —2, rn = 2, and rn = —3 so that 

y = c\e~ 2x + C 2 C 2x + C 3 e _3a: . 
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From m 3 + m? — 2 = 0 we obtain rn = 1 and rn = — 1 ± i so that- 

^t = cie # + e _t (c 2 cos t + C 3 sin t ). 

From to 3 — m 2 — 4 = 0 we obtain m — 2 and rn — — 1/2 ± V 7 i /2 so that 

x = c\e 2t + e, ~ t ‘ 2 (c 2 c os (\fl t/2) + C 3 sin(\/ 7 £/ 2 )]. 

From m 3 + 3m 2 + 3 rn +1 = 0 we obtain m = — 1 , m = — 1. and m = — 1 so that 

y = c\e~ x + C2xe~ x + c/yx 2 e~ x . 

From to 3 — 6 m 2 + 12m — 8 = 0 we obtain m = 2, rn = 2. and m = 2 so that 

y = c-]_e 2x + C2xe 2x + c*3.T 2 e 2:r . 

From m 4 + m 3 + m 2 = 0 we obtain m = 0, m = 0. and m = —1/2± y/Zi [2 so that 

y = ci + C 2 £ + e _z - / 2 [c 3 cos(\/3x/2) + C 4 sin(\/3:r/2)]. 

From m 4 — 2m 2 + 1 = 0 we obtain m = 1 , m = 1 . rn = — 1 , and rn = — 1 so that 

y = Cj.e z + C2xe x + c^e~ x + C4xe _a: . 

From 16m 4 + 24m 2 + 9 = 0 we obtain m = ±\/3 i /2 and rn = ±\/3 i /2 so that 

y = ci cos( \/3x/2) + C 2 sin(\/3;r/2) + c^x cos(\/3x/2) + C 4 X sin( \/3a,72). 
From m 4 — 7m 2 — 18 = 0 we obtain rn = 3. m = —3, and m = +i/ 2 « so that 

^ = cj e 3z + C‘ 2 e~ 3x + C 3 cos \/ 2 x + C 4 sin V2x. 


rom m° + om 4 — 2m 3 — 10m 2 + m + 5 = 0 we obtain m = — 1, rn = —1, rn — 1, and rn = 1, and 
= — 5 so that 


u = cie _r + c-2re~ r + c$e r + C4re r + c^e~ or . 

From 2m 5 — 7m 4 + 12m 3 + 8m 2 = 0 we obtain rn = 0, m = 0. m = —1/2, and m = 2 ±2i so that 

x = ci + C2S + C3e~ i, ' / ' 2 + e 2-v (c4 cos 2s + C5 sin 2s). 


rrom m 2 + 16 = 0 we obtain rn — ±4? so that y = c,\ cos 4.x + 01 sin4x. If y(0) = 2 and y'{ 0) = —2 
‘Fen ci = 2. C 2 = —1/2, and y = 2 cos 4:r — \ sin 4x. 

From rn 2 + 1 = 0 we obtain rn = ±i so that y = c\ cos (9 + C 2 sind. If y{irj 3) = 0 and y'{ tt/ 3) = 2 
‘Fen 


1 , \/3 

2 ci + T C2 = 0 
V5 1 
2 ~ c ‘ + 2 ® = 2 ’ 
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so ct = —a/3; c-2 = 1, and y = —v/3 cos 8 + sin 9. 

31. From to 2 — 4m — 5 = 0 we obtain rn — —1 and m = 5, so that y = cie~ f + c.-ze 51 . If 2/(1} = 

and y'{ 1) = 2 , then cie -1 + C 2 e 5 — 0, —cie -1 + 5 c 2 e° = 2 , so ci = —e/3, C 2 = e _ 5 /3. 

y = + ^e 0 * -0 . 

32. From 4m 2 — 4m — 3 = 0 we obtain m = —1/2 and m = 3/2 so that y = Cie~ Xf ' 2 + coe^' 2 . If y(0 = 

and y'(0) = 5 then C 1 +C 2 = 1. — ^ci + |e 2 — 5, so ci = —7/4. C 2 — 11/4, and y = 

33. From m 2 +m+2 : 0 we obtain m = —1/2±\/7i /2 so that y = e _a: / 2 [ci cos(v / 7. , e/2)+C2 sin(\/7.<' - 
If y(0) = 0 and y'(0) - 0 then ci = 0 and c '2 = 0 so that y = 0. 

34. From m 2 — 2 m + 1 = 0 we obtain m = 1 and m — 1 so that y = cie* + C 2 xe x . If y(0) = 5 
y'(0) = 10 then c\ — 5, c\ + 02 — 10 so ci = 5, C 2 = 5, and y = he x + 5xe x . 

35. From m 3 +12m 2 +36m = 0 we obtain m = 0, rn — — 6 , and m = —6 so that y = -\-c%xc-~ 

If y(0) = 0. y'(0) = 1, and y"( 0) = —7 then 

ci + C 2 = 0, — 6 c *2 + C 3 = 1, 36c2 — 12c3 — —7, 

so ci = 5/36, C 2 = —5/36, C 3 = 1/6, and y = ^ - *%e -6x + \xe~® x . 

36. From m 3 + 2 rri 2 — 5m — 6 = 0 we obtain m = —1, m = 2, and m = —3 so that 

y = cie - ® + C 2 G 23 ' + c$e~ 3x . 

If y( 0 ) = 0 , y^O) = 0 , and y"( 0 ) = 1 then 

Cl + C 2 + C 3 = 0, —Ci + 2c2 — 3 C 3 = 0, ci + 4c2 + 9 c 3 = 1, 


so C] = —1/6, C 2 = 1/15, C 3 — 1/10, and 


V = 


1 

6 


+ 



+ 



37. From m 2 — 10m + 25 = 0 we obtain m = 5 and m = 5 so that y — Cie tyx + C 2 'xe Sx . If y(0) = 1 
y(l) = 0 then ci = 1 , c\e a + C 2 e 5 = 0 , so ci = 1 , C 2 = — 1 , and y = e 5a: — xe* x . 

3S. From m 2 + 4 = 0 we obtain rn = ± 2 i so that y = ci cos 2x + C 2 sin 2x. If y(0) = 0 and y(r r = 
then ci = 0 and y — c .2 sin 2x. 

39. From m 2 + 1 = 0 we obtain m -■ ±i so that y = c\ cos a; + 02 sin x and y' — — ci sin x + C 2 c • 
From y'(0) = ci(0) + 02 ( 1 ) = C 2 = 0 and y / (7r/2) = — ci(l) = 0 we find ci = C 2 = 0. A solutk: 
the boundary-value problem is y = 0 . 

40. From m 2 — 2 rn + 2 = 0 we obtain m = 1 ± i so that y = e x (c\ cos x + C2 sin x). If y(0) = 1 
y: t) = 1 then cq = 1 and y(-7r) = e 75 ” cos tt = — e 5r . Since —e* 7^ 1, the boundary-value probloir. 
110 solution. 
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The auxiliary equation is to 2 — 3 = 0 which has roots — \/3 and \/3- By ( 10 ) the general solution 
is y = cie^ + C 2 e _v3 T By (11) the general solution is y = c\ cosh \/3® + sinh y/Zx. For 
y = c\e^ x + C 2 t~^ x the initial conditions imply <q + C 2 = 1 , \/3ci — y/Zc 2 = 5. Solving for c\ and 
02 we find ci = |(1 + 5\/3) and 02 = 5(1 — 5\/3) so y = 5(1 + 5\/3 )e v/ ^ ,T -f 5(1 — 5\/3 )e _v/3x . For 
y = ci cosh \/?>x + C 2 sinh \/3x the initial conditions imply <q = 1 . \/ 3 c 2 = 5. Solving for ci and C 2 
wo find ci = 1 and C 2 = §\/3 so y = cosh \/3x + | \/3 sinh \/3x. 

The auxiliary equation is m 2 — 1 = 0 which has roots —1 and 1 . By (10) the general solution is 
y = cie x + C 2 e~ x . By (11) the general solution is y = ci cosh X + C 2 sinh a’. For y = c\ e x + C 2 e~ x the 
boundary conditions imply C 1 + C 2 = 1 . cie — C 2 C" X = 0. Solving for c.\ and C 2 we find ci = l/(l + e 2 ) 
and C ‘2 = e 2 /(1 + e 2 ) so y = e x /(1 + e 2 ) + e 2 e~ x j{ 1 4 - e 2 ). For y = c\ cosh x + C 2 sinh x the boundary 
conditions imply ci = 1 . C 2 = — tanli 1 . so y = cosh x — (tanh 1 ) sinh x. 

The auxiliary equation should have two positive roots, so that the solution has the form 
y — c\e klX + coe k ‘ 2X . Thus, the differential equation is (f). 

The auxiliary equation should have one positive and one negative root, so that the solution has the 
form y = c\e klX + oie~ k2 ' x . Thus, the differential equation is (a). 

The auxiliary equation should have a pair of complex roots a±/3i where a < 0. so that the solution 
Iras the form e aa '(ci cos 3x + C 2 sin,5.x). Thus, the differential equation is (c). 

The auxiliary equation should have a repeated negative root, so that the solution has the form 
y - C\e~ x + C‘ 2 xe~ x . Thus, the differential equation is (c). 

The differential equation should have the form y" + k 2 y = 0 where k = 1 so that the period of the 
solution is 2 tt. Thus, the differential equation, is (d). 

The differential equation should have the form y" + k 2 y = 0 where k = 2 so that the period of the 
solution is 7 r. Thus, the differential equation is (b). 

Since (m—4)(m+5 ) 2 = to 3 +6 m 2 — 15m —100 the differential equation is y"'+6y" — 15y'— lOOy = 0. 
The differential equation is not unique since any constant multiple of the left-hand side of the 
differential equation would lead to the auxiliary roots. 

A third root must be m 3 = 3 — i and the auxiliary equation is 

(m + ^ [to - (3 + £)] [to - (3 - i)] = ^ ( m ‘ 2 ~ + 10) = m 3 - ^-m 2 + 7to + 5. 

The differential equation is 

!/"-y/ + V + 3!f = 0. 

From the solution yi = e~ 4x cos x we conclude that mi = —4 + i and m 2 = —4 — % are roots of the 
auxiliary equation. Hence another solution must be i /2 = e - 4 x sinx. Now 7 dividing the polynomial 
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m 3 + 6 m 2 + m - 34 by [ m — (—4 4 -;)] [m - (—4 — i)] = m 2 + 8 m + 17 gives m - 2. Therefore m-,;, 
is the third root of the auxiliary equation, and the general solution of the differential equation 

y = cie -4x cos x 4- c- 2 e~ ix sin x + c;jc 2:i ’. 


52. Factoring the difference of two squares we obtain 


m 4 + 1 = (m 2 + l ) 2 — 2 m 2 — (m 2 + 1 — s/ 2 m)(rn 2 + 1 + s/ 2 in) = 0 . 

Using the quadratic formula on each factor we get m = ± s/2/2 ± s /2 i/ 2 . The solution o: 
differential equation is 


y (*0 


= e V2x!2 f 


V 


Cl cos 


s /2 


s /2 


x + 02 sm — x 


+ e 


-s/2 x j2 


V 2 


C 3 COS ■— X -T C *4 sm 


V 2 


■ X 


53. Using the definition of sinh x and the formula for the cosine of the sum of two angles, we hav 

y = sinh a; — 2 cos(;/; — tt/6) 



-2 


(cos x) (cos — ] — (sin x) 


n (V 3 1 - ' 

1 1 — cos X — — Sill X 

2 2 j 


-2 

— s/3 cos x + sin x. 



This form of the solution can be obtained from the general solution y = cie a: + C 2 e~ x + cs c - 
C '4 sin x by choosing ci = \. c -2 = — 5 ; C 3 = —s/3, and C 4 = 1 . 

54. The auxiliary equation is m 2 + q — 0 and we consider three cases where A = 0, A = o 2 > ■’ 

A = -a 2 < 0: 


Case I When a = 0 the general solution of the differential equation is y = c\ + C 2 X. The bor.:. 
conditions imply 0 = y( 0 ) = ci and 0 = y(ir/ 2 ) = c%Kj 2 , so that ci = 02 = 0 and the pi 
possesses only the trivial solution. 

Case II When A = —a 2 < 0 the general solution of the differential equation is y — c-\ 
c - 2 e~ ax . or alternatively, y — c\ cosh a x + 02 sinh a x. Again, y( 0 ) = 0 implies Ci = 0 > 
y = c *2 sinh ct x. The second boundary condition implies 0 = y(n/2) = C 2 sinha 7 r /2 or 02 = 
this case also, the problem possesses only the trivial solution. 

Case III When A = c / 2 > 0 the general solution of the differential equation is y = c.\ co- 
O) sin a x. In this case also, y( 0 ) = 0 yields ci = 0, so that y = c.% sin a x. The second bov.. 
condition implies 0 = 02 sin an f 2. When a 7 r /2 is an integer multiple of tt, that is. when -• 
for k a nonzero integer, the problem will have nontrivial solutions. Thus, for A = a 2 = -• ‘ 
boundary-value problem will have nontrivial solutions y = 02 sin 2 kx. where k is a nonzero 
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-:: the other hand, when a is not an even integer, the boundary-value problem will have only the 
• rivial solution. 

’."•ring a CAS to solve the auxiliary equation m 3 — 6 m 2 + 2 m + 1 we find mi = —0.270534, 

": = 0.658675, and m 3 = 5.61186. The general solution is 

y — c\c + c 2 e + c 3 e 


’."sing a CAS to solve the auxiliary equation 6 . 11 m . 3 + 8.59m 2 -I- 7.93m + 0.778 = 0 we find 

= -0.110241, m 2 = -0.647826 + 0.857532*, and m 3 = -0.647826 - 0.857532*. The general 
'; union is 

y = cie“°' 11024Lr + e~ a 647 S 26 ;r (c 2 cos 0.857532a' + c 3 sin 0.857532;?;). 


’.’sing a CAS to solve the auxiliary equation 3.15m 4 — 5.34m 2 + 6.33m — 2.03 = 0 we find 

= -1.74806, m 2 = 0.501219, m 3 = 0.62342 + 0.588965*, and m 4 - 0.62342 - 0.588965*. The 
general solution is 


V = cic 


1.74806a? 


C‘2 6 


.0.501219a? 


+ e a 62342 a? (c 3 cos 0.588965® + c.i sin 0.588965a:). 


‘.’sing a. CAS to solve the auxiliary equation rn 4 + 2m’ 2 — m + 2 = 0 we find m 1 =- 1/2 + s/Zi/ 2 , 
-■2 = 1/2 — \/3 i/ 2 , m 3 = —1/2 + y/li/2, and m .4 — — 1/2 — \flij 2 . The general solution is 


V 


t /2 ( ^ . \/3 \ _ r/2 / V7 . s/1 \ 

— e ' I ci cos —x + C 2 sm ~x I + e ' I e 3 cos —x + c 4 sm —x 1 


From 2m 4 + 3m 3 — 16m 2 + 15m — 4 = 0 we obtain m = —4, rn = |, m — 1 , and m= 1 , so that 
y = cie~ 4x + c 2 e ^ 2 + c 3 e x + c,\xe x . If y( 0) = — 2 , y'( 0) = 6 , y"{ 0) — 3, and y'"( 0) = \, then 




-4ci + — c 2 + C 3 + C 4 = 6 


16ci + -C2 + <"3 + 2c 4 = 3 

1 1 

—64ci +-c 2 + e 3 + 3c 4 = - , 

o Z 


SO Cl = — 


4 _ 

75 : c 2 - 


no . _ 918 _ 58 orw .7 

-3“ ’ c :3 - ~25 ■■ c ± - ~T • alld 


4 _, h . 116 xl2 918 , 58 , 

y = ~—e u - ~ e ~ + ~^r e ~ —xe - 

(d 3 25 0 


From m 4 — 3m 3 + 3m 2 — rn = 0 we obtain m = 0, m — 1, m = 1, and m = 1 so that 
y — ci + c 2 e x + c 3 :re a ' + c^x 2 c x . If y{ 0) = 0. y'( 0) = 0. y"{ 0) = 1, and y w (0) = 1 then 

Cl + c 2 = 0, c 2 + C 3 = 0, c 2 + 2c 3 + 2c 4 = 1, c 2 + 3c 3 + 6 C 4 = 1, 
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so ci = 2. C‘2 — —2, eg = 2. C4 = —1/2. and 

y = 2 - 2e x + 2ie x - ^.a’ 2 e :r . 

z 



Undetermined Coefficients — Superposition ApIpiSilsSllS 


1. From m 2 + 3m + 2 = 0 we find mi = —1 and m 2 = —2. Then y c = cqe ;I ' + 02 c 2x and we assum. 

y v = A. Substituting into the differential equation we obtain 2,4 = 0. Then A = 3. y p = 3 and 

y — c\e x + C 2 e' 2x + 3. 

2. From 4m 2 + 9 = 0 we find mi = — § i and m 2 = | i. Then y c = cq cos |rr + 02 sin ^x and we assun:- 

y p = A. Substituting into the differential equation we obtain 94 = 15. Then A = |, y p = | and 

3 .35 

y = ci cos —x + C‘i sm -x + - . 

2 t-> 3 

3. From mr — 10m + 25 = 0 wc find m-i = m 2 = 5. Then y c — c\(A x + (yxe™ and we assun. 

y p = Ax + B. Substituting into the differential equation we obtain 25.4 = 30 and —10.4 + 25 B = ■: 
Then A = |, B = |, y p — |, and 

r r r 1} . 6 3 

y = ae + C 2 xe + -x + - . 

5 5 

4. From m 2 + rn — 6 = 0 we find mi = —3 and m 2 = 2. Then y c — cie~' Sx + C 2 e 2x and we assuu. 
!j p = Ax + B. Substituting into the differential eciuation we obtain —6A — 2 and .4 — 6 B = 0. Thv. 

A = ~h B = ~TE ' Vp = ~\ x ~ A ’ and 

_-} r Ov. I 1 

y = Cl e 6X + c 2 e - -X - — . 

o lo 

o. From \m 2 + m + 1 = 0 we find mi = m 2 = —2. Then y c = Ci e _2;r + C 2 xe~ 2x and wc assuu. 
y p — Ax 2 + Bx + C. Substituting into the differential equation we obtain A = 1, 2A + B = —. 
and \A + B + C = 0. Then A = 1, B = —4, C = t, . y p = x 2 — 4x + |. and 

y = c\e~' lx + C 2 xe~ 2x + x 2 - Ax + - . 

6. From m? — 8m + 20 = 0 we find mi =4 + 2 i and m 2 = 4 — 2 i. Then y c = e 4x (cq cos 2x + C 2 sin 2. 
and we assume y p = Air + Bx + C + (Dx + E)e x . Substituting into the differential equation r 
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; btain 


2.4 - 85 + 20 C = 0 
-65 + 135 = 0 
-IGA + 20 B = 0 


13 5 = -26 


20 A = 100. 


Then A = 5 . 5 = 4. C = yjj , D = — 2 , E = —, y p - 5 a ; 2 + 4a; + -jy; + (— 2 a; — y|) e x and 
y = 6 4x (ci cos 2a; + c 2 sin 2x) + bx 2 + Ax + 2x — e x . 


", From m 2 + 3 = 0 we find mi = y/3 i and m 2 = —-v/3 i. Then y c = ci cos V3 x + c 2 sin \/3 x 
and we assume y p - ( Ax 2 + Bx + C)e 3x . Substituting into the differential equation we obtain 
2.4 + 65 + 12 C = 0 , 12.4 + 125 = 0 . and 12.4 = -48. Then A = -4. B = 4, C = -§ , 
;/ p = (-4a ; 2 + 4a: — e 3x and 


4 


y = c\ cos \/3 x + c -2 sin V3 x + ( —Ax 2 -+■ 4a; — ^) e? x 

o 


8 . From 4m 2 — 4m — 3 = 0 wc find m\ = | and ?n 2 = — \ . Then y c = c\ e 2x ' 2 + c 2 e -a: / 2 and we assume 
lj p = A cos 2 a; + B sin 2 a;. Substituting into the differential equation we obtain —19 — 85 = 1 and 
S.4 — 195 = 0. Then A = — ^ , B = — y|g . y p = — ^ cos 2 x — ^ sin 2a, and 

2 / = Cie 3a:/2 + c 2 e _x/2 - cos 2a; - -Jr sin 2a;. 


9. From m 2 — m = 0 we find mi = 1 and m 2 = 0 . Then y c = cie 1 ’ + c 2 and we assume y p = Ax. 
Substituting into the differential equation we obtain —A = —3. Then A = 3 ; y p = 3a; and 
y = cie x + C 2 + 3a;. 

0 . From rn 2 + 2m = 0 we find mi = —2 and m 2 = 0. Then y c = cie~ 2 ‘ r + c 2 and we assume 
y p = A:r 2 + Bx + Cxe~ 2x . Substituting into the differential equation we obtain 2A + 25 = 5, 
4A = 2 , and — 2 C = — 1 . Then A = ^ , 5 = 2 , C = 5 . y p = ^a : 2 + 2 a; + ^ax: -2 *, and 

y - cie _2x + c 2 + ^a ; 2 + 2 a; + ^a;e" 2x . 

1 . From m 2 — rn + \ =0 we find mi = m 2 = \. Then y c - c\e x / 2 + oixe x i ' 2 and we assume 
y p = A + Bx 2 e x ' 2 . Substituting into the differential equation we obtain y .4 = 3 and 25 = 1 . Then 
A = 12 , 5 = 5 , y p = 12 + \s 2 e x ' 2 . and 

y = C\e X! ' 2 + C 2 xe x ' 2 + 12 + ^x 2 e x ' 2 . 
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12. From rn 2 — 16 = 0 wc find mi = 4 and m -2 = —4. Then y c == c\e 4x + C 2 e _4x and we ass... 
y p - Axe 4x . Substituting into the differential equation wc obtain 8.4 = 2 . Then A = |, y p = 
and 

y = cie 4 x +c 2 <r 4x + -xe 4x . 

4 

13. From m 2 + 4 = 0 we find mi = 2 i and m 2 = —2 i. Then y c — c\ cos 2x + (>2 sin 2 x and we as?' 

y p = Ax cos 2 x + Bx sin 2 x. Substituting into the differential equation we obtain 40 = 0 

—4 A = 3 . Then .4 = — |, B = 0. y p = —|xcos2x, and 

3 

y = ci cos 2x + C2 sin 2 x — -x cos 2 x. 

4 

14. From m 2 — 4 = 0 we find mi = 2 and m 2 = —2. Then y c = c\e 2x + C 2 e~ 2x and wc assume ' 

y p = (Ax 2 + Bx + C) cos 2x + (Dx 2 + Ex + F) sin 2x. Substituting into the differential equatk 

obtain 

-8.4 - 0 


Then 

and 


-SB + 80 = 0 
2A - 8C + 40 = 0 
-SD = 1 
—8 A -8E = 0 
-AB + 2 D- 80 = -3. 

A = 0. B = — 3 , C = 0, 0 = —1, E = 0, F — 35 , so y p = x cos 2 x + | x 2 + ?: 


y = cic 2 ' 7 ' + C 2 e' 


' 2x - i x cos 2 x + (-^ x 2 + sin 2 x. 


15. From m 2 + 1 = 0 we find mi = i and m 2 — —i. Then y c = c\ cos x + 02 sin x and wc a?- 
Up — (Ax 2 + Bx) cosx + (Cx 2 + Dx) sinx. Substituting into the differential equation we ■; 
AC = 0, 2 A + 2D = 0, -4A = 2 , and -2 B + 2C = 0. Then A = , B = 0 , C = 0, D = 


f/p = 


—|x 2 cosx + sillx, and 


1 


1 


y = ci cos x + C 2 sm x — -x cos x + -x sin x. 


16. From m 2 — 5m = 0 we find mi = 5 and m 2 = 0. Then y c = c\(A x + C 2 and we a-- 
Ax 4 + Bx 4 + Cx 2 + Dx. Substituting into the differential equation we obtain —20A 
15.0 - —4, 60 — 10 C — —1, and 2C — 50 = 6 . Then A = —4,, 0 = If, C = 


y P = 
12 A ■ 

0 = 


.697 _ _J_ 4 , 14 .3 , 53. 2 _ 697 j 

625 ’ UP 10 x ^ 75 x ^ 250 x 625 X; d,liu 

1 


:. T ^ 4 14 y 53 2 69/ 

V = C ' e +C >~To X + 75*' + 25+ — 625 X 
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From m 2 — 2m + 5 = 0 we find mi = 1 + 2 i and m 2 = 1 — 2 i. Then y c = e x (c\ cos 2 a; + 02 sin 2 x) and 
we assume y p = Axe x cos 2 x + Bxe x sin 2 x. Substituting into the differential equation we obtain 
-D = 1 and —4 A = 0 . Then A = 0 . D = |, y p = \xe v sin 2x, and 


y = e x (cj cos 2 x + e 2 sin 2 x) + -xe x sin 2 a:. 

4 


From m 2 — 2m + 2 = 0 we find m\ = 1 + i and m 2 — 1 — -z. Then ?/ r = e x (c\ cost, + C 2 sin x) 
tnd we assume y p = Ae 2 * cos x + Be 2x sin a;. Substituting into the differential equation we obtain 
A — 2B = 1 and —2A + B — —3. Then A = 4 . B = — A . y. p = Ae 2x cos x — Ae 2x sin x and 


” 2x „„„ 


y = e 3 '(r;i cos a: + c 2 sin a:) + ~e“ x cos x — -e 

O u 


Sill X. 


From m 2 + 2m + 1 = 0 we find mi = m 2 = — 1. Then y c = c\e x + Orze x and we assume 
. • = A cos x + B sin x + C cos 2 x + D sin 2x. Substituting into the differential equation we obtain 
-B = 0, -2 A = L -3 C + 4 D = 3, and -AC - 3D = 0. Then A = -± , £ = 0, C = - Jr, £> = |§ , 
.= —| cos x — Jj cos 2 x + || sin 2 a;, and 


y — c\e x + c.- 2 xe 


1 

- COS X 
Z 


— cos 2 a: + — sin 2 a:. 
25 25 


From m 2 + 2m — 24 = 0 we find mi = —6 and m 2 = 4. Then y c = tqc 6x + c 2 e 4x and we 
-.ssume y p — A+ {Bx 2 + Cx)e 4x . Substituting into the differential equation wc obtain —24A = 16, 
-3+10C = - 2 , and 20 B = - 1 . Then A = -§, B = .. C = , y p = - jj- (i.r 2 + e 4 ®, 

-lid 


V = cie 


().T 


,4;r 


+ C2e " - x - — a’ + —x- e 


,2 


19 


20 


100 


Ax 


From rrA — 6 m 2 = 0 we find mi = m 2 = 0 and m 3 = 6 . Then y c = c:\ + c 2 x + c 3 e 6x and we assume 
= At 2 + Bcosx + Csina:. Substituting into the differential equation we obtain — 12 A = 3, 
IB — C = — 1 . and B-\-QC = 0 . Then A = — \ , B = — , C = ^ , y p = —|.x 2 — cosa: + ^ sin x, 

r.r.d 

g 3 . 1 o 6 1 

y = ci + c 2 a; + e 3 e - -x - — cos a: + — sm x. 

4 u / 0 / 

From m 3 — 2 m?— 4m-j -8 = 0 we find mi = m 2 = 2 and m 3 - —2. Then y c = cie 2x + c 2 a;e 2 a: -r(: 3 e _2a: 
-•.nd we assume y p = (Ax' 4 + Bx 2 )e 2x . Substituting into the differential equation we obtain 24/1 = 6 
r.nd 6 A + 8 B = 0. Then A — ^ , B = — y P = — ^x 2 ^) e 2x , and 

y = cie 2x + c 2 xe 2x + c 3 e _2x + Qa : 3 — ^x 2 ^ <? 2x . 


rrorn m 3 — 3m 2 + 3 m — 1 — 0 we find mi = m 2 = m 3 = 1 . Then y c = cqe x 4- c 2 xe x + c 3 a: 2 e x and 
—e assmne y p = Ax + B + Cx :i e x . Substituting into the differential equation wc obtain —A = 1 , 
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3.4 — B = 0. and 6(7 = —4. Then A = — 1 , B — —3, C - —|, y p = —x — 3 — ^x ,i e x , and 

9 

;y = cqe‘ T + c-zxe* + czx l e x — x — 3 — ^x 3 e*. 

24. From m 3 — m 2 — 4m+4 = 0 vve find mi = 1 , m -2 = 2 . and m 3 = — 2 . Then y c = cie* + cqe 2x + 03 e“‘ 
and we assume y p = A+Bxe x +Cxe 2x . Substituting into the differential equation we obtain 4 A = ' 
-W = - 1 , and 4(7 = 1. Then A = § , 5 = ±, C = ± , j/ p = § + Jxe* + Jxe 2 *, and 

y = c\<f + C 2 fi 2x + cse~ 2x + ^ + \xe x + ^ xe 2x . 

t O t: 

2 5. From m 4 + 2 rn 2 + 1 = 0 we find mi = m 3 = i and m 2 = m .4 = —i. Then y c = ci cos x + C 2 sin .? - 
. 3 x cos x + C 4 X sin x and we assume y p = Ax 2 + Bx + C. Substituting into the differential equat: 
we obtain A = 1 . B = — 2 . and 4,4 + (7=1. Then A = 1 . B = —2, C = —3, y p = x 2 — 2x — 3, a: 

y — c\ cos x + C 2 sin x + C 3 X cos x + gjx sin x + x 2 — 2x — 3. 


26. From m 4 — m? — 0 we find mi = m 2 = 0. m 3 = 1. and rn 4 = —1. Then y c = ci -\- 02 X + €%(?' + C 4 -" 
and we assume y p = Ax 3 + Bx 2 + (Cx 2 + Dx)e~ x . Substituting into the differential equation ' 
.-brain -GA = 4. -2 B = 0 , 10 C - 2 D = 0, and -4C = 2 . Then A = -§,£ = 0 , C = - : 
, y p = -§x 3 - ( 5 .X 2 + fx) e~ x , and 

2 

y = ci + cgx + (%e x + C4e -;r - -x 3 - 

O 


(r 2+ r) 


25. 


29. 


4'e have y c = cq cos 2x + C 2 sin 2x and we assume y p = A. Substituting into the differential cquar. 
we find A = — |. Thus y = c\ cos 2 x + c ‘2 sin 2x — 5 . From the initial conditions we obtain <q = 
and (.'2 ~ V 2 .so y = y /2 sin 2 x — 5 . 

We have y c = cj e -2x + C 2 e * /2 and we assume y p = Ax 2 + Bx + C. Substituting into the differe:.' 
-•'.iuation we find A = —7. B = —19. and C = —37. Thus y = cie -2ir + C 2 e x ' /2 — 7.x 2 — 19x - 
From the initial conditions wc obtain cq = — | and C 2 — . so 


V = 

0 


~ 2 * + 186 e/2 ^ _ 1Qx _ 37 
5 


We have y c = cqe - */ 5 +C 2 and we assume ;y p = Ax 2 +Bx. Substituting into the differential eqm ‘ 
we find A = —3 and B = 30. Thus y - cqe -3/0 + C 2 — 3x 2 + 3Ox. From the initial conditio:. - 
: brain c\ = 200 and 02 = — 200 , so 


y = 200e _:c/5 - 200 - 3.x 2 + 30x. 


30. 


We have y c = (qe _2x + C 2 xe~ 2x and we assume y p = (Ax 3 + Bx 2 )e~ 2x . Substituting int 
•.Ufferential equation wc find A = | and B = %. Thus y = cie~ 2x + C 2 xe" 2x + Qx 3 + |x 2 ) 
From the initial conditions we obtain cj = 2 and C 2 = 9, so 


y = 2e'' 2ar + 9xe~ 2x + 




-2x 
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31. We have y c = e~ 2 x (c.i cos x + c -2 sin ;r) and we assume y p = Ae -4 *. Substituting into the differential 
equation wc find A — 7. Thus y = e~‘ 2 x (c\ cos x + c<i sin a:) + 7e~‘ ix . From the initial conditions we 
obtain ci = —10 and C 2 — 9. so 


y — e 2x (—10 cos x + 9 sin x) + 7e 4x . 


32. Wc have y c = c\ cosh x + C 2 sinh x and we assume y v = Ax cosh x + Bx sinh x. Substituting into the 
differential equation we find A — 0 and B — \ . Thus 

y = ci cosh x + c ‘2 sinh x + sinh x. 

From the initial conditions we obtain ci = 2 and C 2 = 12, so 

y = 2 cosh x + 12 sinh x + ~x sinh x. 

53. We have x c = c\ cost ot + C 2 sin ut and we assume x p = At cos ait + Btsituvt. Substituting into the 
differential equation wc find A = — Fq/ 2 lo and B = 0. Thus x - c\ cos ut+C 2 smut— (Fq/ 2 u )1 cos cot. 
From the initial conditions we obtain ci = 0 and C 2 = Fq/ 2 lu 2 , so 

x = (Fq/ 2 co' 2 ) sinwf — (Fo/ 2 _j)t eosuT 


54. Wc have x c = ci cosccf+C 2 sineef and we assume x p = A cosqf +B sill qt, where 7 ^ Substituting 
into the differential equation we find A = Fq/(uj 2 — 7 2 ) and B = 0. Thus 

x = ci cos l ot + c -2 sin cot H— cos ^ 

- Y 

From the initial conditions we obtain ci = —Fq/(u > 2 — 7 2 ) and 02 = 0, so 


x = 


Fo * , Fq 

cos oJt H—7?-o cos yt. 


Y - 7 2 


u> 2 — 7 2 


5:. Wc have y c = c\ + c>i<? + c%xe x and we assume y p = Ax + Bx 2 e x + Cc ox . Substituting into the 
differential equation we find A — 2 , B = — 12 , and C — \ . Thus 


y = ci + C 2 e x + c-jxe* + 2x — 12 x 2 e x + -e ox . 

£ 

From the initial conditions we obtain Ci = 11 , C 2 — — 11 , and C 3 = 9, so 

y = 11 - lit- 7 ' + 9xe x + 2x- I2x 2 e x + -e 5x . 

2 


We have y c — cie 2x + e x (c 2 cos \j3x + C 3 sin \/3 x) and we assume y p = Ax + B + Cxe 2x . 
Substituting into the differential equation we find A = |. B = — |, and C = |. Thus 


1 5 2 

y = c\e~ 2x + e x (c 2 cos V?>x + C 3 sin V3 x) + -x — - + -xe 


*> z 2x 


8 3 
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From the initial conditions we obtain c\ = —. C 2 = — frj. and C 3 = , so 


24 


72 


y 


23 


12 


59 


17 


= -^e 2 * + e x ( cos VSx- —Vs sin V3 z) + -x - + -xe 2x . 


24 


72 


8 3 


37. We have y c = ci cos:r — C 2 sinrr and we assume y p = Ax? + Dx + C. Substituting into the differed 
equation we find A = 1. B = 0. and C = — 1 . Thus y - c\ cos# + 02 sin a: + x 2 — 1. From y( 0 ) = 
and y(l) = 0 we obtain 

ci -1 = 5 


(cosl)cj + (sinl)c 2 = 0 . 

Solving this system we find c\ = 6 and C 2 = — 6 cot 1. The solution of the boundary-value pro!:' 
is 

y = 6 cos x — 6 (cot 1 ) sin x + x 2 — 1 . 


38. We have y c — e*(ci cos a: + C 2 sin a;) and we assume y p = Ax + B. Substituting into the differed/ 
equation we find A = 1 and B = 0. Thus y = e x (ci cos x + c? sin a;)+a;. From y(0) = 0 and y( 7 r : = 
we obtain 

ci = 0 
1 r — e^ci = 7r. 

Solving this system we find ci = 0 and C 2 is any real number. The solution of the boundary-v.. 
problem is 

y = c 2 <‘ x sin x + x. 


39. The general solution of the differential equation y" + 3 y — 6# is y = ci cos + C 2 sin y/3x - - 
The condition y( 0) — 0 implies ci = 0 and so y = C 2 Sin \/Zx + 2 x. The condition y(l) + y'( 1 = 
implies C 2 sin + 2 + C 2\/3 cos \/3 + 2 = 0 so C 2 = —4/(sin \/3 + >/3 cos s/3 ). The solution is 

—4 sin \/3x 

y =- 7 =- 7 =- 7 = + 2 x. 

sin \/3 + \/3 cos Vo 


40. I Jsing the general solution y = c\ cos \/ 3 x+C 2 sin \/3;r+2;r, the boundary conditions y( 0 )+y / (0 = 
y(l) = 0 yield the system 

ci + a/3c 2 + 2 = 0 
ci cos \/3 + C ‘2 sin \/3 + 2 = 0. 

Solving gives 


ci = 


2(-y / 3 + sinV / 3) 
\/3 cos -\/3 — sin \/3 


and C 2 — 


2(1 — cos \/3) 

\/3 cos \/3 — sin \/3 
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Thus, 


2(—\/3 + sin \/3) cos \/3a; 2(1 — cos \/3) sin \/3a; 

y — — -1--j- —_— -----— -|- 2 x . 

\/3 cos \/3 — sin \/3 V3 cos \/3 — sin \/3 

We have j/ c = ci cos 2a; + 02 sin 2 x and we assume y p = A cos a’ + D sin x on [0. tc/ 2] . Substituting 
into the differential equation we find A = 0 and B = |. Thus y = c\ cos 2 x + oi sin 2a + ^ sin x on 
0. vr/2j. On ( 71 / 2 , oo) we have y = C 3 cos 2a; + 04 sin 2 x. From y( 0) = 1 and y'( 0 ) = 2 we obtain 


ci = 1 

t + 2 C = 2. 

Solving this system wc find ci = 1 and C 2 = |. Thus y = cos 2a; 4- | sin 2a: + | sin x on [0, 7 t/2j. 
Xow continuity of y at x = ti/2 implies 


5 . 

cos 71 + - sin 7r 


1 71 

- sm — = C 3 cos 7i + C 4 sin 71 

*j L 


-l + |s —C3. Hence C3 = |. Continuity of 1/ at x — tt/2 implies 

. • 5 1 71 n . 

—2 sin 71 + - cos 71 + - cos — = — 2 cs sin 71 + 2 c 4 cos ti 
o o £ 

:>r —| = —2C4. Then C4 = | and the solution of the initial-value problem is 


»(*) 


cos 2a; + | sin 2 x + | sin x, 0 < x < ti/ 2 
| cos 2a: + ^ sin 2a;, x > ti/2. 


We have y c = e x (c\ cos 3a; + C2Sin3ar) and we assume y p = A on [0 , tt]. Substituting into the 
differential equation we find A = 2. Thus, y = e x (c\ cos 3a: + C 2 sin 3x) + 2 on [0, tt] . On (71,00) we 
have y = e x (c-z cos 3a; + c,\ sin 3a;). From y{ 0) = 0 and y'( 0) = 0 wc obtain 


ci — —2, ci + 3t‘2 = 0. 


Solving this system, we find ci = —2 and i >2 = |. Thus y = e x {— 2 cos3a; -f- | sin3a;) + 2 on [0, tt]. 
Xow, continuity of y at x = 71 implies 

2 

e 7r (—2 cos371 + - sin3 ti) + 2 — e" (03 cos 3 tt + C 4 sin 37 i) 
o 

.r 2 + 2 (A = —cze n or C3 = — 2 e _7r (l + (A). Continuity of 1/ at 71 implies 

20 

—e 7r sin3 ti = e*[(cz + 3 C 4 ) cos 371 + (— 3 c 3 -F C 4 ) sin 37i] 

O 

.I —c^eA — 3 c 4 e 7r = 0. Since C 3 = — 2 e -7r (l + e 1 *) we have 04 = |e _77 (l + e“). The solution of the 
initial-value problem is 


y(z) 


e x (—2 cos 3a; + | sin 3a;) -F 2, 0 < a; < 71 

(1 + e 7r )e x ~ 7r (—2 cos 3x + | sin 3a;), x > 71 . 
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43. ' a) From y p = Ae kx we find y' p = Ake kx and y p = Ak 2 e kx . Substituting into the different: 

equation we get 

aAfc 2 e kx A bAke kx A cAe kx = (ak 2 + bk A c)Ae kx = e kx , 

so (ak 2 + bk + c)A = 1. Since k is not a root of am 2 + brn A c = 0, A = 1/ (ak 2 + bk A c). 

i b) From y p = Axe kx we find = Akxe kx + Ae kx and y p - Ak 2 xe kx + 2 Ake kx . Substituting hr 
the differential equation we get 

aAk 2 xe kx + 2 aAke kx A bAkxe kx + bAe kx + cAxe kx 

= (ak 2 A bk + c)Axe k:r A (2 ak + b)Ae kx 

= (0 )Axe kx A (2 ak A b)Ae kx = (2 ak A b)Ae kx = e kx 

where ak 2 A bk A c = 0 because k is a root of the auxiliary equation. Now, the root' 
the auxiliary equation are —b/ 2 a ± \/b 2 — 4 ac /2a, and since k is a root of multiplicity t: 
k A —b/2a and 2 ak Ab A 0. Thus (2 ak A b) A = 1 and A = 1/(2 ak A b). 
ic) If k is a root of multiplicity two, then, as we saw in part (b), k = —b/2a and 2 ak A b = 
From y p — Ax 2 e kx we find y' p = Akx 2 e kx A 2 Axe kx and y p = Ak 2 x 2 e kx A 4 Akxe kx = 2A- 
Substituting into the differential equation, we get 

aAk 2 x 2 e kx A 4 aAkxe kx + 2aAe kx A bAkx 2 e kx A 2bAxe kx A cAx 2 e kx 
= (ak 2 + bk + c)Ax 2 e kx + 2(2 ak + b)Axe kx + 2aAe kx 
= ( 0 )Ax 2 e kx + 2 ( 0 )Axe kx A 2 aAe kx = 2aAe kx - e kx . 

Sinc:e the differential equation is second order, a / 0 and A = 1/(2 a). 

44. Using the double-angle formula for the cosine, we have 

sin x cos 2 x — sin x(cos 2 x — sin 2 x) = sin x(l — 2 sin 2 x ) = sin x — 2 sin 3 x. 

Since sin .r is a solution of the related homogeneous differential equation we look for a parti 
- lution of the form y p = Ax sin x + Bxcosx -r C sin 3 x. Substituting into the differential e<ju?‘ 
t.-c- obtain 

2 A cos x A (6(7 - 2 B) sin x — 8C sin 3 x = sin x — 2 sin 3 x. 

Equating coefficients we find A = 0, C = \ , and B = |. Thus, a particular solution is 

1 1. 3 
y p = -x cos x A - sm x. 

4 4 

45. a) fix) = e x sin.r. We see that y p —»• oo as x —> oc and y p —*■ 0 as x —> —oo. 

: b) f(x) = e~ x . We see that y p —> oo as x —> oo and y p oc &s x —*■ —oo. 
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(c) f(x) — sin 2.x. We see that y p is sinusoidal. 

id) f(x) = 1. We see that y p is constant and simply translates y c vertically. 

The complementary function is y c = e 2x (ci cos 2x + 02 sin 2 ,r). We assume a particular solution of 
:he form y p — (Ar 3 + Bx 2 4- Cx)e 2x cos 2 a’ + (Dx 2 + Ex 2 + F)e 2x sin 2 x. Substituting into the 
differential equation and using a CAS to simplify yields 

[12 Dx 2 + (6A + 8 E)x + (2 B + 4 F)}e 2x cos 2 * 

+ [—12 Ax 2 + (-8 B + 6 D)x + (-4 C + 2 E)]e 2x sin 2x 

= (2 x 1 — 3x)e 2x cos 2x + (lllr 2 — x — l)e 2x sin 2 .x. 

This gives the system of equations 

12 D = 2 , 6 A + 8 E = -3 ; 2 B + AF = 0. 

— 12 A = 10 . - 8 B + QD = - 1 , —AC -r 2 E = — 1 , 

from which we find A = — |,l? = |,C = §,.D = g,l?=| ! and F = —|. Thus, a particular 
solution of the differential equation is 

y p - + ^^‘)e 2a ’cos 2 x + 

The complementary function is y c = ci cos x +02 sin .X+C 3 X cos x+C 4 X sin x. We assume a particular 
solution of the form y p = Ax 2 cos x + Bx 2 sin x. Substituting into the differential equation and using 
a CAS to simplify yields 


1 -7 1 9 1 \ o r . _ 

-x + -x — -x ) e sm 2.x. 
6 4 8 


(—8.4 + 241?) cos x + 3 Bx sin x = 2 cos x — 3x sin x. 

This implies — 8 A + 2 AB - 2 and —241? — —3. Thus B = |, A = |, and y p - gx 2 cos x + |x 3 sin x. 



9 D 2 - A)y = (3D - 2 ) (3D + 2 )y = sin* 

D 2 - 5)y = (D - y/5)(D + VE )y = x 2 - 2.x 
D 2 - AD - 12 )y = (D - 6 )(D + 2 )y = x - 6 
2 D 2 -3D- 2 )y = ( 2 D + 1)(D - 2 )y = 1 
D 3 + 10 D 2 + 25 D)y = D(D + 5 ) 2 y = e x 
D 3 + AD)y = D(D 2 + A)y — e x cos 2x 
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7. (D 3 + 2D 2 - 13 D + 10 )y = (D - 1)(D - 2 )(D + 5 )y = ze~- T 

8 . (£> 3 + 4Z? 2 + 3£>)y = D(D + 1)(D + 3 )y = x 2 cos a: — 3a: 

9. (D 4 + 8D)y = D(D + 2)(£> 2 - 2D+ 4)y = 4 

10 . ( D 4 - 8 D 2 + 16)y — (D - 2 ) 2 (D + 2 ) 2 y = (a: 3 - 2 x)e 4x 

11 . = Z) 4 (10a: 3 - 2a:) = D 3 (30a: 2 - 2) = D 2 (60;r) = D(60) = 0 

12. (2D - 1 )y = (2D - l)4e x / 2 = 8 De x > /2 - 4e x ! 2 = 4e a '< 2 - 4e x / 2 = 0 

13 . (D—2)(D+b) (e 2x +3e _5x ) = (D-2)(2e 2x -lbe~ 5x +5e 2x +15e- 5x ) = (D-2)7e 2x = 14e 2x -l 

14 . (D 2 + 64) (2 cos 8a: — 5 sin 8a:) = Z>(—16 sin 8a: — 40 cos 8a:) + 64(2 cos 8a: — 5 sin 8a:) 

= —128 cos 8a: + 320 sin 8a: + 128 cos 8a: — 320 sin 8x = 0 

15 . D 4 because of a: 3 16 . D !> because of x 4 

17. D(D — 2) because of 1 and e 2x 18 . D 2 (D — 6) 2 because of x and xe 6x ’ 

19. £) 2 -i-4 because of cos 2a: 20. D(D 2 4- 1) because of 1 and sin a: 

21. D 3 (D 2 + 16) because of x 2 and sin 4a: 

22. D 2 (D 2 + 1)(D 2 + 25) because of x, sin a:, and cos 5a: 

23 . (D + 1)(D — l) 3 because of e~ x and x 2 e x 

24 . D(D — 1 )(D — 2) because of 1, e x , and e 2x 

25. D(D 2 — 2D + 5) because of 1 and e x cos 2x 

26 . (D 2 + 2D + 2) (D 2 — 4 D + 5) because of e~ x sin x and e 2x cos x 

27. 1, x, x 2 . a: 3 , a: 4 

28. D 2 + W = D(D + 4); 1, e" 4 * 

29 . e Gx , e -3 */ 2 

30 . D 2 —9D —36 = (D- 12)(D + 3); e v2x ,e~' Sx 

3 1. cos y/b x , sin \/b x 

32. D 2 - 6Z> + 10 = D 2 - 2(3)D + (3 2 + l 2 ); e 3;r cos x, e 3x sin x 

33 . D 3 - 10 D 2 + 2bD = D(D - 5) 2 ; 1, e 5x , a:e 5x 

34 . 1. x, e 5x , e 7x 

35 . Applying D to the differential equation we obtain 

D(D 2 - 9 )y = 0. 
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Then 

y = ae 3x + C2 C~ 3x + C’3 

V- ...—■/ 

2/e 

and y p = A. Substituting y p into the differential equation yields —9 A = 54 or A = —6. The general 
solution is 

y = cie 3x T C2e~' Sx — 6. 

Applying D to the differential equation we obtain 

D(2D 2 -7D + 5 )y = 0. 

Then 

y = cie ox / 2 + C2e x + C3 

'-v-' 

Vc. 

and y p = A. Substituting y p into the differential equation yields 5-4 — —29 or A = —29/5. The 
general solution is 


y = cit ox ^ 2 + C2e * —— . 

5 

Applying D to the differential equation we obtain 

D(D 2 + D)y = D 2 (D + 1 )y = 0. 

Then 

V = Cl + C2C~ X + c$x 

Vc 

and y p = Ax. Substituting y p into the differential equation yields A = 3. The general solution is 

y — ci + cgc 3x + 3x. 


29 


Applying D to the differential equation we obtain 

D(D 3 + 2 D 2 + D)y = D 2 {D + 1 ) 2 y = 0. 

Then 

y = ci + co.e~ x + c^xe~ x + c\x 

V--=---- 

y<: 

and y p = Ax. Substituting y v into the differential equation yields A = 10. The general solution is 

V = c\ + c 2 e~ x + c-^xe~ x + lOx. 

Applying D 2 to the differential equation we obtain 

D 2 (D 2 + 4D + 4 )y = D 2 (D + 2 fy = 0. 
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Then 

y = c\e~ 2x 4 - C 2 xe~‘ 2a + C3 + c^x 

^ v—' 

Vc 


and y p = Ax + B. Substituting y p into the differential equation yields 4Ax + (4 A + 4B) 
Equating coefficients gives 

4 A = 2 


4A + 4B = 6 . 


Then A = 1 / 2 , B = 1. and the general solution is 

y = eie _2a: + C2xe~ 2x + + 1. 

40. Applying D 2 to the differential equation we obtain 

D 2 {L ) 2 + 3 D)y = D S (D + 3 )y = 0. 


Then 


—’Vr 9 

y = ci + c 2 e + C 3 .T + C 4 .- 2 : 

^ V ^ 

Vc 


and y p = Ax 2 + Bx. Substituting y p into the differential equation yields 6 Ax -f (2A 4 - 3 B) 
Equating coefficients gives 

G,4 = 4 


2 A + 3B = -5. 

Then A = 2/3, B — —19/9, and the general solution is 


-3x 


19 


y = ci + c 2 e J + -xT - —x. 

6 y 

41. Applying D :i to the differential equation we obtain 

D 3 (D 3 + D 2 )y = D'\D + 1 )y = 0. 

Then 

y - ci + C2X 4 - c-se~ x 4 - C4X 4 4 - cr,x 3 4 - cqx 2 

s " ' —v y 

Vc 

and y p = Ax ' 1 4 - Bx 3 + Cx 2 . Substituting y p into the differential equation yields 

12 Ax 2 4- (24A + 6 B)x + ( 6 B + 2C) = 8 x 2 . 

Equating coefficients gives 

12A = 8 


24A + 6 B= 0 
6 B + 2C = 0. 


168 



Exercises 4.5 Undetermined Coefficients - Annihilator Approach 


Then A — 2/3, D = —8/3, C = 8, and the general solution is 

—t 2 4 8 o o 

y = ci + C2X + C36 + -a: - -ar + 8ar. 

Applying D 4 to the differential equation we obtain 

D 4 (D 2 - 2D + l)y = D 4 (D - l) 2 y = 0. 


then 


y - cie' 1, + C2xe + C33; 3 -f tqa' 2 + C5X + eg 

'-v-' 

Vc 


r.,ixd ijp = Aa; 3 + Bx 1 + Cx + E. Substituting y p into the differential equation yields 
Ax 3 + (D - 6 A)x 2 + (6 A - 4D + C)x + (2D - 2 C + E) = x 3 + Ax. 


equating coefficients gives 

A = 1 
D - 6A = 0 
6A - 4D + C = 4 


2D - 2C + E = 0. 

Then A = 1, D = 6. C = 22, E = 32 . and the general solution is 

y - c.\e x + c. 2 xe x + x 3 + 6a; 2 + 22a; + 32. 


Applying D — 4 to the differential equation we obtain 

(D — 4)(D 2 — D — 12) y = (D - 4) 2 (D + 3)y = 0. 

Then 

y = ci e 4i: + o?e~ 3x + c-yxe 4x ' 

'-^' 

Vc. 

,-.;k1 y p - Axe 4 *. Substituting y p into the differential equation yields 7Ae 4x — e 4,: . 
. j efficients gives A = 1/7. The general solution is 

y = c\e ix + C 2 e~ 6x + ^xe 4x . 

Applying D — 6 to the differential equation we obtain 

(D - 6)(D 2 + 2D + 2)y = 0. 


. ;ien 


V = 


e x (a cos x + C 2 sin x) + esc 6 * 


V<: 


Equating 
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and Up = Ae ()X . Substituting y p into the differential equation yields 50 Ae 6x = oe &x . Eq . 
cocfficients gives A = 1/10. The general solution is 

y = e~ x (c\ cos x 4- C 2 sin x) + 

45. Applying D(D — 1 ) to the differential equation we obtain 

D(D - 1 )(D 2 -2D- 3 )y = D(D - 1)(D + 1 )(D - 3 )y = 0. 

Then 

y = Cie' te + C 2 e~ x + C:ie x + c 4 
Vc 

and y p = Ae x + 5. Substituting y p into the differential equation yields —4 Ae x — SB = 4 - 
Equating coefficients gives A = — 1 and B = 3. The general solution is 

y = ae 3x + c. 2 e~ x - e x + 3. 

46. Applying D 2 (D + 2) to the differential equation we obtain 

D 2 (D + 2 )(D 2 + QD + 8 )y = D 2 {D + 2) 2 (D + 4)y = 0. 

Then 

y = pie~ 2x + C 2 e" 4x + c^xe~ 2x + c 4 x + eg 

Vc 

and y ? , = Axe -2 ® + Bx + C. Substituting y p into the differential equation yields 

2Ae + 8 Bx ( 6 B + 8 C) = 3e 2 ® + 2x. 

Equating coefficients gives 

2A = 3 


8 B = 2 


QB + 8 C = 0. 

Then A = 3/2, B — 1 / 4 , C = —3/16 , and the general solution is 

y = cie~ 2x + c?e~ 4x + \xe~ 2x + -x - —. 
y 2 4 16 

47. Applying D 2 + 1 to the differential equation we obtain 

(£> 2 + l)(D 2 h25)y = 0. 


Then 


y — pi cos 5x + c ‘2 sin bx + C 3 cos x -h c 4 sin x 

yo 


170 



Exercises 4.5 Undetermined Coefficients - Annihilator Approach 


and y p = A cos x + B sin x. Substituting y v into tlie differential equation yields 

24.4 cos x + 24 B sin x = 6 sin x. 

Equating coefficients gives A = 0 and B — 1/4. The general solution is 

c . . 1 . 
y — Ci cos ox + C 2 sm ox + - sin x. 

Applying D(D 2 + 1) to the differential equation we obtain 


Then 


D(D 2 + l)(D 2 + 4)y = 0. 
y = c\ cos 2x + C2 sin 2x + ca cos x + c^ sin x + cr> 


pc 

and y p = A cos a: + B sin x + C. Substituting y p into the differential equation yields 

3 A cos x + 3 B sin x + 4C = 4 cos x + 3 sin x — 8 . 

Equating coefficients gives A ~ 4/3. B — 1. and C = —2. The general solution is 

. . 0 4 . 

y = ci cos 2 x + C 2 sm 2 x + - cos x + sm x — 2. 

O 


Applying (D — 4) 2 to the differential equation we obtain 


(D - 4 ) 2 (D 2 + 6D + 9 )y = (D - 4) 2 (D + 3 fy = 0. 




Then 


y = CjC ,ix + c^xe 3:T \ + c^xe ix + 04 c 4 * 

!/c 


-nd y p — Axe 4x + Be 4x . Substituting y p into the differential equation yields 

4 9Axe 4x + (14A 4- 49B)e 4:c = -are 4 *. 

Equating coefficients gives 

49A - -1 
14A + 495 = 0. 

Then A = —1/49, B = 2/343. and the general solution is 


- 3 * 


y = c\e + coxe 


_ I 4 * 


X(t' L + 


2 


Ax 


49 343 ' 

Applying D 2 {D - l) 2 to the differential equation wo obtain 

D 2 (D - 1 ) 2 (D 2 + 3 D - 10)y = D 2 (D - 1 f{D -2 )(D + 5 )y = 0. 
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Then 


y = ci €~ x + C 2 e ox + c :i xe x + c^ x + c$x + cq 


and y p — Axe £ + Be x + Cx + E. Substituting y p into the differential equation yields 
-6Axe x + (5 A - 6 B)e x - 10 Cx + (3 C - 10 E) = xe x + a*. 


Equating coefficients gives 


- 6 A - 1 


5 A - 6B = 0 


-10C = 1 


3C - 10 E = 0. 


Then A = —1/6, B = —5/36, C = —1/10. E — —3/100, and the general solution is 

O rp _ Xm 1 « 0 « 1 3 

y = c\e + coe - xe' L -e- x - . 

y 1 ' 2 6 36 10 100 

•51. Applying D(D — l) 3 to the differential equation we obtain 


Then 


D(D - 1) 3 (£> 2 - 1)?/ = D(D - 1) 4 (£> + 1 )y = 0. 


y = ci e x + C ‘2 e x + osx' i e x + C 4 X 2 c x + cyxe x + cq 


and y p = Ax 3 e x + Bx 2 e x + Cxe x + E. Substituting y p into the differential equation yields 
6AtV + (6 A + 4 B)xe x + (2 B + 2 C)e x - E = x 2 e x -f 5. 


Equating coefficients gives 


6 A = 1 


6 A + AB = 0 


2B + 2C = 0 


-E = 5. 

Then A = 1/6, B = — 1/4, C = 1/4, E = —5, and the general solution is 

y = Cl e x + C 2 e~ x + ^x 3 e x - \x 2 e x + \xe x - 5. 

6 4 4 

■'2. Applying (D + l) 3 to the differential equation we obtain 

(D + 1) 3 (0 2 + 2D + 1)2/ ={D + 1 fy = 0. 
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Then 


y — c\e + coxe + c^x^e + c^x^e x + c§x 2 e 

, - -- 

Vc 


and y p = Ax 4 e x + Dx :i e x 4- Cx 2 e~ x . Substituting y p into the differential equation yields 

12 Ax 2 e~ x + 6 Bxe' x + 2 Ce~ x = x 2 e~ x . 

Equating coefficients gives A = B = 0. and (7 = 0. The general solution is 

y = cie _x + o 2 xe~ x + ~x*c 


\ „4„—x 
12 ' 


Applying D 2 — 2D + 2 to the differential equation we obtain 

(D 2 -2 D-i- 2)(D 2 - 2D + 5 )y = 0. 

Then 

y = e x (ci cos 2 x + c 2 sin 2 x) + e x (c^ cos x + C 4 sin £•) 

Vc 

-nd y p = Ae x cos x + Be x sinx. Substituting y p into the differential equation yields 

3Ae x cos x + 3 Be x sin x = e x sin x. 

Equating coefficients gives A = 0 and B = 1/3. The general solution is 

y = e x (ci cos 2x + c 2 sin 2x) + ^ e x sin x. 

Applying D 2 — 2D + 10 to the differential equation we obtain 

(D 2 -2D + 10) (d 2 + D + ^jy= (D 2 - 2D + 10) [d + y = 0. 


Tien 


V 


= c\e x - 2 + c 2 xe x ! 2 + C 3 e x cos3a; + C 4 e x sin 3x 


Vc 


- :icl y p = Ae x cos 3a; + Be x sin 3a:. Substituting y p into the differential equation yields 
(9 B - 27A/4)e x cos 3a; — (9A + 27B/4)e x sin 3a; = — e x cos 3a; + e x sin 3a;. 
Equating coefficients gives 

27 

-^-A + 9B = -1 
4 

27 

-9 A -—B = l. 

4 

Then A = —4/225, B = —28/225, and the general solution is 

28 


y = c\e x ' 2 + c 2 xe x ' 2 — —e 1 cos 3a; — ——e x sin3a;. 


225 


225 
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55. Applying D~ + 25 to the differential equation we obtain 

(D 2 + 25 )(D 2 + 25) = (D 2 + 25) 2 = 0. 

Then 

V = ci cos 5,r + co sin ox + c$x cos 5a + c^x cos 5x 

' - v ' 

Vc 

and }jp = Ax cos 5a: + Bx sin ox. Substituting y p into the differential equation yields 

IOjS cos 5a: — 10A sin 5a: = 20 sin ox. 

Equating coefficients gives A = —2 and B = 0. The general solution is 

y = ci cos 5a- + C 2 sin 5x — 2x cos 5a. 

56. Applying D 2 + 1 to the differential equation we obtain 

(D 2 +1 )(D 2 + 1) = (D 2 + l) 2 = 0. 

Then 

y — ci cos x + C 2 sin x + c^x cos x + c^x cos x 
v ^ ^ 

Vc 

and y p = Ax cos x + Bx sin a. Substituting y p into the differential equation yields 

2 B cos x — 2 A sin x — 4 cos x — sin x. 

Equating coefficients gives A = 1/2 and B = 2. The general solution is 

y — ci cos x + c -2 sin x + ^-x cos x — 2x sin x. 

£ 

57. Applying (D 2 + l) 2 to the differential equation we obtain 

(£> 2 + l) 2 (D 2 + D+l) =0. 

Then 

r /7T /IT 1 

+ C :3 cos x + c\ sin x + CoX cos x + cqx sin x 


e -*/2 

V3 

^ . V3 1 

Cl cos — a 

+ C 2 sin — x 





Vc 


iJ ^ 

and y }> — A cos x + B sin x + Cx cos x + Ex sin x. Substituting y v into the differential equatio 
(B + C + 2 E) cos x + Ex cos x + (—A -2C + E) sin x — Cx sin x = x sin x. 
Equating coefficients gives 

B + C + 2E = 0 
E = 0 

-A - 2C + E = (.) 

-C - 1. 
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Then A = 2, B = 1, C = —L and E = 0, and the general solution is 


y = e 


-x/2 


Vs 


. Vs 


Ci cos- X + Co Sill —— X 

2 2 


2 cos x + sin x — x cos x. 


Writing cos 2 a; = |(1 + cos 2 a:) and applying D(D 2 + 4) to the differential equation we obtain 


Then 


D(D 2 + 4 )(D 2 + 4) - D(D 2 + 4 ) 2 = 0. 
y = c\ cos 2 a; + c<i sin 2 a; + c-jx cos 2 a; + c^x sin 2x + c .5 


'!/<'■ 


and y p — Ax cos 2 x + Bx sin 2 x + C. Substituting y p into the differential equation yields 

1 1 

—AA sin 2 .t + AB cos 2x + 4C = - + - cos 2 a:. 

£ £ 

Equating coefficients gives A = 0. B — 1 / 8 . and C = 1 / 8 . The general solution is 

o . n 1 . ^ 1 

y - ci cos 2 a; + c ‘2 sin 2 x + -x sin 2 a; + -. 

8 8 

Applying D 3 to the differential equation we obtain 

£> 3 (D 3 + 8 D 2 ) = D 5 (D + 8 ) = 0. 

Then 

_Q O ‘i A 

y = Cl + C 2 X + C;iC + C 4 X + C 5 X 0 + CqX 

" --- ' 

yr. 

and y v = Ax 2 + Bx 3 + Cx 4 . Substituting y v into the differential equation yields 

16A + 6 B + (A 8 B + 2 AC)x + 96Cx 2 = 2 + 9a; - 6 a: 2 . 

Equating coefficients gives 

16A + 6 B = 2 
A 8 B + 2AC = 9 
96C = - 6 . 

Then A = 11/256, B = 7/32, and C = —1/16, and the general solution is 

y = c 1 + c 2 x + c 3 e-** + ^ - ±z*. 

Applying D(D — 1) 2 (Z) + 1) to the differential equation we obtain 

D(D - 1 f{D + 1 )(D 3 -D 2 + D- 1 ) = D(D - 1 f(D + 1 )(D 2 +1) = 0. 

Then 

y = cie x + C 2 cos x + C 3 sin x + (‘4 + c^e~ x + c$xe x + cjx 2 e x 

v . v 4 

yc 
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and i/p = A + Be x + Cxe x + Ex 2 e x . Substituting y v into the differential equation yields 

4Exe x + ( 2 C + 4 E)e x - 4 Be~ x - A — xe x - e~ x + 7. 

Equating coefficients gives 

4E = 1 


2 C + 4D = 0 
-4 B = -1 
-A = 7. 

Then A = —7. D = 1/4, C = — 1 / 2 , and D = 1/4. and the general solution is 

y = c\e x + co cos x + ca sin a,* — 7 + -e~ x — -xe: v + -x 2 e x . 

4 2 4 

61. Applying D 2 (D — 1 ) to the differential equation we obtain 

D 2 (D - 1 )(D 3 - 3D 2 + 3D - 1) = D 2 (D - l ) 4 = 0. 

Then 

y = Cje x + c,- 2 xe x + czx 2 e x \ + c .4 + c$x 4- cya?e x 

Vc 

and y v = A + Bx + Cx 3 e x . Substituting y p into the differential equation yields 

(—A + 3 B) -Bx + 6 Ce x = 16 - x + e*. 

Equating coefficients gives 

-A + 3 B = 16 
-B = -1 


6(7 = 1. 

Then A = —13, B = 1. and C = 1/6, and the general solution is 

y = c\e x + C 2 xe x + c$x 2 e x — 13 + x + \x A e x . 

6 

62. Writing ( e x + e~ x ) 2 = 2 + e 2x + e~ 2x and applying D(D - 2 )(D + 2) to the differential equar. 
obtain 

D{D - 2 )(D + 2)(2D 3 - 3D 2 - 3D + 2 ) = D(D - 2) 2 (D + 2)(D + 1)(2D - 1) = 0. 

Then 

y — cie~ x + C 2 C 2x + c-j,c x / 2 + C 4 + cr 0 xe 2x + c (i e~ 2x 
v -' 

Vc 
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and ijp - A + Bxe? x + Ce 2x . Substituting y p into the differential equation yields 

2 A + 95e 2x - 20 Ce~ 2x = 2 + e 2x + e~ 2x . 

Equating coefficients gives .4 = 1,5 = 1/9. and C = —1/20. The general solution is 

y = c lfi - x + c 2 e 2x + c 3 e x ' 2 + 1 + ^xe 2x - ^-e~ 2x . 

y u 

Applying D(D — 1 ) to the differential equation we obtain 

D(D - 1)(5 4 - 2 D 3 + D 2 ) = D Z (D - l ) 3 = 0. 


Then 


y = ci + c 2 x + e 3 e J + cyxeA + eye 2 + c.qx :*e 


,2 xx 


<Jc 


and y p = Ax 2 + Bx 2 e x . Substituting y p into the differential equation yields 2A + 2 Be x = 1 + e x . 
Equating coefficients gives A = 1/2 and B = 1/2. The general solution is 

y = ci + C 2 X + c%e x + c‘ 4 xe x + ^x 2 + \ > x 2 e x . 

£ £ 

Applying D 3 (D — 2 ) to the differential equation we obtain 

D 3 (D - 2)(5 4 - 4J9 2 ) = D 5 {D - 2) 2 {D + 2) = 0. 

Then 

y = Cl + C‘ 2 X + C 3 C 2x + C 46 ~ 2x + CSX 2 A CqX 3 A CjX 4 A Cgxe 2x 

'-V-' 

Vc 

and y p = Ax 2 + Bx s A Cx 4 + Exe? x . Substituting y p into the differential equation yields 

(-8.4 A 24C) - 24 Bx - 48GV 2 + 16 Ee 2x = 5a ' 2 - e 2x . 

Equating coefficients gives 

-SA A 24 C = 0 


-245 = 0 
-48C = 5 


165 = - 1 . 

Then A = —5/16, 5 = 0 , C = —5/48. and E — —1/16, and the general solution is 


K 

O rr _9-r v 9 u A T O r 

V = Cl A c 2 x A ege" A c 4 e " x - —a; - — x - —are 1 . 

16 48 16 


5 „4 
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65. The complementary function is y c — c\e Sx + c.^e &x . Using D to annihilate 16 we find y p = 
Substituting y p into the differential equation we obtain —64A = 16. Thus A = —1/4 and 

y = + cie- 8 * - i 

y' = 8 cie 8x — 8 c 2 e _8s . 


The initial conditions imply 


Thus ci = C 2 = 5/8 and 


ci + C-2 


8ci - 8C2 — 0. 


5 Oj 5 o x 1 

y = -e, + -e -. 

y 8 8 4 


66 . The complementary function is y c = Ci + C 2 e~ x . Using D 2 to annihilate x we find y p — Ax - 
Substituting y p into the differential equation we obtain (A + 2 B) + 2Bx = x. Thus A = 

D = 1/2, and 

y = ci + C2e~ x - x + \x 2 


The initial conditions imply 


y' = -C 2 fi x - 1 + x. 


ci + C 2 = 1 


Thus ci = 2 and C 2 — —1, and 


-Q2 = 1 . 


V = 2 -e x -x + -x 2 . 


67. The complementary function is y c = ci +C 2 e 0X . Using D 2 to annihilate x — 2 we find y p - Ax —- 
Substituting y p into the differential equation we obtain (—5A+2Z?) — lOBx — —2+x. Thus A = 
and B = —1/10, and 


y = ci + C2e ,] 


9 1 2 

25 ^ 10* 


The initial conditions imply 


y' = 5c 2 e ox + ^ - lx. 

2 o o 


ci + C2 = 0 
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Thus ci = —41/125 and C 2 = 41/125, and 


V = 


41 | 

' 125 + 125 


41 ^ 9 1 o 

c + ^=x - —xr. 


25 


10 


The complementary function is y c = c\ e x + c 2 e~ (>x . Using D — 2 to annihilate U)e 2x we find 
y p = Ae 2x . Substituting y p into the differential equation we obtain 8 Ae 2x = 10e 2x . Thus A = 5/4 
and 


y = c 1 e x + c 2 e- (ix + ^e 2x 


The initial conditions imply 


y' = Qe x - §c 2 e~ Qx + ~e 2x . 

Cl + C2 = 4 

r 3 

Cl -6C2 - --. 


Thus ci = —3/7 and C 2 = 5/28, and 


-e x 4- — e~ 6x + -e 2x 
7 28 + 4 6 


The complementary function is y c = c\ cos x + c- 2 sinx. Using (D 2 + 1 ){D 2 + 4) to annihilate 
8 cos 2.x — 4 sin x we find y p = Ax cos a: + Bx sin x + C cos 2x + E sin2x. Substituting y p into the 
differential equation we obtain 2 B cos x — 3 C cos 2x — 2A sin x — 3 E sin 2x = 8 cos 2x — 4 sin x. Thus 
.4 = 2, B = 0, C = -8/3, and £ = 0, and 


y = c\ cos x + C 2 sin x + 2x cos x — - cos 2x 

o 


16 


y' — — ci sin x + C 2 cos x + 2 cos x — 2x sin i + —■ sin 2x. 

o 


The initial conditions imply 


8 

c 2 + - = -l 
—Cl — 7T = 0. 


Thus ci — —7r and C 2 = —11/3, and 


11 . n 8 

y = — 7 r cos x —— sin x + 2x cos x — - cos 2x. 

o o 


The complementary function is y c = ci + c 2 e x + c^xe x . Using D(D — l)’ 2 to annihilate xe x + 5 
we find y p — Ax + Bx 2 e x + Cx A e x . Substituting y p into the differential equation we obtain 
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A + (25 + QC)e x + 6 Cxe x = xcf + 5. Thus A = 5, 5 = - 1 / 2 , and C = 1/6, and 

y = c\ + C2e x + o i xe x + 5 x - ^ xre x 4- ^.r 3 e x 
lj = 026* + 03(2^* + e x ) + 5 — xe x + ^x 3 e x 
y" = c.2e x + cz(xe x + 2 e x ) — e x — xe x 4- ~x 2 e x + ^x 3 e*. 

Z O 

The initial conditions imply 

Cl + C 2 = 2 

C2 + C 3 + 5 = 2 
C2 + 2 C 3 — 1 = — 1 . 


Thus ci = 8 , C 2 = — 6 , and 03 = 3, and 


* - 1 - -J- — - r 2 * x + -x*e x . 


y = 8 — 6 e + 3a’e + ox — -x~e 


1 

6 : 


71. The complementary function is y c = e 2x (ci cos 2 .r + 02 sin 2a:). Using 5 4 to annihilate . 
find y v = A + 5a: + Ch -2 + Ex 3 . Substituting y p into the differential equation we c 
i8.4 - 45 + 2 C) + (85 - 8 <C + QE)x + ( 8 C - 12 E)x 2 + 85a; 3 = a: 3 . Thus A = 0, 5 = 
C = 3/16, and E — 1/8, and 


y = e 2x (ci cos 2a: + C 2 sin 2a;) + J-a; + ^-a: 2 + ^a: 3 

62 lb o 

yi _ e 2x ^ ^ cos 2x - 2 sin 2a;) + C 2 (2 cos 2a; + 2 sin 2a - )] + 47T 4" ^a; + ^a; 2 • 

O.Z o 


3 3 . 3 2 


The initial conditions imply 


Thus ci = 2 , C 2 = —3/64, and 


2ci + 2 c2 + 



2 T/ _ „ 3 . „ . 3 3 2 1-1 

y = e (2 cos 2 a: - — sm 2x) -f —a; + — ah + gX 3 . 


_ he complementary function is — ci + C2X + C3X 2 + C4e x . Using D 2 (D — 1) to anu: 
— e x we find y p - Aa : 3 + 5a : 4 + Cxc x . Substituting y p into the differential equation we ■ 
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- 6 A + 245) - 24 Dx + Ce x =x + e x . Thus A = -1/6, D = -1/24, and C = 1 , and 

y = c\ + C 2 X + C 3 X 2 + c 4 c x - ~x 3 - ^-x 4 + xe x 

0 24 

y - c 2 + 2 C 3 X + c,ie x - ^x 2 - ^x 3 + e x + xe x 

y" - 2 ca + C 4 (‘ x — x — + 2 + 2 e x + xe x . 

£ 

y tn — c,\e x — 1 — x + Se x + xe x 
The initial conditions imply 

ci T C 4 — 0 
C2 + C 4 + 1=0 
2 c 3 + C 4 + 2 = 0 
2 + C 4 = 0 . 

Thus c*i = 2, C2 = 1, C.3 = 0. and C 4 = — 2 ? and 

y = 2 + x — 2 e x — l® 3 — x 4 + xe x . 


_o see in this case that the factors of L do not commute consider the operators (xD — l)(D + 4) 
-:;d (D + 4 )(xD — 1). Applying the operators to the function x we find 


(xD - 1 ){D + 4)x = {.xD 2 + 4 xD -D-4)x 
= xD 2 x + 4 xDx — Dx — Ax 
= x(0) + 4a;(l) — 1 — 4x — — 1 


-.ad 


(.D + 4 )(xD — l)a: — (D + 4) (xDx — x) 


— (D + 4)(x ■ 1 — x) = 0. 


. bus, the operators arc not the same. 
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Variation of Parameters 


The particular solution , y p — u\y\ 4- u^y^. in the following problems can take on a variety of 
especially where trigonometric functions are involved. The validity of a particular form can 
checked by substituting it back into the differential equation. 


1. The auxiliary equation is mr + 1 = 0, so y c = c\ cos x + C 2 sin x and 

cos x sin x 


W = 


sin a; cos a; 


= 1 . 


Identifying /(rc) = sec re we obtain 


u\ 


sm re sec re 


U‘2 — 


1 


cos x sec x 


= — tan x 


= 1 . 


Then uj = In | cos x \. 112 = x, and 

y — ci cos rc + C 2 sin x + cos x In | cos rc| + x sin x. 

2. The auxiliary equation is m 2 + 1 = 0, so y c = c\ cos re + c *2 sinre and 


W = 


cos rc sin x 
— sin re cos x 


= 1 . 


Identifying /(re) = tan x we obtain 


u\ = — sin rc tan rc = 


cos 2 rc — 1 


cos x 


= cos x — sec x 


u -2 = sm rc. 

Then ui = sin a; — In | secrc + tanrc|, 112 = — cosrc, and 

y = cj. cos rc + C 2 sin rc + cos x (sin x — In | sec x + tan rc|) — cos x sin x 
— a cos x + C 2 sin x — cos x In | see x + t.a.n x\. 

3. The auxiliary equation is rri 2 + 1 = 0, so y c = Ci cosrc + C 2 sin x and 


W — 


cos x sm x 
■ sin rc cos x 


- 1. 
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Identifying f(x) = sin a; we obtain 


u i = — sirr x 


U<) = cos x sin x. 


Then 


1 . 0 1 1 . 1 
ill — -sm2 x — -x = -sm xcoax - x 


2 2 


1 2 

U 2 = — - cos x. 


1 • 2 1 1 2 
y = ci cos a; 4- C 2 sin x + - sm x cos x — -x cos x — - cos x sin x 


= Cl COS X + C2 Sill X — -x cos X. 

z 


4. The auxiliary equation is m 2 + 1 = 0 . so y c = c\ cos x -j- C 2 sin x and 


cos x sin x 

W = I = 1 . 

I — sin x cos x 


Identifying /(x) = secx tan x we obtain 


u'i = — sin x(sec x tan x) = — tan 2 x = 1 — sec 2 x 
*4 = cosx(seextanx) = t.anx. 


Then ui = x — tanx. u -2 = — In | cosx|, and 


y = ci cos x + C 2 sin x + x cos x — sin x — sin x In | cos x| 
= ci cos x + C 3 sin x + x cos x — sinx In I cos xl. 


•5. The auxiliary equation is m 2 + 1 = 0, so y c = ci cos x + C 2 sinx and 


cosx sms ^ 
— sin x cos x | 


Identifying f(x) = cos 2 x we obtain 


u'i = — sin x cos 2 x 


?4 = oos 3 x = cos x (l — sin 2 x 
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Then u\ = i cos 3 x, 112 — sin a; — A sin 3 x, and 


y = ci cos x + C 2 sin x + ^ cos 4 x + sin 2 x — ^ sin 4 x 

o o 


ci cos x + c '2 sin x + ^ (cos 2 x + sin 2 xj (cos 2 x — sin 2 a:) + sin 2 x 


c) + si 


. 1 9 2 . 9 

= Cl COS X + C2 Sill x + - COS" X + - sin X 

O O 

1 1 • 2 

= Cl COS X + C2 Sin :£+- + - Sill X. 

o o 


6. The auxiliary equation is rri 2 + 1 = 0, so y c = ci cos x + C 2 sin x and 


W = 


Identifying f(x) = sec 2 x we obtain 


Then 


cos x sin x 
— sin x cos x 


, sin a; 

u i =- T~ 

cos z X 


u 2 = sccx. 


u\ =-■ — sec x 

cos a: 


■u-2 = hi sec x + tan x \ 


y = c\ cos x + C 2 sin x — cos x sec x + sin x In | sec x + tan x 


= ci cos x + C 2 sin x — 1 + sin x In | sec x + tan x| 
r. The auxiliary equation is m 2 — 1 = 0. so y c = ci e x + C 2 &~ x and 


W = 


I e x e~ x 


e x —e~ x 


- - 2 . 


Identifying f(x') = cosh x = |(e x 4- e x ) we obtain 


Then 


/ ^ — 2r 1 

“i = i e +j 

= -i - b 2x . 

4 4 


1 —2r 1 

Wl “ _ 8 e + l X 

1 2x 1 

•U 2 = ~gC * - ^ 
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y = cje x + c 2 e x - * + ^xe x - ^e x - ^xe x 

1 


= C3e x + C 4 e x + -x(e x — e x ) 


— C3e x + C4e x + -x sinhx. 

£ 

he auxiliary equation is to 2 — 1 = 0 . so y c = c-ie x + c 2 e~ x and 


W = 


e x e~ x 


e x —e x 


= - 2 . 


identifying f(x) = sinh 2 x we obtain 


/ 1 —3a; f x 

u\ = —-e + -e x 
4 4 


_ ::en 


4 = \e~ x - \e* x . 
4 4 


Ul = T2 e 3x + \ &X 


-d 


uo = -~e~ x - —e 3x 
U2 4 6 12 6 ’ 


y = Cie* + ci <T* + -te - 21 + ip. 2 -' - je “ 21 - ie 2 * 


-cie^ + cae-' + Vc^-e- 21 ) 


= cie x + C 2 e x + - sinh 2x. 

O 


"he auxiliary equation is m z — 4 = 0, so y c — c\e ix + c 2 e 2x and 


W = 


e 2x e —2s ,• 


2 e 2x -2 e~ Zu 


-2s 


= -4. 


identifying /(x) = e 2x /x we obtain 4 = l/4x and u' 2 = —e 4x /4x. Then 


u\ = - In |x|, 


U2 


=-\ r$* 

4 J So t 




y = cie 2x + C 2 e ix + 7 e zx In \x\ — e 


-2s 


1 


2s i 


,- 2 ® 


rx e 4t \ 

Zo T *) ’ 


xo > 0. 
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-9 = 0, so y c = c\& 

ix -h C 2 e 

i e 3x 

IT/ • 

e - 3 ;r 

It = ! q 

; 3e 3x - 

3e _3x 

obtain u[ = |x - e -6:r 

and u '<2 -■ 

1 —6 

lX 1 

Wl = ~24 6 

‘- xe 

4 

U 2 = 

4 



y -- ae^ x + c 2 e 3x ——e 3x — ^-rre 3x — -x 2 e 3x 

24 4 4 


= cie 3x + c 3 e- 3x - ^xe~* x (l - 3®). 


11. The auxiliary equation is m 2 + 3m + 2 = (m + l)(m + 2 ) = 0 , so y c = cie x + C 2 e 2x and 

e" x e" 2x | .. 

W= _ , ' = —e -3 . 

—e x —2e 2x \ 

Identifying f(x) = 1/(1 + e x ) we obtain 


1 + e x 

/ e 2x e a: 

2 1 + e* 1 + e* 

Then ui = ln(l + e x ), u 2 — ln(l + e x ) - e x , and 

y = Cl e~ x + c 2 e~ 2x + e“ x ln(l + c x ) + e~ 2x ln(l + e x ) - e“ x 

= C 3 e“ T + C 2 e _2x -f (1 + e _x )e _x ln(l + e x ). 

12. The auxiliary equation is m 2 — 2m + 1 = (m — l) 2 = 0, so y c = cie x + c 2 xe x and 

e x xe x 0 „ 

W= = e 2 . 

e x xe x + e x 


Identifying f(x) = e x / (l + x 2 ') we obtain 


7 ? 7 * 

xe: e 


Ul e 2x {l + x 2 ) lTx 2 


e 2x (l + x 2 ) 1 + x 2 ' 
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Then u\ = —-5 In (l + x 2 ), 112 = tan 1 x. and 

y = cie x + C 2 xe x — ^e x In (l + x 2 J + xe x tan -1 x. 

The auxiliary equation is m 2 + 3m + 2 = (ra 4- l)(m + 2) = 0. so y c = c\e~ x + C 2 e _2x and 

~ 2x 1 


w = 

Identifying f(x) = sin e x we obtain 


e e 

—e~ x -2e~ 2x 


—e 


— 3 x 


, e~ 2x sin e x x . T 
U l= .-3x =e Slne 


. e x sin e x 

v -2 —-= —e sm e. 


-3x 

Then u\ = — cose 1 ', U 2 — e x cose x — sin e x , and 

y — c\c~ x + C 2 t~ 2x — e~ x cos e x + e~ x cos e x — e~ 2x sin e x 

= cie -x + C 2 e~ 2x — e~ 2x sin e x . 

The auxiliary equation is m 2 — 2 m + 1 = (m — l) 2 = 0, so y c = cie f + c^te* and 

I e l te f 


W = 


e l te* + e* 


= e 2 ‘. 


I lentifying f(t) = e tan 1 1 we obtain 


«i = -- 


*eV tan -1 1 


e 


2t 


= —ttan t 


■u 2 


e t e t tan 1 1 


c2t 


= tan 1 1. 


. lien 


u\ 


1 +1 2 - 1 , t 

— trn t + - 


-.nd 


U 2 = t tan 1 1 — i In (l + t 2 ) 

y = cie* + C 2 te t + ^-— tan -1 1 + e* + tan -1 1 — ^ In (l + te!' 

1 

= cie* + c-ste 1 + -e 1 [(t 2 — l) tan“ l t - In (l + £ 2 ) . 


The auxiliary equation is rn 2 + 2m + 1 = (m + l) 2 = 0, so y c — c\e~ f ‘ + C 2 te~ t and 

e~ l te~* 

-e~ f — te~ t + e" 


W = 


- e 


-2 1 
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Identifying f(t ) = e f In t we obtain 


u[ 


te t e Hut 
--2 1 


= —tint 


Then 


. e t e 1 In t 
“2= e - 2t = hlt - 


1 2l 1 2 
ui = —-t 2 lnt + -r 


and 


?i2 = t In t — t 


y = c\e t + c 2 te t — ^t 2 e Hnt + -^t 2 e L +t 2 e Hnt —t 2 e 1 

2 4 


= cie - ' + c 2 te~ l + ^e~ l Int - ^tV 
2 4 

16. The auxiliary equation is 2m 2 + 2m + 1 = 0, so y c = e~ x/2 [c\ coa(x/2) + c 2 sin(a;/2)] and 


-i , ! + 2 + 3 + 2 ,-t 


IV = 


e x/2 cos — 
2 


e H 2 sin 


1 _*/o 1 /o . 1 _, r /o X 1 ,v. /o . X 

~-e x ' - cos - — -e sill - -e z cos - - -a 1 sm - 

2 22 22 22 2 


= 2 6 


Identifying f(x) = 2y/x we obtain 


, e x ' 2 sm(x 2)2*Jx w x 

u\ =- —hr 1 = -4e? ll y/x Sin - 

1 e ~ x / 2 2 


Then 


and 


, e x / 2 cos(.x/ 2 ) 2 v/x 
=- 




C ^J75- : = 4e*/ 2 v5cos- 


til 


«2 


= — 4 / e t,/2 \/t sin ^ dt 
Jx o 2 

— 4 / e i/2 \/tcos ^ dt 

■Ax'o 2 


y = e x/,2 (eicos^ + C2sin^) — 4e H 2 cos ^ / e t//2 \/tsin ^ dt + 4e :c/2 sin^ f e t/2 \/i 
'2 2 7xo 2 2 7xo 

17. The auxiliary equation is 3m 2 — 6m + 6 = 0, so y r — e z '(ci cosx + C2 sin x) and 


CO.- 


W = 


e x cos x 


e x sin x 


e x cos x — e x sin x e x cos x + e x sin x 


= e 


2x 
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Identifying f(x) = |e x sec a; we obtain 


, (e :V sin x)(e x sec x) /3 1 

«i = “- % -— = -3 

, _ (e x cos x) (e x sec x) j 3 _ 1 
u 2 - ^ “ 3 ’ 


Then u.\ — i In (cos a;). U 2 = 4 x, and 


.,1 .1 

y = C\e x cos x + C2e x sin x + - ln(cos x)e x cos x + -xe x sin x. 

3 3 


W = 


= e x . 


The auxiliary equation is 4m 2 — 4m + 1 = (2m — l ) 2 = 0 . so y c = c\e x /‘ 2 + C 2 xe x/2 and 

e x/2 xe x/2 

l e x/2 l xe ,/2 + eX /2 

Identifying fix) = |e :Cy/2 vT — x 2 we obtain 

xe x / 2 e r 'l 2 \/l — x 2 1 

T 


«1 = 


W 2 = 


4c 1 

e x ! 2 (f/ 2 \f\ — x 2 1 


= - Wl - * 2 


4e* 


- = iVl-^ 2 - 


To find Hi and «2 we use the substitution u - 1 — x 2 and the trig substitution x = sin 0, respectively: 


U\ 


x r “ 1 . 1 

«2 = w v l — ^+o sm x. 

O 8 


Thus 


= c\e x i 2 -j- C 2 xe x ' 2 + -77 e ^ 2 (l - .r 2 ) 3/2 + \x 2 e xi2 \jl - x 2 + \xe x!2 si 

12 ' ' o 0 


sm 1 z. 


The auxiliary equation is 4m 2 — 1 = (2m — l)(2m + 1) = 0 , so y c = cie x / 2 + C2C x / 2 and 


W = 


0 x /2 


x/2 


l e x/2 _I p -x/2 
1 2 t ' 2 e 


= - 1 . 


Identifying /(sc) = xe x ^ 2 fA we obtain = sc/4 and ?4 — —xe x /A. Then u\ = r 2 /8 and 
2 = —xe x /4 + e x /4. Thus 

y = c.\e x ' 2 + C 2 e~ X/>2 + \x 2 e x/2 — ~-xe x ^ 2 + -e X/2 

0 4 4 

= c^e x ‘ 2 + C 2 (~ x/2 + \x 2 e X/2 — -xe x - 12 


And 


1 / = —C3e x / 2 — lc‘)C 4- —x 2 e x ! 2 4- ^-x<> x ' 2 — -e*/ 2 . 


2 -c 2 e /_ + —sre x/ + -xe- 1 
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The initial conditions imply 


t '3 — 02 =1 

1 1 1 
2 C3 ~ 2° 2 “ 4 = °- 


Thus C 3 = 3/4 and C 2 = 1/4, and 


3 „./■> 1 


V ~ + T e_ + 7^ 


*/2 i 1-2 _*/i 


,W 2 


-,ne' 


4" '4" ' 8 ‘ " 4" 

20. The auxiliary equation is 2 m . 2 + m — 1 = ( 2 m — l)(m + 1) = 0 . so y c = cj e x ' 2 + C 2 C~ X and 


W = 


qX-J2 £ »£■ 

1^/2 _ r -a- 

2 1. i. 


= -- e ~ x/2 . 


Identifying f(x) = (x + 1)/2 we obtain 


u\ = -e ‘ t/2 (.t + 1 ) 


u 2 


4 — — rC x (.X' + 1). 


Then 


Thus 


and 


«i = -e x/2 - 2 

1 T 

U 2 = ~ 2 X€ - 


y = c\e x/2 + c- 2 e x — x-2 

„' = I c , e */2-c 2e -*-l. 


The initial conditions imply 


Thus ci = 8/3 and C 2 = 1/3, and 


Cl — C2 — 2 = 1 


-ci - c 2 - 1 = 0 . 


y = V 2 + L- - x- - 2. 


21 . The auxiliary equation is m 2 + 2m — 8 — (m — 2 )(m + 4) = 0 . so y c = cie 2x + C 2 C 4i ‘ and 


W = 


e 2x e~ 4x 
2e Zx -4e~ 4x 


= —6e~ 2x . 
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Identifying f(x) = 2e 2x — e x we obtain 


Then 


u\ = 4iC — \e 3x 


<4 = T 3 * - T 2 *. 

6 3 


Ml = + rs e ~ 3 ° 


v = c , e 2x + roe -421 - — e~ 2x + — e ~ x + — e~ x - -e~ 2x 
y ere +c 2 c l2 t + lg e + lg e ^ 


— c\e 2x + 02 e 4x - -e 2x + -e x 


y' ~ 2c\_e lx - 4c 2 e 4a; + ~e 2x - ^e' 


'he initial conditions imply 


Cl+ C2 "36 =1 


2ct - 402 + — = 0. 


-hus d = 25/36 and C 2 =4/9. and 


25 2r 4 _4._ 1 1 

>= 36 e ' + 9 e *’ + 5* '• 

The auxiliary equation is m 2 — 4m + 4 = (in — 2) 2 = 0, so y a - c\c 2t + coxe 2x and 

‘2x 2x 

W = = ( /1x 

2e 2x 2 xe 2x + e 2a: 


= 


Identifying f(x) = (l2x 2 - 6a;j e 2x we obtain 


v,\ = 6x 2 - 12x 3 
«2 — 12a; 2 — 6x\ 


u\ = 2.x 3 — 3a; 4 


U 2 = 4a; 3 — 3a: 2 . 
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Thus 

y = Cl e 2x + c 2 xe 2x + (2:r 3 - 3.x 4 ) e 2x + (4.x 3 - 3x 2 ) xe 2x 
= ci e 2x + c 2 xe 2x + e 2x (x 4 - x 3 ) 

and 

y — 2c\e 2x + C 2 (2xe 2x + e 2x ) + e 2x (4x 3 - 3x 2 ) + 2e 2x (x 4 - x 3 ) . 
The initial conditions imply 

ci =1 
2ci + c 2 = 0. 

Thus ci = 1 and C 2 = — 2. and 

y — e 2x - 2xe 2x + e 2x (x 4 - x 3 ) •• e 2x (x 4 - x 3 - 2x -F l) . 

23. Write the equation in the form 

y " + \ V ' + ( X _ 4?) V = ^ 

and identify ,/(x) : x -1 / 2 . From y\ = x -1 / 2 cosx and y 2 = x -1 / 2 sinx we compute 


W(yi,y 2 ) = 


x 1/2 COS X 


-1/2 o 


x "'“sinx 


Xow 

and 


-x 1 / 2 sinx—|x 3/2 cosx x 1 / 2 cosx-^x 3 / 2 sinx 


Ui = — sinx so u\ = cosx, 


Thus a particular solution is 


tt 2 = cosx so u 2 — sinx. 


y.p = X V2 CO g2 x _|_ x 1/2 s ' n 2 


and the general solution is 

y = cix -1 / 2 cos x + c 2 x -1 / 2 sinx + x~ 1/2 cos 2 x + x -1 / 2 sin 2 x 
= C]X _1/2 cos x + C2X _1//2 sinx + x“ 1/2 . 


24. Write the equation in the form 


,, 1 , 1 sec(ln x) 

y + -y + —y= 2 

X X z X i 


1 

X 


and identify /(x) = sec(lnx)/x 2 . From xji = cos(lnx) and y 2 = sin(lnx) we compute 


W = 


cos(lnx) sin(lnx) 
sin(lnx) cos(lnx) 


x 


x 


1 

x 


192 
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Xow 


and 


/ tan(lnr) 

«i =--- so = In ] cos(mr)|, 


x 


1 


u'o — — so u -2 = In x. 
x 

Thus, a particular solution is 

y p = cos (In x) In j cos(ln x) J + (In x) sin(ln x), 

and the general solution is 

y = ci cos(ln x) + 02 sin(ln x) + cos(ln x ) In | cos(ln x) | + (In x) sin(ln x). 
The auxiliary equation is m 3 + m = m(rn 2 + 1) = 0, so y c = c.\ + co, cos x + c .3 sin x and 

= 1 . 




1 

COS X 

sin x 


w = 

0 

— sin x 

cosx 



0 

— COS X 

— sin x 

Identifying f(x) = tan x we obtain 






0 cos X 


sin a: 



u[ = W] = 

0 — sin x 


cos X 

= 

tan x 


tan x — cos x 

— 

sin x 




1 0 sin x 




II 

II 

(N 

3 

0 0 cos x 

= — sin x 


0 tan x — sin x 





1 cos x 0 




4 = w :i = 

0 — sin x 0 

= — sin x tan x = 


0 — cos x tan x 





cos 2 x — 1 


cosr 


= cos x — sec x. 


Then 


■ui = — In! cos x I 


and 


U 2 = cos x 

•«3 — sin x — In | sec x + tan r| 

y = ci + c -2 cos x + C 3 sin x — In | cos r] -f cos 2 x 
+ sin 2 x — sin x In j sec x + tan x | 

= 04 + C 2 cos x + C 3 sin x — In | cos a? | — sin x In | sec x + tan x 
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for —tt/2 < x < 7t/2. 

26. The auxiliary equation is m 3 + 4 m — m (m 2 + 4) = 0 . so y c = c\ + c *2 cos 2x + c;* sin 2a; and 

1 cos 2x sin 2x 
W =0 —2 sin 2x 2 cos 2a; = 8. 

0 -4 cos 2x -4 sin 2x 

Identifying f(x) = sec 2x we obtain 

, 0 cos 2x sin 2x 

1 1 ; ] 

u' x = -IVi = - | 0 — 2sin2.r 2 cos 2x =-sec 2.7; 

! sec 2x —4 cos 2x —4 sin 2a; 

1 1 0 sin 2a; | 

■4 = |bV 2 = |! 0 0 2 cos 2a; | = —^ 

10 sec 2a; —4 sin 2x | 



for —tt/4 < x < 7t/4. 

2 7. The auxiliary equation is 3m 2 — 6m. + 30 = 0, which has roots 1 ± 3i. so y c — e x (cq cos 3a; + co ; 
We consider first the differential equation 3 y" — Gy 1 + 30 y — 15 sin a;, which can be solve . 
undetermined coefficients. Letting y Pl = A cos x + B sin x and substituting into the di£-; 
equation we get 

(27.4 — GB) cos a; + (6A + 27 B) sin a: = 15 sin a;. 


Then 

27A-GB = Q and 641 + 275 = 15, 
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'O A= and B = jL . Thus, y Pl — ^ cos x + sin x. Next, we consider the differential equation 
o/' — 6 y' + 30y, for which a particular solution y P2 can be found using variation of parameters. The 
'.Yronskian is 

e x cos 3a; e x sin 3x 

e x cos 3a; — 3e x ’ sin 3a; 3e x cos 3a* 4- e x sin 3x 


W = 

identifying f(x) — %e x tan x we obtain 


= 3e 2x . 


i 1 . „ 1 ( sin 2 3a; x 

u-, — — -smdrr tan -3a; — —- -— 

1 9 9 l cos 3a: 


1 (l — cos 2 3:r\ 1 

■- --- = --(sec 3a: — cos 3a;) 

9 \ cos 3a: / 9 V 1 


•‘ext 


iiius 


u\ = — ^ In | sec 3a: + tan 3r| + ~ sin 3a;. 

^ I Z I 


, 1 . , 1 

u 0 = — sm 3a; so uo = — — cos 3a:. 
2 9 27 


Vp -2 = ~ 2 ? eX cos | sec 3a: + tan 3a:| — sin 3a;) — ^ e x sin 3a* cos 3a; 

= — ^ c ,T (cos 3a;) In | sec 3a; + tan 3a; | 

,-nd the general solution of the original differential equation is 

y — e x (ci cos 3a; + c 2 sin 3x) + y m (x) + y P2 (x). 

The auxiliary equation is m 2 — 2m+l - (to— l) 2 = 0, which has repeated root 1, so y c - cic x +C 2 xe x . 
"•Ye consider first the differential equation y" — 2 y' + y = Ax 2 — 3, which can be solved using 
undetermined coefficients. Letting y pi = Ax 2 + Bx + C and substituting into the differential 
equation we get 

Ax 2 + (-4A + B)x + (2 A -2 B + C) = 4a: 2 - 3. 

Then 

A = 4, -4 A + B = 0, and 2A - 2B + C = -3, 

e j A = 4, B = 16, and C = 21. Thus, y Pl = Ax 2 + 16a; + 21. Next we consider the differential 
equation y" — 2 y' + y = x~ 1 e x . for which a particular solution y P2 can be found using variation of 
parameters. The Wronskian is 


W = 


xe‘ 


e x xe x + e x 


= e 


2x 


dentifying f(x) = e x /x we obtain u[ = -1 and u 2 = 1/x. Then u\ = —x and u 2 - In a;, so that 

y P2 = —xe x + xe x In x, 


195 



Exercises 4.6 Variation of Parameters 


and the general solution of the original differential equation is 

y = y c + Vpi + Vp-2 ~ c i e ' 7 ~ c-2'xe x + 4a; 2 + 16.r + 21 — xe x + xe x lux 
= cpff + c$xe x + 4x 2 + 16a; + 21 + xe x In x 


29 . The interval of definition for Problem 1 is (—tt/ 2 , tt/ 2 ), for Problem 7 is (— 00 , 00 ), for Pro 
is (0, 00 ), and for Problem 18 is (— 1 , 1 ). In Problem 24 the general solution is 

y = ci cos(ln a;) + 02 sin(ln :r) + cos(ln x ) In | cos(ln x ) j + (In x) sin (In x) 

for — tt/2 < In a; < tt/2 or e _7r / 2 < x < e*' 2 . The bounds on In a; are due to the presence of sc 
in the differential equation. 

30. We are given that y\ - x 2 is a solution of x 4 y" + x 3 y' — 4 x 2 y = 0 . To find a second solution 
reduction of order. Let y = x 2 u(x). Then the product rule gives 

if — x 2 u! + 2 xu and y" = x 2 u" + 4 xu' + 2u, 


xSf + x 3 y' — 4 x 2 y = x 3 {xu" -f- oil 1 ) = 0. 

Letting w = u‘ . this becomes xu/ + 5 w = 0. Separating variables and integrating we have 

dlC r5 

— — — dx and hi lu 1 1 = —5 In x + c. 
w x 

Thus, w — x~° and u = —%x~ 4 . A second solution is then y 2 = oc 2 ;c 1 = 1/x 2 , and the - 
solution of the homogeneous differential equation is y c = c\x 2 + ( 12 /x 2 . To find a particular ,<■: 
I/p, we use variation of parameters. The Wronskian is 


W = 


a ; 2 1 /x 2 

2x ~ 2/x/ 


Identifying f(x) = 1/x 4 we obtain u[ = !) and u! 2 == ~\ x l - Then u\ — — 


112 — — 5 hi x, so 


Vp = ~b x 4x2 ~\ ( ^ nx)x 2 = ~b x 2 ~\ x 2lnx - 


The general solution is 


2 c 2 1 1 

9=cia!+ toa ,. 


31. Suppose y p (x) = ui(x)yi(x) + U 2 (x)y 2 (x), where u\ and u 2 are defined by (5) of Section 4 . 1 
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rext. Then, for x and xq in I, 




JX() 


/.r,j >'/(£) 

-yi(x)v 2 (t)f(t) 

w(t) 


dt -b 


f 

Jxo 


(t) 

" x yi{t)y 2 (x)f(t) 


W(t) 


f x \ yJMxm -ydx)y 2 (t)f(t) 


=r 

Jxq 


[ W(t) 


W(t) 


dt 


yi(t)y 2 (x)f(t) - y\{x}y 2 (t)f(t) 
. ^(f) 

;r yi(0w2(®) -yi(®)y2(*) 


■jC 

= L w(t) 

= f G{x,t)f(t)dt. 

Jxn 


dt 




■ dt 

dt 


In the solution of Example 3 in the text we saw that y\ = e x ,yo = a x , f(x) = 1/a;, and W(y\, y 2 ) = 
—2. From (13) the Green’s function for the differential equation is 

e t e~ x _ e x e -t e x-t _ 


G(x,t ) = 


= sinh(x — f). 


-2 2 

The general solution of the differential equation on any interval [a;o,a/j not containing the origin is 
'hen 

_ r x sinh(x — t) , 
y = cie + c 2 a x + / ---- dt. 

JXQ 


t 


’Ve already know that y p (x) is a particular solution of the differential equation. We simply need t;o 
mow that it satisfies the initial conditions. Certainly 

r-i-o 

vM = / G(x, t)f(t)dt = 0. 

JXQ 

Vsing Leibniz’s rule for differentiation under an integral sign we have 

y'p(x) - ~ J G(x,t)f(t)dt = ^ G{x,t)f{t)dt + f(t)G(x,x) ■ 1 - f(t)G(x 0l x) ■ 0. 

~:om (13) in the text, G(x,x) = 0 so 

Vpix) = ^ J XQ G(x,t)f(t)dt 
..ud 

d c x o 

VpM = j G(x, t)f(t)dt = 0. 
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Exercises 4.6 Variation of Parameters 


34. From the solution of Problem 32 we have that a particular solution of the differential equation 

y p (x) = / G(x. t)e 2t dt, 

J 0 

where G(x, t) = sinh(.r — t). Then 

y p (x) — j e 2t sinh(.x — t)dt = e 21 ' 


r* o,e x "*-e-( x " 4 ) 


dt 


[e x+# - c-+ 3t l dt = l 

e x+t _ 1 -x+3tl 

J 2 

3 J 


= le 2l 4 e 2 * - l e x + ~ e~ x = l e 2x - l e x + - e- 35 . 


Exercises 4.7 


1. The auxiliary equation is nr —m — 2 = (m + l)(m — 2) = 0 so that y = c\x~ l + c<ix ?. 

2. The auxiliary equation is 4m 2 — 4m + 1 = (2m — l) 2 = 0 so that y = ci# 1 / 2 + c^x 1 / 2 In x. 

3. The auxiliary equation is m 2 = 0 so that y = c\ + C2 In x. 

4. The auxiliary equation is m 2 — 4m = m(m — 4) = 0 so that y = c\ + C 2 X 4 . 

5. The auxiliary equation is m 2 + 4 = 0 so that y — c\ cos(2 In x) + c‘2 sin(2 In a;). 

6. The auxiliary equation is m 2 + 4m + 3 = (m + l)(m -P 3) = 0 so that y = cix _i + C 2 X~ 3 . 

7. The auxiliary equation is m 2 — 4m — 2 = 0 so that y = c\x 2 ~^ + C 2 'X 2+ ^. 

8. The auxiliary equation is m 2 + 2m, — 4 = 0 so that y = c\x~ 1+s ^ + C 2 X~ l ~^. 

9. The auxiliary equation is 25m 2 + 1 = 0 so that y = ci cos Q In z) + C 2 sin (i lnz). 


10. The auxiliary equation is 4m 2 — 1 = (2m — l)(2m + 1) = 0 so that y = cyx 1 ' 2 + C 2 ‘X~ l! ' 2 . 

11. The auxiliary equation is m 2 + 4m + 4 = (m + 2) 2 = 0 so that y = e,\x~~ 2 + e. 2 X~ 2 In a;. 

12. The auxiliary equation is m 2 + 7m + 6 = (m + l)(m + 6) = 0 so that y = c\x~ l + C 2 X~ 6 . 

13. The auxiliary equation is 3m 2 + 3rn + 1 = 0 so that 


y = *" 1/2 


Vs 


n/3. 


ci cos —- lnz I + C 2 sin —7- In x 


14. The auxiliary equation is m 2 — 8m + 41 = 0 so that y = x 4 [ci cos(5 In 2:) + C2 sin(5 lnz)]. 
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Exercises 4.7 Cauchy-Euler Equation 


15. Assuming that y — x m and substituting into the differential equation we obtain 

m(rn — l)(m — 2) — 6 = m 3 — 3 m 2 + 2m — 6 = (m — 3 )(m 2 + 2) = 0. 

Thus 

y = C\x} + c-2 cos (V 2 In x ) + 03 sin (V 2 In x) . 

I 5. Assuming that y = x m and substituting into the differential equation we obtain 

m(m — l)(m — 2) + m — 1 = m 3 — 3 m 2 + 3 m — 1 = (m — l ) 3 = 0. 

Thus 

y = c\x + c 2 x In x + 03 * (In*) 2 . 

1 ". Assuming that y - x m and substituting into the differential equation we obtain 

■>> (m — l)(m — 2)(m — 3) + 6 m(m — l)(m — 2) = m 4 — 7m 2 + 6 m = m(m — 1 )(???. — 2)(m + 3) = 0. 
Thus 

y — c‘i -|- C‘ 2 'X -j- C 3 . 7 .' -|- C 4 X 3 . 


1'. Assuming that y - x m and substituting into the differential equation we obtain 

■■i(m — 1) (m — 2) (m — 3) + 6m(m — 1) ( 77 ?• — 2) + 9m(m — 1) + 3m +1 = m 4 + 2 m 2 +1 = (m 2 +l) 2 = 0. 
Thus 

y = ci cos(ln x) + C 2 sin (In x) + oj (In x) cos (In *) + C 4 (In x ) sin(ln x). 


-he auxiliary equation is m 2 — 5m = m(m — 5) = 0 so that y c = c\ + C 2* 5 and 

W(\,x*)= 1 = ox 4 . 

0 ox 

Identifying /(*) = a; 3 we obtain u\ = -lx 1 and u' 2 = 1/5*. Then iq = -%-x 5 , 112 = 4 In*, and 

y = ci + C2X 0 - In* = ci + C3* 0 -f \x h In*. 

2b 5 5 


-he auxiliary equation is 2m 2 + 3m + 1 = (2m + l)(m + 1) = 0 so that y c = ci* -1 + C 2 * _1/2 and 

T -1 .,.- 1/2 1 

I ratifying /(*) = | ^ we obtain u[ = * — * 2 and *4 = x 3/2 - x 1 / 2 . Then ?q = \x 2 - g* 3 , 

- = h 5/2 - ¥ i/2 - and 

y = Cl*' 1 + C2*' 1/2 + \x - y* 2 + r-T 2 - = Cl* -1 + C2*“ 1//2 - 7* + - 4 * 2 . 

2 3 b 3 6 lb 
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Exercises 4.7 Cauchy-Euler Equation 


21. The auxiliary equation is rn? — 2 m + 1 = (m — l) 2 = 0 so that y c — c\x + c^x In x and 

lx x In x I 

I'V(x.xlnx) — j ; = x. 

|l 1 + In x | 

Tientifying f(x) =■ 2 /x we obtain Uj = —21nx/x and = 2/x. Then ui = —(lnx) 2 , U2 = 
and 

y = c\x + C-2X In x — x(lnx) 2 + 2x(ln x ) 2 
- c\ x + cox ln x + x (In x) 2 , x > 0. 

22. The auxiliary equation is m 2 — 3 m + 2 = (m — l)(m - 2) = 0 so that y c - cyx -f Oix 2 and 

W(x,x 2 ) = 

Identifying f(x) = x 2 e x we obtain u'i ■ —x 2 e x and u ' 2 — xe x . Then u\ — —x 2 e x + 2 xe x 
= xe x — e x , and 

y — ci x + cyx 2 — x 3 e x + 2 x 2 e x — 2 xe x + x 3 e x — x 2 e x 
— cix + C2X 2 + x 2 e x — 2 xe x . 


x x z 
1 2x 


= x 


23. The auxiliary equation m{m — 1) + m — 1 = m 2 — 1 = 0 has roots mi — —1, m ,2 
- cia: -1 + cyx. With yi = x _1 . y -2 = x. and the identification f(x) — Inx/x 2 , we get 

W = 2x _1 , W\ = — lnx/x, and W? = lnx/x 3 . 

Then u[ — W\/W = — (lnx)/2, — W 2 /W = (ln.x)/2x 2 , and integration by parts gives 

1 1 1 

u\ = -x — -x I11 x 

z z 


U2 


1 — 1 n 1-1 

r> = --x In x — -x . 


Up = uyyi + uyij ‘2 -- Qx - ^xlnxj x 1 + 1 ln x - |x ^ x ~ - lna; 


y = Vc + y P = cix 1 + cyx - lnx, x > 0. 

14. The auxiliary equation m(rn — 1) + m — 1 = m 2 — 1 = 0 has roots mi = —1, m 2 = 
. • = C].r _1 + C 2 X. With y\ = x -1 , y 2 = x, and the identification f(x) = l/x 2 (x + 1), we get 

W = 2x~ l , Wi = —1/x(x + 1), and W 2 = l/x 3 (x + 1). 
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Exercises 4.7 Cauchy-Euler Equation 


Then u'i = W\jW = —l/2(x + 1), u 2 = W 2 /W — l/2x 1 {x + 1), and integration (by partial 
fractions for *4) gives 

1 

u\ =-- ln(x + 1) 

«2 = ~\ x ~ l ~ \ lnrr + \ + !)• 


50 


Vp = uiy 1 + U-2V2 = 


1 


In ( 2 ; + 1) 


x 1 + 


"2 X 


-1 


- ^lnx+ ^ln(x+ 1) 


2 


x 


1 1 1 - , . ln(x + 1) 1 1 

- — -xlnx + -x ln(.x 4-1)--= —- + -xln 

2 2 2 v ' 2x 2 2 


(‘♦ = 


ln(x +1) 
2x 


and 


V = Vc + Vp = Cl I 1 + C2X - - 


-xh. 



In ( 2 ; + 1) 
2 x 


x > 0. 


. The auxiliary equation is m 2 -f 2 m = m(m + 2) = 0, so that y = c\ + 02 x 2 and 
/ = —2 c2 .£“ 3 . The initial conditions imply 

Cl + C2 = 0 


- 2 c 2 = 4 . 

Thus, cj = 2, C 2 = —2, and y — 2 — 2x ~ 2 . The graph is given to the right. 


4 




The auxiliary equation is m 2 — 6m + 8 = (rn — 2 )(m — 4) = 0, so that 
y = cyx 2 + C 2 X 4 and y' = 2ci.x + 4 c2 £ 3 . 

The initial conditions imply 

4ci ■+■ 16 c2 == 32 

4ci + 32c2 = 0. 

-iius, ci = 16, c ‘2 = —2, and y = 16x 2 — 2x 4 . The graph is given to the right. 


4 



20 

30 
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Exercises 4.7 Caucliy-Euler Equation 


27. The auxiliaxy equation is m 2 + 1 = 0. so that 

y = ci cos (In x) + C 2 sin(ln x) 


and 


y = —ci — sin (Ilia;) + c. 2 ~ cos(lnx). 

Jb X 

The initial conditions imply ci = 1 and C 2 = 2. Thus 
:j = cos(ln;r) + 2 sin(ln x). The graph is given to the right. 


yk 



2S. The auxiliary equation is rn 2 — 4 rn + 4 = (rn — 2) 2 = 0, so that 

y = ci x 2 + C- 2 J' 2 In x and y' = 2cyx + cv(x + 2x In x). 

The initial conditions imply ci = 5 and C 2 +10 = 3. Thus y = ox 2 — 7x‘ 2 In x. The 
graph is given to the right. 





-10 

-20 


-30 + 


29. The auxiliary equation is m 2 = 0 so that y c = C\ + C2 In x and 

1 In x | 1 

0 1/x | ~~ x' 

Identifying f(x) = 1 we obtain u[ = —x hi x and u 2 = x. Then 


W(Unx) = 


,/i = |x -2 — Jj.T 2 lnx. U 2 = yx 2 . and 


- I*.2 


1 o 1 o 


1 


y = ci + C 2 In x + -x — -x In x + -x hi x = c\ + C 2 In x + -x. 

The initial conditions imply ci +1 = 1 and C 2 + ^ \ . Thus. ci = |, C 2 = 

and y = | — lux + |x 2 . The graph is given to the right. 


1 

15 4- 


10 




3D. The auxiliary equation is rn 2 — 6m 4- 8 = (m — 2)(m — 4) = 0. so 
that ij c = cjx 2 + c 2 a; 4 and 


W = 


x 2 x - 4 


= 2x°. 


0.05 


2x’ 4x’ 3 1 

Identifying f(x) = 8x 4 we obtain v,\ — —Ax 4 and d 2 — Ax. Then 1 


/ 


4 

, u 2 


— 2x 2 , and y — cpr 2 + c 2 x 4 + x’ 6 . The initial conditions imply 
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Exercises 4.7 Cauchy-Euler Equation 


1 1 1 

7 C>1 17 ° 2 ~ ~ 71 
4 16 64 

1 3 

C, + 2 C2 -“lG- 

Thus ci = ^ , C 2 = — \ . and y = — |r 4 + r 6 . The graph is given above. 

;1. Substituting x = a 1 into the differential equation we obtain 

The auxiliary equation is m 2 + 8m — 20 = (rn + 10) (rn — 2) = 0 so that 

y = cqe -10 * + o 2 e 2t = cir -10 + 02 a; 2 . 

12. Substituting x - e f into the differential equation we obtain 

The auxiliary equation is m 2 — 10m + 25 = (m — 5) 2 = 0 so that 


y = cie 5t + c 2 te 0 ' = cyx° + 02X 0 lax. 


51 _ 5 


1 


13. Substituting x = e t into the differential equation we obtain 

il + 3 ‘hL + Sv = e 2 * 

dt? + dt * 

The auxiliary equation is m 1 + 9m + 8 = (m + l)(m + 8) = 0 so that y c = cie - * + c 2 e“ 8t . Using 
undetermined coefficients we try y p = Ae 2t . This leads to 30.4e 2 * = e 2t , so that A — 1/30 and 


V = cie * + c 2 e 8i + —e 2/ ' = ax' 


1 + 02X 8 + ^r: 2 . 


1 

30’ 


1-4. Substituting x = e t into the differential equation we obtain 

<Py r d v J_r 0 + 

lr~ 0 Jt +cyil - 2t - 

The auxiliary equation is rn 2 — 5 m + 6 = ( m — 2)(m — 3) = 0 so that y c — cic 2t + c 2 e' w . Using 
undetermined coefficients we try y p = At + B. This leads to (—5.4 + 6 D) + 6At = 2t, so that 
,4 = 1/3, B = 5/18, and 

15 1 5 

V = cic a + c 2 e :it + -t + — = c-ix 2 + C 2 X Z + - In;/; + —. 

o lo o lo 

1:. Substituting x = A into the differential equation we obtain 


d 2 y , % 
df 2 dt 


f-4^ + 13x/ = 4 + 3e t . 
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Exercises 4.7 Cauchy-Euler Equation 


The auxiliary equation is rrr— 4m+13 = 0 so that y, = e 2t {c\ c.os3t-f C 2 sin 3i). Using undetern:: 
eoefficients we try y p = A + Be*. This leads to 13.4 +10 Be f - =44- 3e*, so that A — 4/13, B — c 
,r.d 

y = e 2< (ci cos 3 1 + C 2 sin 3t) + — + -^-e f 

lo 1U 

4 3 

= x 2 [ci cos(3 In x) + C 2 sin(3 In .r)] 4- — + —x. 

1 o JL U 

36. From 

d 2 y _ l_ (<Py_ _ dy\ 
dx 2 x 2 y dt 2 dt) 

follows that 

d 3 y _ 1 d / d 2 y dy \ 2 / d?y dy\ 
dx 3 x 2 dx \dt 2 dt) x 3 ydt 2 dt) 


Id/d 2 y\ Id/dy\ 2 d 2 y 2 dy 
x 2 dx y dt 2 J x 2 dx y dt) x 3 dt 2 **" x 3 dt 

1 d 3 y / 1 \ 1 d 2 y / 1 \ 2 d 2 y 2 dy 
x 2 dt 3 Vx/ x 2 dt 2 \x/ x 3 dt 2 x 3 dt 


1 (d 3 y d 2 y dy\ 
~z 3 \dt? 6 dt 2 + dt)' 

Substituting into the differential equation we obtain 

d 2 V ? d 2 y dy /d 2 y dy\ 

dt 3 " dt 2 dt ' y dt 2 dt) 


+ 6 —j- — 6 y — 3 + 3t 
dt 




_:.r auxiliary equation is rn 3 — 6 m 2 4 - 11 m —6 = (m— l)(m — 2 )(m—3) = 0 so that y c = ci^-Ku 
- Using undetermined coefficients we try y p = .44-Bt. This leads to (Hi? — 6.4) — 6Bt = - 
*: -bat .4 = -17/12, £ = —1/2. and 


y = cie f + C 2 e 2# + 036 


v 17 1 2 , 17 1 , 

‘- -t = c x x + P2X- + C3X 3 “ “ 2 na:: ' 


-'4 rext two problems we use the substitution t — — x since the initial conditions are on the ir 
x. j . In this case 


d/y dy dx dy 


dt dx dt dx 


d 2 y _ d /dy\ _ d / dy\ 
dt 2 dt y dt) dt y dx / 



dy' dx 
dx dt 


d 2 y dx d 2 y 
dx 2 dt dx 2 
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Exercises 4.7 Cauchy-Euler Equation 


•37. The differential equation and initial conditions become 

4t2 4f + y = 0 ’ y(t) = 2; y'it) =~ A - 

dt t=l t =i 

The auxiliary equation is 4m 2 — 4m + 1 = (2m — l) 2 = 0 ; so that 

y — eit 1/2 4- cot 1/2 Ini and y' = ^cii _1,/2 + C 2 ^i _1/2 4- ^i _1 ' /2 lni^ . 

The initial conditions imply ci = 2 and 1 + C 2 = —4. Thus 

y = 2t 112 - 5i 1/2 In t = 2(-r) 1/2 - 5(-.r) 1 /' 2 ln(-x), a: < 0. 

"iS. The differential equation and initial conditions become 

t 2 4jr - $ + 6y = 0; y(i) = 8. j/(i) = 0. 

at- at t=2 i 5=2 

The auxiliary equation is m 2 — 5m 4- 6 = (m. — 2)(m — 3) = 0, so that 

y = cii 2 + ctf 3 and y'= 2c\t + Sc 2 t 2 . 

The initial conditions imply 

4ci + 8 c 2 = 8 
4cj + 12 c2 = 0 

from which we find Ci = 6 and c -2 — —2. Thus 

y = Qt 2 — 2t 3 = 6x 2 + 2x 3 . x < 0. 


I Letting u = x + 2 we obtain dy/dx = dy/du and, using the Chain Rule, 

d?y _ d (dy\ d 2 y du _ d?y d 2 y 

dx 2 dx \du J du 2 dx du. du 2 

Substituting into the differential equation we obtain 

9 d 2 y du 

u d^ +u i +v=0 - 


The auxiliary equation is rn 2 +1 = 0 so that 


y = ci cos (In it) -t- c '2 sin (In it) = ci cos[ln(a; 4- 2)] 4- C 2 sin[ln(;r 4- 2)]. 


-ri. If 1 — i. is a root of the auxiliary equation then so is 1 4- i, and the auxiliary equation is 

(rn — 2)[rn — (1 4 - i)][m — (1 — i)] = rn 3 — 4m 2 4- 6m, — 4 = 0 . 

We need m 3 — 4rn 2 4-6m — 4 to have the form m(rn— l)(rn — 2 ) 4 - bm(m — 1 ) 4 - cm 4 - d. Expanding this 
last expression and equating coefficients we get b = — 1. c = 3, and d = —4. Thus, the differential 
equation is 

x 3 y'" - x 2 y" 4 - 3 xy' - 4 y = 0 . 
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Exercises 4.7 Cauchy-Euler Equation 


41. For x 2 y" — 0 the auxiliary equation is m(m — 1) = 0 and the general solution is y = ci + <+ 
initial conditions imply ci — yo and C 2 — y\ .so y — yo + y±x. The initial conditions are <:•' 
tor all real values of yo and y\. 

For x 2 y" — 2 xy' + 2 y = 0 the auxiliary equation is m 1 — 3m 4 - 2 = (m — 1 )(m — 2) = 0 t:. 
general solution is y — cix + C 2 X 2 . The initial condition y( 0) = yo implies 0 = yo and the co:. 

;/ 0) = yi implies ci = y\. Thus, the initial conditions are satisfied for yo = 0 and for all real ■ 

• - <Ji ■ 

T.r x 2 y" — 4 xy' + 6 y = 0 the auxiliary equation is m 2 — 5 m + 6 = (rn — 2)(m — 3) = 0 
g -iieral solution is y — c\x 2 -\-c 2 x 2 . The initial conditions imply y( 0 ) = 0 = yo and y'( 0) ■ 0. F 
h- initial conditions are satisfied only for yo = yi = 0 . 

42. Thv function y(x) — — >/a;cos(ln x) is defined for x > 0 and has x -intercepts where In a; = 77 1 - 
::r k an integer or where x — e 7r / 2 +^ 7r . Solving tt /2 + &tt = 0.5 we get k ^ —0.34, so e 5r//2+A " 

::v all negative integers and the graph has infinitely many ^-intercepts in the interval ( 0 , 0 .' 

43. The auxiliary equation is 2 m(m — 1 )(m — 2 ) — 10.98m(m — 1) -I- 8 . 5 m + 1.3 = 0, s. 

= -0.053299, m 2 - 1-81164, m 3 = 6.73166, and 

y = Ci 0.053299 + C2X 1.81164 + <^6.73166 

44. The auxiliary equation is m(m — l)(m — 2) T 4m,(m — 1) + 5 m — 9 = 0, so that mi = 1.4081. 
'he two complex roots are —1.20409 ± 2.222917 The general solution of the differential eqine. 

y = ci:r L 10819 + a ; -1 • 20409 [c 2 cos(2.22291 In x) + c 3 sin(2.22291 In x)]. 

45. The auxiliary equation is m(m — 1 )(m — 2) (m — 3) + 6 m(m — 1 ) (m — 2 ) + 3m(m — 1 ) — 3m — -= = 
': that mi = m 2 = y /2 and m 3 = m ,4 = —y/2. The general solution of the differential equati 

y = c\x '^ 2 + C 2 X ^ 2 In a: + c 3 x~^ + c±x :~'^ 2 In a;. 

48. The auxiliary equation is m(m—l)(m—2)(m—3) — 6 m(m—l)(m—2)+33m(m—1) —105m+l(: - 

'. tnat mi = m 2 = 3 + 27 and m 3 = = 3 — 2 i. The general solution of the differential ecv. 

y — x 2 [ Cl eos (2 In x) + 02 sin (2 In a:)J + x 3 In x[c 3 cos (2 In x) + C 4 sin (2 In rr)]. 

4~. The auxiliary equation 

m(m — 1 )(m — 2 ) — m(m — 1) — 2 m + 6 = m 3 — 4m 2 + m + 6 = 0 

h: e roots m 1 = — 1 , m 2 = 2 , and m 3 = 3, so y c = ci ® -1 + c%x 2 + c 3 x 3 . With yi = a? -1 , y* = 

. = r 3 . and the identification f(x) = 1 /x , we get from ( 1 . 1 ) of Section 4.6 in the text 

Wi = :r 3 , 1+2 =-4, W 3 = 3/x, and W = 12 x. 
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Exercises 4.8 Solving Systems of Linear DEs by Elimination 


Then u[ = W\/W = n? 2 /12, u ' 2 = W%/W = — l/3x, u$ = l/4x 2 , and integration gives 

x 3 1, , 1 


u i = 


36 ! 


u 2 - —- lnx. and 113 = —— , 
3 Ax ' 


so 


and 


r 3 

X .-1 


Vp = u-m + uojti 4- M3?/3 = x + :c 2 Inx^j + x 3 = -jjz 2 - ^: 2 lnx, 


y = Vc + Vp = ClX 1 + oix A + C3X 6 - - ^-x z In 2 . x > 0. 

y o 


,3 


2 o 1 o 



. From Dx = 2 x — y and Dy = x we obtain y = 2x — Dx. Dy = 2Dx — D 2 x\ and (D 2 — 2 D + l)x = 0. 
The solution is 

X = Ci// + C2tf/ 

y = (ci - C2)e l + C2fe*. 


From Dx — Ax + 7y and Dy = x — 2y we obtain y = jDx — ix. Dy — \D 2 x — |Dx, and 
D 2 — 2D — 15)x = 0. The solution is 


x = cie ot + c-je 3t 


y = TjCie 


5 1 


C‘2C 


—3 1 


From Dx = —y + t and Dy = x — t we obtain y = t — Dx, Dy = 1 — D 2 .x. and (D 2 + l)x = 1 + 1 . 
The solution is 

x = ci cos t + C 2 sin t+l + t 


y = ci sin t — C 2 cos t + t — 1 . 


From Dx — Ay = 1 and 2 + Dy = 2 we obtain y = \Dx — j , Dy = \D 2 x, and (D 2 + l)rr = 2. The 
- jlution is 

x = ci cos t + C 2 sin t + 2 

1 1.1 

y = 7 C 9 . cos t —-ci sm t —- . 

4 4 4 
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Exercises 4.8 Solving Systems of Linear DEs by Elimination 


5. From (D 2 + 5 )x — 2 y = 0 and — 2x+(D ' 2 + 2 )y = 0 we obtain y = ^(Z> 2 4- 5)a, D 2 y = |(Z) 4 + 5- 
and (D 2 + 1 )(D 2 + 6)a; = 0. The solution is 

x = ci cos t 4- c -2 sin t + c-i cos V6 t + c .4 sin VG1 


y 


1 1 

= ‘2ci cos t + 2c 2 sin t — -03 cos VGt — -C4 sin Vg1. 


6. From (D + l)x + (D — 1 )y = 2 and 3a' + (D + 2 )y - —1 we obtain x = — | — |(D — - 

Dx = —\{D 2 4- 2 D)y, and (D 2 + 5 )y = —7. The solution is 


7 


y = ci cos \/5f + C ’2 sin V5 # — - 

0 

V5 


V5 


a; = -c T -— C2J cos Vbt + ^—ci — -c 2 J sin Vo f + - . 

7. From D 2 x = 4y + e* and D 2 y = 4x — e t we obtain y ~ \D 2 x — D 2 y = \D A x — , and 

1 D 2 + 4)(D — 2)(D + 2)x = —3eL The solution is 

x = ci cos 2 1 + c -2 sin 2t + c‘3e 2lf 4- C4C -2 * 4- 

5 

y = —ci cos 2t — c 2 sin 2 1 + c^e 2t + C4e -2f — ~e f '. 

5 

5 % From (D 2 + b)x + Dy = 0 and (D 4- l)a + (D — 4)y - 0 we obtain (D — 5)(T> 2 + 4)a = 
D — 5 )(D 2 + 4)y = 0. The solution is 

a = C] e i,f + c 2 cos 2t + C3 sin 2 1 


y = C 4 e ot + C 5 cos 2 t + eg sin 2 t. 

Substituting into (D + l)a + (Z? — 4)y = 0 gives 

( 6 ci + C 4 )e ot + (c 2 + 2c;i — 4cg + 2cg) cos 2 1 4- (—2c 2 + C 3 — 2c‘s — 4cg) sin 2 1 = 0 
so that C 4 = — 6 ci, C 5 = \ C 3 , C 6 = — 5 C 2 . and 

y = — 6 cie 54 4- ^(-'3 cos 2t — ^c 2 sin 2t. 

4. From Dx + D 2 y = e 4/; and (D + l)x + (D — 1 )y = 4e M wc obtain D(D 2 - 1 - l):c = 34c 
D D 2 + l)y = —8e 3 L The solution is 

4 , t 

y = ci + c 2 sm t + c '3 cos t - —e 

15 

17 3t 

x — C 4 + crj sm t 4- eg cos 1 4 —-e . 

15 

.r '.Instituting into (D 4 - l);r 4 - (D — 1 )y = 4e 3f gives 

(c 4 - ci) 4- (eg - ca - C3 - c 2 ) sin 1 4- (eg 4- cr, + c 2 - C3) cos t = 0 
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so that C 4 = ci, c *5 = C 3 . eg = — C 2 - and 

17 ~ 

x = ci — co: cos t + C 3 sin t 4- — e' . 

15 

From D 2 x — Dy = f and (D 4 - 3 )x + (D + 3)y = 2 we obtain D(D 4 - 1 )(D 4 - 3 )ar = 1 + 3t and 
D(D 4 - 1 )(D + 3 )y = — 1 — 3 1. The solution is 

x = ci + c 2 e _t + c' 3 e _3t 

1 

y = C 4 4- C 5 e * 4- cgc 3/ ' + 1 — -t 2 - 

Substituting into (D + 3)x 4 - (D + 3 )y = 2 and D 2 x — Dy = t gives 

3(ci 4- C 4 ) + 2(c 2 4- Co)e * = 2 

and 

(c -2 4* C 5 )e * 4~ 3(3c3 4- eg)e — 0 

so that C 4 = — C], eg = — c 2 , eg = — 3 c 3 - and 

y = —ci — e 2 e _t — 3c 3 e~ 3/ - 4 -1 — ^f 2 . 


From (D 2 — l)x — y = 0 and (D — l)x 4 - Dy = 0 we obtain y =- (D 2 — l)x, Dy = (D 3 — D)x, and 
1 D — 1)(D 2 4-^4- l)x = 0. The solution is 


x = cie 


-i/2 


c 2 cos 


V3 


V3, 


9 t + C 3 sin — t 


y = 




,-t/2 


cos 



f\/3 3 

1,T C2 * 2* 


=-t/2 


sin 



From (2D 2 —D— l)x—(2D4-l)y = 1 and (D—l)x+Dy = —1 we obtain (2£>4-l)(D— 1)(£>4-1 ).t = —1 
and (2D 4- 1)(D 4- l)y = —2. The solution is 

x = cie~ ;/2 4- c 2 e _t 4- eae* 4-1 

y = C 4 e _f/ ' 2 4- cr,e -< — 2. 

Substituting into (D — l)x 4 - Dy = — 1 gives 

(“|ci - I.) e “ t/2 4- (-2c 2 - c-,)e _# - = 0 
'0 that C 4 = — 3ci, C 5 = —2c 2 , and 

y = —3cie -t,/2 — 2c 2 e~* — 2. 
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13. From ( 2 D—5)x+Dy — e f and (D—l)x+Dy = be!' we obtain Dy = (b—2D)x+e t and (4— D)x = -= 
Then 

u 4 t 
x = C\e + -e 

O 

and Dy - — 3cie 4t + 5 e! so that 

3 4 , , 

y = —-cie + C 2 + 5e. 

14. From Dx+Dy = e t and (—D 2 +D+l)x+y = 0 we obtain y = (D 2 — D — l)x, Dy = (D z — D 2 — .7 
and D 2 (D — l)x = d. The solution is 

x = ci + c 2 t + c$e! t te l 


V - -Cl - c 2 - c 2 t - c 3 e* - te* + e*. 


15. Multiplying the first equation by D + 1 and the second equation by D 2 + 1 and subtracting 
obtain (D A — D 2 )x — 1 . Then 

x = ci + c 2 t + c^d + C 4 e _i — ^f 2 . 

Multiplying the first equation by D + 1 and subtracting we obtain D 2 (D + 1 )y = 1 . Then 

1 0 

V = c 5 + CQ ’t T c 7 e - -ih . 

Substituting into (D — l)x + (D 2 + l)y = 1 gives 

( — Ci + C 2 + C 5 — 1) + (—2C4 + 2C7)e * + (—1 — C 2 + Co)t, — 1 

so that cs = ci — C 2 + 2 .C 6 = C 2 + 1, and C 7 = 04 . The solution of the system is 


x — + c 2 t + c 3 e* + c.\e t — ~t 2 

Zi 


4 *2 


y = (ci - c 2 + 2) + (c 2 + 1 )t + c 4 e - -t. 

16. From D 2 x — 2 (D 2 + D)y = sin t and x + Dy = 0 we obtain x = —Dy, D 2 x — —D 2 .. 
D(D 2 + 2D + 2 )y = — sin t. The solution is 

-t -t . 1 2 

y — c\ + c 2 e cos t + c 3 e sin t + - cos t + - sin t 

0 5 


1 


x = (c 2 + c 3 )e 1 sin t + (c 2 — c 3 )e 1 cos t + - sin t - cos t. 

0 5 

IT. From Dx = y, Dy — z. and Dz = x we obtain x = D 2 y - D 2 x so that (D — 1 )(D 2 + D + 1 


x = cie -j- e 


,-t/2 


. \/3 \/3 

c 2 sin — t + c 3 cos — t 
£ z 
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t. , ( 1 V3 \ -t /2 . A / 

:y = c\e -r I --C2 - —c :) I e ' sm — t + I 


\/3, . /"a/ 3 1 \ _ t/9 -s/3 

F c 2 --Q e '-cas x (, 


and. 


\/3 


= Cie 4 + I -xC 2 + ^-c 3 1 e t/2 sin MM + I -^c 2 - -c 3 


• V3, 


V5 


-tj 2 A 

e ' cos —— t. 

2 


From Dx + z = e*, (D — l).r + Dy + D~ = 0. and :r + 2 y + D,s = e t we obtain 2 = —Dx + e : . 
Dz = —D 2 x + e*, and the system (— D 2 + D — \)x + Dy = — e* and (— D 2 -f l)x + 2 y = 0. The:: 
y = \{D 2 — l)r, Dy = \D{D 2 — l);z, and (D — 2)(D 2 + l);r = —2e* so that the solution is 

x = c\ e 2t + c ‘2 cos t + c 3 sin t + e* 


y = ^cie 2 * — C 2 cos t — c 3 sint 

Li 

z - —2cie 2 * — c 3 cos t + C '2 sin t. 


Write the system in the form 


D.t - 6y = 0 


;r — Dy + z = 0 


x + y — Dz = 0. 

Multiplying the second equation by D and adding to the third equation we obtain 
D + l)x — (D 2 — l)y = 0. Eliminating y between this equation and Dx — Qy = 0 we find 

(D 3 -D-6D- 6)x = {D + 1)(D + 2)(D - 3)x = 0. 


Thus 


X = C\e * + C-26 2t + C 3 C 3t , 


and, successively substituting into the first and second equations, we get 

1 _ f 1 _9 / 1 ‘Ji 

y = —zC]_e - -c 2 e u + -c. 3 e M 
6 3 2 


"A rite the system in the form 


5 _* 1 _‘?f 1 

=-r ie -a C2e + 2^ e 


(D -j- 1 ):£ — Z — 0 
(D + 1 )y — 2 = 0 


x — y + Dz = 0. 

Multiplying the third equation by D + 1 and adding to the second equation we obtain 
D + l)x + (D 2 + D — 1 )z = 0. Eliminating 2 between this equation and (D + 1).t — 2 = 0 
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--■= find D(D + l) 2 .r = 0. Thus 

x = ci 4- C 20 -t + 

successively substituting into the first and third equations, we get 

V = ci + (c 2 - c 3 )e _t + cite~ l 
z - ci + c^e~'\ 


!1, rr::n {D + h)x + y — 0 and 4x — (D + l)y = 0 we obtain y — — (£> + 5):r so that Dy = — (D 2 
4x + (£> 2 + 5L>)a; + (D + 5)ar = 0 and (D + 3) 2 x = 0. Thus 

.x = cie -3 * + c 2 te~ 3t 

y = —(2ci + c 2 )e~ 3t - 2 c 2 te~ 3t . 

Vsiui ,r(l) =0 and y(l) = 1 we obtain 

+ 02&~ 3 = 0 

—(2ci + C2)e -3 — 2c2e“ 3 = 1 


ci + C2 = 0 
2ci + 3 c 2 = —e 3 . 

= c 3 and C 2 = — c 3 . The solution of the initial value problem is 


x = e 3t 1 3 - te 34+3 


y = + 2 te~ 3t+3 . 


Dx — y = — 1 and 3 x + (D — 2 )y = 0 we obtain x = —^(D — 2 )y so that Dx - 
-JiD 2 -2 D)y = y-l and (D 2 -2 D + 3 )y = 3. Thus 

y = e b (ci cos \/21 + C 2 sin \/2 + 1 

1 2 
x = -e f ‘ (ci — V2 C 2 ) cos \/2i + (\/2 ci + C 2 ) sin \/2fj + 

: 0) = y{ 0) = 0 wc obtain 

ci + 1 = 0 

- (ci — \/2 02 ) + - = 0. 


-Ud 2 
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Thus ci = — 1 and c 2 — y/2/2. The solution of the initial value problem is 

x = e* (—- cos V2 1 — sin \/2+ - 

V 3 6 J 3 

y = c l cos \/ 2 1 + sin V 2 tj + 1 . 

3. Equating Newton's law with the net forces in the x- and ^-directions gives mSxjdi 2 = 0 and 
md 2 y/dt? — —mg, respectively. From mD 2 x = 0 wc obtain x(t) — cit+c 2 . and from mD 2 y = —mg 
or D 2 y = —g we obtain y(t) = —\gt 2 + c$t + C 4 . 

4. From Newton’s second law in the .(.'-direction we have 


drx , . , 1 dx dx 

m—7r = —k cost* 1 = —k —— = — c — 
dt 2 v dt 11 dt 


In the y-direction we have 


d 2 y , . , Ady dy 

m —~ —mg — k sm 8 = —mg — k —— = —mq — c — • 
dt 2 J v dt 11 dt 

From rnD 2 x+ \c\Dx = 0 we have D(mD + \c\)x — 0 so that (rnD + |c|)r = ci or (D + \c\/m)x = c 2 . 

This is a linear first-order differential equation. An integrating factor is eJ \ c \ dt / m = e \ c \ f / m so that 

— ! t A c \ t l rn x\ - coe' C ^ m 
dt L J “ 2 

and e\ c \ l / m x = (c 2 m/|c|)e : ' c l^ m + C 3 . The general solution of this equation is x(t) = C 4 + c$e~ 

From (■ rnD 2 + \c\D)y = —mg we have D(mD + |c|)y = —m,g so that (mD + |c|)y = —mgt + c.\ 

or (D + |c|/m)y = —gt + 02 - This is a linear first-order differential equation with integrating factor 
e I I c\dt/m = e \c\t/rn,' 

d 


dt 


[e^ m y] = (-gt + c 2 )c |c|t/m 

e c\t/rn y = -^i te l c l # / m + ^ e^ m + c 3 eW/ m + c„ 


and 




»(‘) = -n' + : 5 ! +'» + e ie -W m . 


o 

mg 


5. Multiplying the first equation by D + 1 and the second equation by D we obtain 

D(D + l)x - 2 D(D + l)y = 2t +1 2 
D(D + l)a? - 2 D(D + 1 )y = 0. 

This leads to ‘2t + t 2 = 0, so the system has 110 solution. 
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26. The FindRoot application of Mathematica gives a solution of x\(t) — x 2 (t) as approximate: 
t = 13.73 minutes. So tank B contains more salt than tank A for t > 13.73 minutes. 

27. (a) Separating variables in the first equation, we have dx\/x\ = —dtj 50, so aq = Fr. 

X'i(0) = 15 we get £q = 15. The second differential equation then becomes 


__ ^ e -t/5o_Z. 


X‘2 


or 


dx 2 


it + 75 * 2 " 10 C 


,-lj 50 


dt 50 75' 

This differential equation is linear and has the integrating factor eJ 2dt /'° = e 2 ^' 5 . Then 

— fe 2 */7-r> I _ A ( ,-«/'50+2i/75 _ 
dt [c X21 ~ 10 “ 10 

SO 

e 2l/75 X2 = 45e f/150 + C2 

and 

x 2 = 45e- , / 5 ° + c 2 e- 2t / n . 

From :C 2 ( 0 ) = 10 we get C 2 = —35. The third differential equation then becomes 

^£3 90 -4/50 _ ^0 -24/75_L 

dt 75' 75' 

or 


25 




+ _L r , - -(Hi 50 _ 11.-24/75 
(ft + 25 3 5 15 6 

This differential equation is linear and has the integrating factor e /* :,/25 = e*/ 2 °. Then 

d 1+4/25 1 _ 0 -t/oO+t/25 _ 14 -24/75+4/25 _ 4/50 14 4/75 

A 1 * 15 6 “5* "IS 6 ! 


SO 


and 


e t/ 25 :i '3 = GOe ^ 50 — 70e li// '° +- C 3 

13 = 60«"*/“ - 70e- 2 '/ 75 + cse "*/ 25 


From + 3 ( 0 ) = 5 we get eg = 15. The solution of the initial-value problem is 

XI (t) = 15e“* /50 

x 2 (t) = 45e-^° - 35e _24/75 

x 3 (t) = 60e _t/5t) - 70e _2/ ' /75 + I5e _t/2S . 
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Nonlinear Differential Equations 


I b) pounds salt 



c) Solving xi(t) — I}. X 2 (t) = ^ . and xs(t) = |. FindRoot gives, respectively, t-\ = 170.06min, 
<2 = 214.7rnin, and £3 = 224.4min. Thus, all three tanks will contain less than or equal to 0.5 
pounds of salt after 224.4 minutes. 


Exercises 4.9 


■ 








> have y[ = y" = e x . so 

(y"f = ^ = »l 

Iso. y ' 2 = — sinx and y 2 = — cos x, so 

[y”f = (- cos®) 2 = cos 2 x = y\. 

iwever, if y = c\y\ + czy-i, we have (y ") 2 = (cie* — C 2 COsa:) 2 and y 2 = (c\e x + c 2 cosx) 2 . Thus 
i l y ■ 

have y^ = y" = 0, so 


my" = 1 • 0 = 0 !=;1(0) 2 = hj/l) 2 . 


.-..so. yo = 2 x and y 2 = 2 , so 


V2V2 = - i;2 ( 2 ) = 2.-r 2 = ^(2.r) 2 = ^(y^) 2 - 

.“•ever, if y = ciyi 4- C2y2> we have yy" = (ci • 1 + C 2 X 2 )(ci • 0 + 2c2) = 2c 2 (ci + c 2 x 2 ) and 
- J[ci • 0 + c 2 (2x)j 2 = 2c|x 2 . Thus yy" / \{y') 2 - 

u = y' so that u' = y". The equation becomes v! = —u 2 — 1 which is separable. Thus 
du 


——dx =*• tan 1 u = —x -i- ci ==> y — tan(ci — .x) => y = In | cos(ci — x)| 4- C 2 - 

.‘ti 

u = y' so that vf = y". The equation becomes u' — 1 + u 2 . Separating variables we obtain 
—— 2 = dx tan -1 u = x + ci => u = tan(x + cq) =4 y = — In | cos(x 4- ci)| + C 2 . 

1 + Ur 
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5. Let u = y' so that u' — y". The equation becomes x 2 u' + u? = 0. Separating variables we obta 


du dx 1 1 _ c\x +1 

u 2 x 2 u x x 

=$■ y = \ In |ci ar + 11- x + co. 

cf Cl 


X 


Cl \x + 1/ Ci ) Cl Vci;r + 1 


- 1 


6. Let u = y' so that y" = udu/dy. The equation becomes (y + 1 )udu/dy = u 2 . Separating vark. 
we obtain 

du dy 


■u y + 1 


In j«| = In \y + 1 | + In ci u = ci(y + 1 ) 

Y - ci (y + 1) =¥■ ~Y~r = ci dx 
dx y +1 


=> In \y + 1| = c,\x — c >2 => y+1 — cae ci:: . 

7. Let u = y' so that y" — udu/dy. The equation becomes udu/dy + 2yu i = 0. Separating vari- 
we obtain 


du n , 

— + 2 ydy = 0 
u z 


1 9 

—b y 2 = ci 
u. 


u = 


1 


IT - ci 
1 , 


y' = xr— 

y - Cl 


( y 2 - ci) dy = dx => -y° - cry = x + c 2 . 


S. Let u = y' so that y" = udu/dy. The equation becomes y 2 udu/dy = u. Separating variab’ 
obtain 


h dy _ 1 _ 

y 2 y 

=> — (l + —kj 

Cl V Cl y- 1 


/ ciy -1 
V = 


y 


y c.\y — 1 

dy = dx (for Ci ^ 0) = 

If ci = 0. then y dy ~ —dx and another solution is ^y 2 = —x + c 2 . 


dy - dx 

—y + — m \y - 1 = x + cm. 
ci q 


9. (a) 


10 


y k 


M 


-71/2 


-10 


mi 
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(b) Let u - y' so that y" — udu/dy. The equation becomes udu/dy+yu = 0. Separating variables 
we obtain 

du = -ydy = 

When x — 0, y = 1 and y' = —1 so —1 = —1/2 + ci and cq = —1/2. Then 


1 2 

u = ~2 y +Cl 


, 1 9 

y = -jir + ci. 


dy __ 1 2 1 
dx 2 V 2 


y 2 +1 2 


tan 1 y — --x + C 2 

Zi 


1 


V = tan (--x + C 2 ) • 


When x = 0, y = 1 so 1 = tanc 2 and 02 = tt/ 4. The solution of the initial-value problem is 

y = tan (j - in) . 

The graph is shown in part (a). 

(c) The interval of definition is — 7t/2 < tt/4 — x/2 < nj 2 or — tt/2 < x < 3tt/2. 

Let u = y' so that u' — y" . The equation becomes (V) 2 + a 2 = 1 
which results in vf = ±\/l — u? . To solve u! = \/l — a 2 we 
separate variables; 
du 


— dx 


sin 1 u = x + C] 


u = sin (a' + cq) 


y' = sin(a + ci). 

When x = tt/2 , y' = V3/2, so \/3/2 = sin (tt/2 -j- cq) and cq 
—tt/ 6. Thus 



7T 

y' = sin (a - - 


7T 

V = - cos ( a- - - ) + c 2 . 


When a = tt/2. y = 1/2. so 1/2 = — cos(tt/2 — 7t/6) + c; 2 = —1/2 + c 2 and c 2 = 1. The solution of 
:::e initial-value problem is y = 1 — cos (a; — 7r/6). 


j solve 1 / = —\/l — u 2 we separate variables: 


du 


y/l— v 2 


- —dx 


-1 


cos u — x - t- Cl 

« = cos (a + C]) •?/ = cos (a; + cq). 



Vhen a 1 = tt/2, t/ = VS/2, so \/3/2 = cos (tt/2 + cq) and ci = —tt/2. Thus 

7T 

3 

■ ■"ben x = tt/2 . y = 1/2, so 1/2 = sin(7r/2 — tt/ 3) + c 2 = 1/2 + c 2 and c 2 = 0. The solution of the 
.:.;:ial-value problem is y = sin (a — n/3). 



7r 


y = sm (x - - ] + c 2 . 
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11. 1:-: a — y' so that v! — y". The equation becomes v! — (1 jx)u - (l/x)v?, which is Bernoulli. 
. = >.r 2 we obtain dw/dx + ( 2 /x)w = —2/x. An integrating factor is x 2 , so 


dx 



- — 2 x 


X 2 w = —X 2 + Cl 


w = -1 + % 


-2 1 , C 1 
U = -1 4 - —Z 
x/ 


u = 


X 


y/c\ — x 2 


dy 


x 


V 


—f 


Cl - X 2 + C 2 


dx Vci — x 2 
Cl - X 2 = (c 2 - yf =*• X 2 + (c 2 - y) 2 = ci. 


12. Lot u = y' so that v! = y". The equation becomes v! — (1 /x)u = u 2 , which is a Bernoulli differ-: 
equation. Using the substitution w — u~ l we obtain dw/dx + (1 /x)w = —1. An integrating 
..r. so 


— xw] ~ 


1 1 1 Cl — X 2 

—x ==> W = --X+—C =$■ - = —-- 

2 x u 2 x 


2 x 


u = 


Cl 


rp2i 


y = — In jci 


p-Yjblems 13-16 the thinner curve is obtained using a numerical solver, while the thicker curve 
. . or of the Taylor polynomial. 


13. We look for a solution of the form 

A -r) = 1/(0) + ]/{0)x + ^/(0).t 2 + ijr(O)® 3 + ^y (4) (0)* 4 + Jyt/ (o) (0)ar°. 
From y"(x) = x + y 2 wc compute 

y"'{x) = 1 + 2 yxj 

y (4) ( 3; ) = 2 yy" + 2 {y'f 
■i/ 0 \x) = 2 yy'" + 6t fy". 

Using y(0) = 1 and t/(0) = 1 wc find 

y"(0) = 1, /'(0)=3, y (4) (0) = 4, y^(0) = 12. 

An approximate solution is 

V(x) = 1 + x + ^x 2 + + ^ar°. 


y 
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14. We look for a solution of the form 

y(x) = y(0) + y'(0)x + ^y"(0)x 2 + 0)x 3 + -^?/ 4) (0)x 4 + ^y (:,) (0)x 5 . 

From y"(x) = 1 — y 2 we compute 

y"'(x) = -2 yxj 

v (i \x) = -2 m" - 2(l</? 
y^\x) = -2i ly 1 " - 6y'y". 

Using y( 0) = 2 and y'( 0) = 3 we find 

y"{ 0) = —3. y"\ 0) - -12. j/ 4 >(0) = -6 ; y< 5 )(0) = 102, 

An approximate solution is 

■y(x) = 2 + 3x - “X 2 - 2x 3 - -^x 4 + ~x 5 . 



15. We look for a solution of the form 

y(x) = y( 0 ) + y'( 0 )x + ^/(0)x 2 + i?/'(0)x 3 + (O)x' 1 + ^?/ 5) (0)x 5 . 

From y"(x) = x 2 + y 2 — 2 y' we compute 

y" , (x) = 2 x + 2 yy , - 2 y" 

— 2 + 2 (y ') 2 + 2 yy" — 2 y'" 

y(°\x) - Qy'y" + 2 yy"' - 2 y (4) . 

Using y( 0) = 1 and y'{ 0) = 1 we find 

y"(0) = -1, y"'{ 0)=4, ?/ 4) (0) = -6 ; 7/ (5) (0) = 14. 
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16. We look for a solution of the form 

y(x) = 1 /( 0 ) + y'(Q)x + ^y"(0)x 2 + ly"'(0):c 3 + lj/ (4, ( 0)l 4 

From y"(x) = e y we compute 
y'"(x) = e y y' 


y( 4 \x) = e y (i/) 2 + e y y" 
yW{x) = e y (y l f + 2>e y y , y" + eS" 

y^\x) = e y (y') 4 + 6eV)V + 2 >e y {y") 2 + 4e y y'y"' + e y y (4 K 


Using y(0) = 0 and y'( 0) = — 1 we find 
/(0) = 1, /'(0) = -1, 3/W(0) = 2, S < 5 >(0) = -5, i/< 6 >(0) = 16. 

An approximate solution is 


1 9 

x) = -x + -xr 


1 9 1 , 1 5 1 « 

+ IT + 24*" + 45* ' 


y 



17. \Yc need to solve [1 + fy') 2 ) 3 / 2 = y". Let u — y so that v! = if The equation bee 
(l+tt 2 ) 3 / 2 = u' or (1 + w 2 ) 3/2 = du/dx. Separating variables and using the substitution u = 
we have 


du 


(1 + m 2 ) 3/2 


= dx 


/ 

/ 


sec 2 6 


7717: dd = X 


fsec 2 0 

J^re M=x 


13/2 


(l + tan 2 9^j 
cos 6 d6 = x =>• sin 9 = x 


u 


V 1 + M 2 


= x 


2/ 


= x => (y) 2 = x 2 1 + (y') 2 = 


A+M 2 


1/ 


x 


l -* 2 


\/l — X 2 

18. When y = sinx, ?/ — cos x, y" = — sin a:, and 

(y w ) 2 — -y 2 = sin 2 x — sin 2 x = 0. 


(for x > 0) =$>■ y = — yl — x 2 


When y — e x , >/ = —e~ x . y" — e x , and 

(y") 2 - y 2 = e _2 ’ r - e~ 2x = 0. 
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From (y ") 2 — y 2 = 0 we have y" - ±y, which can be treated as two linear equations. Since linear 
combinations of solutions of linear homogeneous differential equations are also solutions, we see that 
y = cie* + C 2 e~ x and y = C 3 cos x + C 4 sin x must satisfy the differential equation. However, linear 
combinations that involve both exponential and trigonometric functions will not be solutions since 
the differential equation is not linear and each type of function satisfies a different linear differential 
equation that is part of the original differential equation. 

Letting u = y", separating variables, and integrating we have 

^ = v/l + u 2 • 7 = = — dx. and sinh -1 u = x + ci. 

dx s/l + u 1 


Then 


u = y" = sinh(x + Ci). y' — cosh(x + ci) + C2, and y = sinh(x + cj) ■+■ C 2 X + C3. 


If the constant, — cf is used instead of of, then, using partial fractions. 


dx - —In 

X + Cl 

' 2 ci 

X - Cl 


+C-2- 

' &c\ I x — Cl I 

Alternatively, the inverse hyperbolic tangent can be used. 

Let u — dx/dt so that d 2 x/dt 2 = udu/dx. The equation becomes udu/dx = —k 2 /x 2 . Separating 
variables we obtain 


u da = — dx 

X“ 


1 o A : 2 
-vr = — + c 

2 x 


1 2 

2 1 ' =T + C ' 


"A lien t = 0, x = xq and v = 0 so 0 = (k 2 /xo) + c and c =- —k 2 /xQ. Then 

and 


1 , 


=-v‘ = k \ - 


fi-A) and A = _ fcv /2,/2^£. 
\x xqJ dt, V £;r o 


Separating variables we have 


/ xxq 


—. /-dx 

V - x 

7 sing Mathematica to integrate we obtain 


dx = kV2dt => t = / 


A- V 2 J y xq — x 


x 


dx. 


, = _I /£» 

A-V 2 


f~t - 7 so . -1 (*o - 2 x) / x~ 


X 


1 fxo 
A-V 2 


r~, - 7 . ®o , -1 - 2 x 

y'x(xo - x) + — tan 


2 yx(x 0 -x) 
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Exercises 4.9 Nonlinear Differential Equations 


22 . 



For d 2 x/dt 2 + sin 2 ’ = 0 the motion appears to be periodic with amplitude 1 when x\ = 
amplitude and period are larger for larger magnitudes of x \. 



For d 2 x/dt 2 + dx/dt + sin x = 0 the motion appears to be periodic with decreasing amplitu 
dx/dt term could be said to have a damping effect. 



1. y = o 

2. Since y c = cie x + C 2 C~ X , a particular solution for y" — y — 1 + e x is y p = A + Bxe x . 

3. It is not true unless the differential equation is homogeneous. For example, yi = x is a sob' 
y" + y = x , but tj 2 = 5 x is not. 

4. True 

5. The set is linearly independent over (—oc, 0) and linearly dependent over (0, oo). 

6. (a) Since / 2 (:r) = 2 In x = 2 fj (x), the set of functions is linearly dependent. 

(b) Since .x' n+1 is not a constant multiple of x n . the set. of functions is linearly independer.' 

(c) Since x + 1 is not a constant multiple of x, the set of functions is linearly independent 

(d) Since /j (:r) = cos x cos(tt/2 ) — sin x sin( 7 r/ 2 ) = — sin x = — f 2 {x). the set of functions is b 

dependent. 

(e) Since /i(;r) = 0 • /2 (;/;), the set of functions is linearly dependent. 

(f) Since 2x is not a constant multiple of 2. the set of functions is linearly independent. 
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(g) Since 3(:t 2 ) + 2(1 — a; 2 ) — (2 + x 2 ) = 0, the set of functions is linearly dependent. 

(h) Since xe x+l + 0(4a' — 5)e a- — exe x — 0, the set of functions is linearly dependent, 
(a) The general solution is 

y = c\e ix + C 2 e~ ox + c^xe~ 0X + Ci<? + c- y xe x + c$x 2 e*. 


(b) The general solution is 

y = cix 3 + c- 2 X~' 0 4- <%x~° In x + c±x + c$x Inx + cex(hix) 2 . 

Variation of parameters will work for all choices of g(x), although the integral involved may not 
always be able to be expressed in terms of elementary functions. The method of undetermined 
coefficients will work for the functions in (b), (c), and (e). 

From rn 2 — 2 m — 2 = 0 we obtain m = 1 ± a/3 so that 

y = c x e^ + ^ x + c.2e^-^ x . 

From 2 m? + 2m + 3 = 0 we obtain m = — 1/2 ± (a/5/2)/ so that 


V — e 


-x/2 


. \/5 ^ 
c\ cos x + C -2 sm x 

, 2 2 j 


From rn 3 + 10m 2 + 25m = 0 we obtain rn = 0 , m = —5. and m = —5 so that 

y = ci + c-2e~ iyx + eg; X(~ :xv . 

From 2m 3 + 9m 2 + 12m + 5 = 0 we obtain m = — 1, m = — 1, and m = — 5/2 so that 

y - c.]_e~ Tyx ' 2 + C 2 e -a: + C 3 xe~ x . 

From 3m 3 + 10m 2 + 15m + 4 = 0 we obtain m = —1/3 and rn = —3/2 ± (y/7 /2 )i so that 

y - c\e~ x ^ + e~ 3x ' 2 ^02 cos ~x + C 3 sin ■ 

From 2m 4 + 3 m 3 + 2m 2 + 6 m — 4 = 0 we obtain m = 1/2. m = — 2 , and rn = ±\/2 i so that 

y = c\e x ' 2 + c.‘ 2 e~ 2x + C3 cos V2 x + C4 sin \/2 x. 

Applying D A to the differential equation we obtain D 1 (D 2 — 3 D + 0 ) = 0. Then 


y = e ix t 2 


' %/IT . /li \ 23 

Cl COS —— X + C2 sill —— —X +C3 + C4.I' + C5:/; + C6X 


V<: 


and ijp = A + Bx + Cx 2 + Dx*. Substituting y p into the differential equation yields 

(5,4 -3 B + 2 C) + (5 B - 6C + QD)x + (5C - 9 D)x 2 + 5 Dx 3 = -2x + 4x 3 . 
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Equating coefficients gives A = —222/625. 5 — 46/125. C — 36/25, and D = 4/5. The gei 
solution is 


= P 3x / 2 ( d cos 


y = e 
\3 


■s/ii 


. vii 


222 46 


36 


x + - — + —* + -* + -** 


5 


2 2 

/ 

16. Applying (D — l) 3 to the differential equation we obtain (D — 1) 3 (5 — 2D + 1) = (D — l) 5 
Then 

y = c\<f + C 2 *e* + dx 2 e x + C 4 X A e x + c$x 4 e x 

^ .. v ** 

Vc 

and y p = Ax 2 e x + Bx 3 e x + Cx 4 e x . Substituting y p into the differential equation yields 

12Cx 2 e x + 6Bxe x + 2Ae x = x 2 e x . 

Equating coefficients gives A = 0. B = 0, and C — 1 / 12 . The general solution is 

y = Cie x + C2xe x + 

17. Applying D(D 2 + 1 ) to the differential equation we obtain 

D(D 2 + 1)(5 3 - 5 D 2 + 6 D) = D 2 (D 2 + 1 )(D - 2 )(D - 3) = 0. 

Then 

o T ‘i.y , 

y ~ ci + c%e + c^e '' _ + c±x + C 5 cos x + cq sin x 

Vc 

and y p = Ax + B cos x + C sin x. Substituting y p into the differential equation yields 

6 A + (55 + 5 C) cos x + (—55 + 5C) sin x = 8 + 2 sin x. 


Equating coefficients gives A = 4/3, 5 - —1/5, and C = 1/5. The general solution is 

3 t 4 1 1 

y = Cl + C26"' + C3C + -x — - cosx + - Sill X. 

3 5 5 

IS. Applying D to the differential equation we obtain D(D :i — D 2 ) — D 3 (D — 1 ) = 0 . Then 

y = c\ + C2X + c,3e x + cqa: 2 

V ■ -v* ^ 

Vc 

and y p — Ax 2 . Substituting y p into the differential equation yields —2 A = 6 . Equating coeffi: 
gives A = —3. The general solution is 

y = c 1 + C2X + ae x - 3 x 2 . 


.9. The auxiliary equation is m 2 — 2m + 2 = [m— (l + «)][m— (1 — ^)] = 0, so y c = cie x since + co-: 
and 


W = 


e x sin x 


e x cos x 


e cos x + e sin x —e sin x + e cos x 


—e 


2x 
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Identifying f(x) = e x tan x we obtain 

, f e x cos x)(e x tan x) 

tt i= 

, (e ;r sin a:) (e x tan x) sin 2 x 

u 2 = - r> -=-= cosrr — secx. 

—e zx cos x 

Then u\ = — cos x. uo = sin a: — In j sec x + tan x\. and 

y - c\_e x sin x 4- czt?' cos x — e x sin x cos x + e x sin x cos x — e x cos x In | sec x + tan x| 

= cie x sin x + tye* cos x — e x cos x In | see x + tan x \- 
The auxiliary equation is m? — 1 = 0, so y c = cie* + C 2 e~ x and 


W = 


e x e x 


e x —e x 


- - 2 . 


identifying f(x) = 2e x j(e x + e x ) we obtain 


u i = Td 


e x + e x 


1 + e 


2x 


,>2x 


,3x 


u 2 = 


= —e 


1 + e 2x " 1 + cA x ' 

Then uy = tan -1 e x , U 2 = — e x + tan -1 e a ’, and 

y — cie* + C 2 e~' c + e x tan -1 e x — 1 + e~ x tan -1 e x . 

The auxiliary equation is 6 m 2 — rn — 1 = 0 so that 

y = c\x 1 / 2 + C 22 r _1//3 . 

The auxiliary equation is 2m / 3 + 13m 2 + 24m + 9 = (m + 3) 2 (m + 1/2) = 0 so that 

y = cix~ 3 + C 2 X -3 In x + C 3 x~ 1 ' 2 . 

The auxiliary equation is m 2 — 5 rn + G = (m — 2 )(m — 3) = 0 and a particular solution is 
. = x 4 — x 2 In x so that 

2 . 3,4 21 

y — c:\x + C 2 X + x — x In nr. 

The auxiliary equation is rn 2 — 2 rn + 1 = (ra — l ) 2 = 0 and a particular solution is y p = so that 

t 1 3 

y = c\x + C 2 Z In x + -x . 

4 

a) The auxiliary equation is m 2 + u / 2 = 0, so y f: = cy cos cox + 02 sin wax Wlien 10 ^ a, 
y v — A cos ax + B sin ax and 

y = cy cos cox + c *2 sin cox + A cos ax + B sin ax. 
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When lo = a, y p = Ax cos cox + Bx sin lox and 

y — ci cos lox + C ‘2 sin ux + Ax cos lox + Bx sin lox. 

b) The auxiliary equation is m? — lo 2 = 0, so y c — cie? x + C 2 e~ ux . When lo 7 ^ «, y p = Ae ox 

y = c.\c wj: + C 2 e~ wx + Ae ax . 

When lo = a, y p = Axe wx and 

y = c\eA x + C 2 e~ wx + Axe wx . 

26, (a) If y = sin a: is a solution then so is y — coax and m 2 + 1 is a factor of the auxiliary eqv. 

m 4 + 2m 3 + 11m 2 + 2m + 10 = 0. Dividing by m 2 + 1 we get m 2 + 2m 4 -10, which has : 
—1 ± 3 i. The general solution of the differential equation is 

y~c\ cos x + c% sin x + e~ x (03 cos 3a; + 04 sin 3 ar). 

(b) The auxiliary equation is m(m + 1) = m 2 + m = 0. so the associated homogeneous differ-, 
equation is y" 4- y' = 0. Letting y = c\ + oi€~ x 4- \x 2 — x and computing y" 4 - y' we - 
Thus, the differential equation is y" 4- y' = x. 

27. (a) The auxiliary equation is m 4 — 2m 2 + 1 = (m 2 — l ) 2 = 0, so the general solution : 

differential equation is 

y = ci sinh x 4- C 2 cosh x + c^x sinh x + 040 : cosh x. 


b) Since both sinh x and x sinh x are solutions of the associated homogeneous differential eqv. 
a particular solution of j/ 4 ) — 2 y" 4- y = sinh a; has the form y p = Ax 2 sinh x + Bx 2 cosi: 

28. since y{ = 1 and y'{ = 0, x 2 i/{ - (a; 2 + 2 x)y[ + (x + 2 )yi = ~x 2 - 2 x + x 2 + 2 x = 0, and y\ = 
a solution of the associated homogeneous equation. Using the method of reduction of order. " 
= ux. Then y' - xv! + u and y" = xu" + 2 u r , so 


x 2 y" — (x 2 + 2 x)y' 4- (x + 2 )y = x 3 u" + 2 x\t' — x 2 u — 2 x 2 u' — x 2 u 


+ x*u + 


= x s u" — x^v! = x'H 


u" - u r ) 


Tj find a second solution of the homogeneous equation we note that u = e x is a soluv 
' — u' - 0. Thus, y c - C[X + coxe x . To find a particular solution we set x 2 (u" — u') — 

: vat it" — u' = 1 . This differential equation has a particular solution of the form Ax. SubstT 
••••!:• hnd A = — 1 , so a particular solution of the original differential equation is y p - —x 2 a: 
general solution is y = cior 4- C 2 xe x — x 2 . 

The auxiliary equation is m 2 — 2m + 2 = 0 so that m = 1 ± i and y = e x (ci cos X + C 2 sin x). ' 
. ~ 2) = 0 and y(n) = —1 we obtain ci - e _7r and C 2 = 0. Thus, y = e x-7r cosa.\ 
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0. The auxiliary equation is m 2 +2m+l = (ro+1) 2 = 0, so that y = cie~ x +c 2 xe~ x . Setting y(-1) = 0 
and y'{ 0) = 0 we get cie — C 2 C = 0 and —ci + C 2 = 0. Thus c\ = C 2 and y = c\(e~ x + xe~ x ) is a 
solution of the boundary-value problem for any real number ci. 

11. The auxiliary equation is m 2 — 1 = (rn, — l)(m + 1) = 0 so that m = ±1 and y = c\e x + c 2 e~ x . 
Assuming y p = Ax + B + C sin x and substituting into the differential equation we find A = — 1, 
5 = 0, and C — . Thus y p — —x — \ sin x and 

y = c\e x + c 2 e~ x — x — - sin x. 

z 

Setting y( 0) = 2 and y'( 0) = 3 we obtain 


ci + C‘2 — 2 

3 „ 

Cl — C2 - - = 3. 

Solving this system we find ci = ^ and c 2 = — The solution of the initial-value problem is 

13 x 5 _ x 1 . 
y=— e --e — x ~ - sm a:. 

12. The auxiliary equation is rn 2 + 1 = 0, so y c = ci cos x + c 2 sin a; and 

cos x sin x 


W = 


— sin a;: cosx 


= 1 . 


Identifying f(x) = sec 3 x we obtain 


, . o sin x 

tin = - sm x sec x = -=- 

COS' 5 X 


i <2 = cos x sec 3 x = sec 2 x. 


Then 


1 1 


«i = 


7 T— = —-sec x 
2 cos 2 x 2 


Thus 


U ‘2 — tan x. 


aid 


y = ci cos x + C '2 sin x — - cos x sec x + sin x tan x 

z 

1 1 — cos 2 X 

— Ci cos x + C 2 sin x — - sec x -\ - 2 — 

2 cos x 

1 

= C;i cos x + c ’2 sm x + - sec X. 
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, . l 

y = — C'3 sm x + C2 cos x + - sec x tan x. 

Zj 


initial conditions imply 


C3 + 2 - 1 


C2 = 2- 


-n = C2 = 1/2 and 


3-3. It: 


y = - cos x + - sin x + - sec x. 
z z z 

= // so that v! = y". The equation becomes u du/dx = Ax. Separating variables we ob: 

u du = Ax dx => l~u 2 — 2ar + ci =4> u 2 - Ax 2 + c% 

£ 

,r = 1, y' = w = 2, so 4 = 4 -)- c 2 and 02 = 0. Then 

dy 


u 2 = 4! 2 =*• ^ = 2x 
dx 


or —^ = — 2:r 
dx 


y = x 2 + C'i or y = —r 2 + C4. 




. = 1 . y ~ 5, so 5 = 1 4- eg and 5 = —1 + cq. Thus C 3 = 4 and C 4 = 6. We have y = . 

= —x 2 + 6. Note however that when y = ~x 2 + 6. y' = —2x and y'(l) = —2^2. Thu 
::: of the initial-value problem is y = x 2 + 4. 

= •/ so that y" = udu/dy. The equation becomes 2 udu/dy = 3y 2 . Separating variai... 


2 3 ■ 

u = y -t-ci. 


2 u du = 3 y 2 dy = 

= 0. y = 1 and y' = u = 1 so 1 = 1 4- c\ and cj = 0. Then 


ti 2 = y 3 


dy 

dx 


V 


dx 


V 


y 2 - 2 dy = dx 


- 2 y - 1 /2 = * + C2 


y 


(x + c 2 ) 2 ‘ 

. : = 0. y = 1, so 1 = 4/c 2 and c 2 = ±2. Thus, y = 4/(x + 2) 2 and y = A/(x — 2)-. 

that when y = 4/ (:r + 2) 2 , y' = - 8 /( 2 : + 2 ) 3 and y'(0) = -1^1. Thus, the so/-.- 
.:::al-value problem is y = A/iyx — 2) 2 . 

I-T auxiliary equation is 12 m 4 + 64m 3 + 59m 2 — 23m — 12 = 0 and has roots —4. - - 
3 ^. The general solution is 


y = C\C, 4x + c 2 e 3 ®/ 2 + c-ie~ x/ ' i + c 4 e x / 2 . 
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I b) The system of equations is 


Cl + C -2 +C‘s+ C 4 = -1 

( 3 11 

~4ci - -C 2 - -03 + -04 = 2 

9 1 1 

16ci + — Co + —C 3 + —C '4 = o 

„, 27 1 1 

-64ci - —c 2 - —o 3 + -04 = 0. 


Using a CAS we find c\ = — ^. 02 = 
initial-value problem is 


35 


_ 3726 


03 = ~ 


, and c 4 = ff 


385 


y 


ILe-** + 1Q9 ,-^/2 _ 3726 ^_, :/ 3 


495 


35 


385 


257 

+ lT' 


,*/2 


Consider xy" 4- j/ = 0 and look for a solution of the form y — x m . 
Substituting into the differential equation we have 

xy" + y' - m(m — l).r T " -1 + mx m ~ ] = m 2 x m ~ 1 . 

Thus, the general solution of xy" + y r = 0 is y c = c\ -f 02 In x. To find a 
particular solution of xy" + y' = —yfx we use variation of parameters. 
The Wronskian is 

1 

x ' 

Identifying f(x) = —x -1 / 2 we obtain 


1 In x 
0 1/x 


-2 

-3 

-4 

-5 


x 


I <2 


lux 


= 


1/x 


= x/xlnx and ?4 = 


—x 


.- 1/2 


1/x 


— —-\/x ; 


so that 

Then 



Vp = a’ 3/2 fj Inx - - |r 3 / 2 lnx = -^x 3/2 


and the general solution of the differential equation is 


y = ci 4- 02 In x 


^x 3 / 2 . 

9 


The solution of the 
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The initial conditions are y(l) = 0 and {/'(l) = 0. These imply that c\ = | and C 2 = § • 
solution of the initial-value problem is 

4 2, 4 3/0 

^ = 9 + 3 In :C “ 9 ' C • 

The graph is shown above. 

3“. rrC'in (D — 2) a: -j- (D — 2)y = 1 and Dx + (2D - 1 )y = 3 we obtain (D — 1 )(D — 2 )y = —6 
Dx = 3 — (2D — 1 )y. Then 

3 

y = c\ e 2t + coe 1 — 3 and x =-c^e* —'-cie 2t + C 3 . 

£ 

Substituting into (D — 2 )x + (D — 2 )y = 1 gives C 3 = § so that 

t 3 2t 5 
a; = -c 2 e* - ~ c i e + - . 


39. 


Jrrom (D — 2)x 

and 


— y = t — 2 and —3:r + (D — A)y — —At we obtain (D — 1 )(D — o)x = 9 — 8 1. T 

t 5 * 8 3 

x = ae/ + c 2 e M - -t - — 

5 25 

■if* 11 

V = (D 2).t — t + 2 = —cie* + 3c 2 e 5li + — + ;rr£. 


r rom (D — 2)x — y — — e f and —3a; + (D — 4)y = —7e* we obtain (D — 1)(Z) — 5).x = — 4e* so ■ 

x = eje 1 + c 2 e 5i + te t . 

Then 

y = (D — 2)x + e* = —c\e l + 3c 2 e of - £e* + 2e t . 


40. .-rom (D+2)x+(D+l)y = sin 2t, and 5x+(D+3)y = cos2 1 wc obtain (D 2 +5)y = 2cos2£ — 7si: 


. non 


. 1.1 


2 n 7 

y = ci eos t + C 2 sm t — - cos 2t+ - sin 2 1 

o o 

1 1 
x = —~(D + 3)y + - cos2£ 

5 ' 0 


/1 3 \ . /I 3 \ 5 1 

= ^-ci - - c 2 J sin t + ( — - c 2 - -ci j cos t - - sin 2t - - cos 2£. 
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5 Modeling with Higher-Order 
Differential Equations 



1. From gir" + I6x = 0 wo obtain 

x = ci cos 8\/2 1 + c '2 sin 8\/2 1 
so that the period of motion is 2tt/8\/2 = y/2 tt/8 seconds. 

2. From 20x" + kx — 0 we obtain 


i rr i n~ 

x = d cos 2 + C2 sin 2 \/ 7 1 


so that the frequency 2 /t r = \\JkfhTT and fc = 320 N/m. If 80.x" + 320.x = 0 then 

x = ci cos 2t -t- C ‘2 sin 2 1 


so that the frequency is 2/2 tt =1 /7r cyclcs/s. 

3. From %z" + 72a; = 0, a;(0) = —1/4. and x'(0) = 0 we obtain x = — ^ cos4v6l 

4. From |.x" + 72a; = 0, :x(0) = 0, and a/(0) = 2 we obtain x — ^ sin4\/6t 

3. From |a;" 4- 40x = 0. a;(0) = 1/2. and a/(0) = 0 we obtain x = 5 cos81 

(a) x(tt/12) = -1/4, .t(7t/8 ) = -1/2. .x(tt/6 ) = -1/4, j;(tt/4) = 1/2, x(9n/32) = v/2/4. 

(b) a : 7 = —4 sin St so that ^(Stt/ 16) = 4 ft/s directed downward. 

(c) If x = r 2 cos 8 t = 0 then f = ( 2 n + 1 )tt/ 16 for n = 0 . 1 , 2 . ... . 

5. From 50a/' + 200a; = 0. a;(0) = 0. and x'(0) = —10 we obtain x — — 5sin 21 and x' = —10cos21 

”• From 20 .x" + 20.x = 0, x(0) = 0, and x'(0) = —10 we obtain x = —10 sin t and x! — —10cost. 

(a) The 20 kg mass has the larger amplitude. 

(b) 20 kg; x 1 [tv j 4) = -5V2 m/s, x'( 7 r/ 2 ) == 0 m/s; 50 kg: x'(tt/ 4) = 0 m/s, x'(tt/ 2) = 10 m/s 

(c) If —5 sin 2t, = —10 sin t then sin f( cos t — 1) = 0 so that t = nn for n — 0, 1, 2, ..., placing both 
masses at the equilibrium position. The 50 kg mass is moving upward; the 20 kg mass is 
moving upward when n is even and downward when n is odd. 
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Exercises 5.1 Linear Models: Initial-Value Problems 


8. From x" + lGx = 0, :r(0) = — 1, and a/(0) = —2 we obtain 

1 \/d 

x = — cos 4t — — sin 4 1. = —— sin(4t — 4.249). 
z z 

The period is tt/2 seconds and the amplitude is \/5/2 feet. In 47r seconds it will make 8 cor. 
cycles. 

9. From \x" + x = 0, x(0) - 1/2, and a/(0) — 3/2 we obtain 

1 3 x/XS 

x = - cos 2 1 + - sin2t = —— sin(2t + 0.588). 

Z .r “t 

10. From 1 .6x" + 40.?’ = 0, x(0) = —1/3, and 2 /( 0 ) =5/4 we obtain 

115 

x = — - coso t + - sin 5 1 = — sin(5t — 0.927). 

3 4 12 

If x = 5/24 then t = \ (| + 0.927 4- 2rwr) and t = i ^ + 0.927 + 2rar) for n = 0, 1, 2, ... . 

11. From 2x" + 200x = 0. x(0) = —2/3, and a/(0) = 5 we obtain 

(a) x = —| cos lOt + sin lOt — | sin(10t — 0.927). 

(b) The amplitude is 5/6 ft and the period is 2 tt/10 = 7t/5 

(c) 37r = tt/c/ 5 and k = 15 cycles. 

(d) If x = 0 and the weight is moving downward for the second time, then lOt — 0.927 = 
t = 0.721 s. 

(e) If x! = f cos (lOt - 0.927) = 0 then lOt - 0.927 = tt/2 + rnv or t = (2n + l)ir/20 + 0.0.' - 
n = 0, 1, 2, ... . 

(f) z(3) = -0.597 ft 

(g) a/(3) — —5.814 ft/s 

(h) a?"(3) = 59.702 ft/s 2 

(i) If x = 0 then t — ^(0.927 + mi) for n = 0, 1, 2, .... The velocity at these times is 
x' = ±8.33 ft/s. 

(j) If x = 5/12 then t = j^(tt/6 + 0.927 + 2n?r) and t = yg(57r/6 + 0-927 + 2n.7r) for n = 0. 1. - 

(k) If x - 5/12 and x' < 0 then t = ^(5 tt/6 + 0.927 + 2 rar) for n = 0, 1, 2. ... . 

12 . From x" + 9x = 0. :c(0) = —1, and x 7 (0) = — a/ 3 we obtain 

„ V3 . „ 2 . 

x = — cos 3t-— sin 3t = —= sin 

3 V3 

and x! = 2\/3cos(3t + 47r/3). If x' = 3 then t = —77 t/18 + 2 m:j 3 and t = —7 t/2 + 2 r ~ 
n — 1, 2, 3, ... . 

13. From k\ = 40 and k ~2 = 120 we compute the effective spring constant k — 4(40) (120)/It' - 

Now. rn = 20/32 so k/m = 120(32)/20 = 192 and x" + 192x = 0. Using x(0) = 0 and x 'IL - 

obtain x(t) = sin8-\/31. 
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14. Let m be the mass and k\ and k -2 the spring constants. Then k = 4A‘iA: 2 /(^T + k' 2 ) is the effective 
spring constant of the system. Since the initial mass stretches one spring | foot and another spring 
foot, using F = ks, we have = ^2 or 2Aq — 3^2- The given period of the combined system 
is 27 r/ut — tt/15, so = 30. Since a mass weighing 8 pounds is ^ slug, we have from w 2 = k/rri 


30 


2 


We now have the system of equations 


-7- = 4 k or k = 225. 
1/4 


Akik-2 
k\ + k -2 


= 225 


2fci = 3&2. 


Solving the second equation for k\ and substituting in the first equation, we obtain 

4(3* 2 /2)*2 _ 12A| _ 12^2 = 225 


3 ^ 2/2 4 - &2 5/C2 5 

Thus, k '2 = 375/4 and k\ = 1125/8. Finally, the weight of the first mass is 

fci 1125/8 375 

32m = t = -r~ = — 


46.88 lb. 


1: For large values of t the differential equation is approximated by x" — 0. The solution of this 
equation is the linear function x = c\i + 0 , 2 ■ Thus, for large time, the restoring force will have 
iecayed to the point where the spring is incapable of returning the mass, and the spring will simply 
keep on stretching. 

Id. As t becomes larger the spring constant increases; that is, the spring is stiffening. It would seem 
That, the oscillations would become periodic and the spring would oscillate more rapidly. It is likely 
:hat the amplitudes of the oscillations would decrease as t increases. 


I" a) above 
Li* a) below 


(b) heading upward 
(b) from rest 


11* a) below (b) heading upward 

X a) above (b) heading downward 

hi. From jjX n + a/ + 2 x = 0, x’(0) = —1, and ak(0) = 8 we obtain x — 4 te~ 4t — e~ 4t and 
= 8e _4< — 1 6te~ 4t . If x = 0 then t = 1/4 second. If x' = 0 then t = 1/2 second and the 
:::reme displacement is x = e~ 2 feet. 

L. :bm \x" + \/2 x' + 2 x = 0, :r(0) = 0, and a/(0) = 5 we obtain x = 5te _2v ^ i and 
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x' = 5e 2 v/ 2* — 2 y/2tj. If x' = 0 then t = s/ 2 /A second and the extreme displacemcrr 

x = 5\/2 e _1 /4 feet. 

23. (a) Prom x" + lOx' + 16a: = 0, x(0) = 1 , and x'(0) - 0 we obtain x = |c~ 2t — 

(b) Prom x" + x! + 16a; = 0. x(0) = 1, and x'(0) = —12 then x = —|e _2f + 

24. (a) x = |e -8 * (de 6 * — l) is not zero for t > 0; the extreme displacement is x(0) = 1 meter. 

l b) x = |e -84 (5 — 2e 6i ) = 0 when t = | In | m 0.153 second; if x' — |e _8i (e f)< — 10) = 0 '. 

t — g In 10 as 0.384 second and the extreme displacement is x = —0.232 meter. 

25. (a) From 0.1x w + 0.4.x' + 2x — 0, x(0) = —1, and ^'(O) = 0 we obtain x = e~ 2t — cos4i — 5 sir.- 

a /f 

■ b) x = -r-e _2<: sin(4f + 4.25) 

z 

(c) If x = 0 then 4 1 + 4.25 = 2tt. 3tt ; 4tt, ... so that the first time heading upward is 
t = 1.294 seconds. 

26. • a) From jx" + x' + 5x = 0 , x(0) = 1 / 2 , and x'(0) = 1 we obtain x = e~ 2t Q cos At + \ sin 4" 

b) x — -^=e _2t s i n . 

c) If x = 0 then 4f+7r/4 — 7 r, 27T, 3 tt, ... so that the times heading downward are t — (7+8n - 
for n = 0, 1, 2, ... . 

d) 



2 7. rrom fgx ,/ +0x f +ox = 0 we find that the roots of the auxiliary equation are m, = — |y'd " 

a) If 4 3 2 — 25 > 0 then 0 > 5/2. 

• b) If A3 2 - 25 = 0 then ,3 = 5/2. 

• c) If A3 2 - 25 < 0 then 0 < ,3 < 5/2. 

2S. From 0.75a/' + 3x' + 6x = 0 and ,3 > 3\/2 we find that the roots of the auxiliary equation a: 
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m = — 1 3 ± | y d' 2 — 18 and 

at = e“ 2;i d'3 Cl cos } 1 z y /? 2 — 18 1 + C 2 sinli ^ y d 2 — 18 1 . 
o o 

If .r(0) = 0 and at'(O) = —2 then ci = 0 and C 2 = —3/ \J3 2 — 18. 

If \x" + \x' + 6.x = 10 cos 3d r/;(0) = 2, and :r'(0) = 0 then 



and x p = ^(cos 3f + sin 3f) so that the equation of motion is 

-t / 2 ( 4 V*7 X 64 . Vtf x \ 

3 2 3N/47 2 j 


sin 3t). 


(a) If x" + 2x' + oat = 12 cos 2 t + 3 sin 2 1 . :r(0) = 1. and oF(0) = 5 then x c = e * (ci cos 2 1 4- 1*2 sin 2 t) 
and x p = 3 sin 2 1 so that the equation of motion is 

x = e~ l cos 2t + 3 sin 2 t. 



From x" + 8x' + 16a: = 8 sin At, .i;(0) = 0. and aF(0) = 0 we obtain x c = eqe ' u + ctfe AL and 

■r p = — j cos At so that the equation of motion is 

1 1 

x — -e~‘ u + te~ At — - cos At. 

4 4 

From x" + 8 x r + 16at = e~ f sin At, x( 0 ) = 0, and x'(0) = 0 we obtain x c = c\e~ At + C 2 te~ Al and 
cos At — eggsin4t so that 

x = -k-e~ At (2A + lOOt) - -i-e _t (24cos4i + 7sin4#). 

625 625 

As l —*■ oc the displacement x —► 0. 

From 2x" + 32x = 68 e ~' 21 cos 4/;. at(0) = 0 ; and x'(0) = 0 we obtain x <: — ci cos4t + C 2 sin 4/ and 
r> — \e~ 2i cos At — 2e~ 2t sin At so that 

19 1 _o, 

x — — cos 4t + - sin At + -e c cos At — 2e sin At. 

2 4 2 

fince x = sin(4t — 0.219) — ^r-e -2 *sin(4£ — 2.897), the amplitude approaches \/85/4 as t —► oc. 
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35. 


i a) By Hooke’s law the external force is F(t) = kh(t) so that mx" + fix' + kx — kh(t). 

■ bi From \x" + 2 x' + 4x = 20cost, ;.?;(0) = 0, and .^'(O) = 0 we obtain x c = e~‘ 2t (ci cos 2t + co' 
and x p = y| cos t + || sin t so that 


_ 2f j 56 _ J (2 . . \ 56 32 . 

x — e — — cos 2 t -- sm 2 t + — cos t + — sin t. 

13 13 J 13 13 


56. a From 100a; // + 1600x = 1600 sin 8 t, x(Q) = 0, and x'(0) = 0 we obtain x c = c\ cos At -(- c-_ 
and x p = — g sin St so that by a trig identity 

2 12 2 
x = - sin At — - sin St = - sin At — - sin 4t cos At. 

3 3 3 3 

b i If x = 5 sin4t(2 — 2 cos 4t) = 0 then t = n- 7 r /4 for n = 0, 1 , 2, ... . 

c .i I: x' — | cos4t—| cos St = |(1—cos4t)(l4-2cos4t) = 0 then t = 7 r/ 3 +n 7 r /2 and t = tt/G- 
for n — 0, 1, 2 . ... at the extreme values. Note: There are many other values of t for ' 
x' -- 0. 


d! x\~/G + wr/2) = \/S/2 cm and x(tt /3 + mr/ 2 ) = —\/3/2 cm 


i e I x 



3". Fr:n: x" + Ax = —5 sin 2t + 3cos2 1, x(0) = —1, and a/(0) = 1 we obtain x c = c\ cos2 1 + c-_ - 
= |tsin2t+ |tcos2t, and 

] 3 5 

x = — cos 21 — - sin 2 t + —t sin 21 + -t cos 21 . 

8 4 4 

38. F: ;.:n x" + 9.x = 5sin 3£, x(0) — 2, and x'(0) = 0 we obtain x c = c\ cosSt + c^sin3t, x p = — 


5 5 

x — 2 cos 3t + — sin 3t — -t cos 3 1 . 

18 6 

3 a. a ) From x" + uj 2 x = Fq cos yt, x(0) = 0, and x/(Q) — 0 we obtain x c - ci cos a >i + C 2 si:: 
x p = (Fq cos yt) j (J 2 — 7 2 ) so that 

F 0 Fq 

X =- K - K COS L)t -\ - 7 i -:-r COS 'Yt. 

U) z — Y U! Z — Y 

, , ,. Fo , , + \ V —F()t sin ~/t F 0 . 

b i Inn —k -^(cosyt — cosutf) = lim---= —-tsmut. 

-—ujY-Y t-w ~2j 2u> 
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40. From x" + urx = Focosuit, x(0) = 0. and *'(0) = 0 we obtain x c = C\ co suit + C 2 sinand 
Zp = {F{)t/2io)iih\ jjt so that x = (Fot/2u>) sin ojt. 

41. (a) From cos(u — v) = cos u cos t 1 4- sin u sin v and cos(u + v) — cos a cos v — sin u sin v wc obtain 

sin u sin v = ^[cos(w — v) — cos (u + ?,’)]. Letting u = 5(7 — uj)t and v = 5(7 + a i)t, the result 
follows. 

(b) If t = 2(7 — uj) then 7 ~ a; so that x = (Fo/2ex) sin ct sin yf. 

42. See the article “Distinguished Oscillations of a Forced Harmonic Oscillator” by T.G. Procter in The 
College Mathematics Journal March, 1995. In this article the author illustrates that for Fq = 1 . 
A = 0.01, 7 = 22/9. and x = 2 the system exhibits beats oscillations on the interval [0. 9tt], but 
that this phenomenon is transient as t —> oo. 



= Ae Xt sin[y J 2 — A 2 1 + 0 ], 

where ,4 = y c 2 + c|, sin 0 = m/M, and cos 0 = 0 - 2 /A. Now 

, , FJu 2 - 7 2 ) . Fo(—2Ay) 4 , 

X p(t) = p _^ 2 )2 + 4 A 27 2 8111 ^ + p _ ~7 )2 + 4 A V ;„2 COS J f = 


where 


sin 0 = 


cos 9 - 


F 0 (-2A 7 ) 

(uF - 7 2 ) 2 + 4 A 2 7 2 _ - 2 A 7 

—== _ -5) J (uj 2 - y 2 ) 2 + 4A 2 7 2 

y uF — 7 2 + 4 A 2 7 2 

- 7 2 ) 

{uF — 7 2 ) 2 + 4A 2 7 2 uj' 2 — 7 2 

_ Fq ~7^ 2 -7 2 ) 2 + 4A 2 ? 

\/ (a; 2 — 7 2 ) 2 + 4A 2 7 2 


(b) If ^(7) 0 then 7 (7 2 + 2 A 2 — a; 2 ) = 0 so that 7 = 0 or 7 = yV 2 — 2A 2 . The first derivative 

test shows that g has a maximum value at 7 = \/F 2 — 2A 2 . The maximum value of g is 

.9 (sJ^F~ 2A 2 ) = F()/2A \/uF - A 2 . 
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(c) Wc identify co 2 = k/m = 4, A = 3/2, and 71 = y/co 2 — 2 A 2 = ^ A — 3 2 j2 . As 3 —* 0 . • 
and the resonance curve grows without bound at 71 = 2 . That is, the system approach-, 
resonance. 


9 



3 

yi 

9 

2.00 

1.00 

0.75 

0.50 

0.25 

1.41 

1.87 

1.93 

1.97 

1.99 

0.58 

1.03 

1.36 

2.02 

4.01 


44. (a) For n = 2, sin 2 7 * = i(l — cos 27 1 ). The system is in pure resonance when 2 ji/2ir = a' 
when 71 = u )/ 2 . 


(b) Note that 


sin 3 7 1 = sin 7 1 sin 2 7 1 = - [sin 7 1 — sin 7 1 cos 27 1 \. 


Now 


sin(A + B) + sin (A — B) = 2 sin A cos B 


so 


and 


Thus 


sin 7 1 cos 27 1 = [sin 37 1 — sin 7 1 ] 


3 1 

sin 3 7 1 — — sin 7 1 — - sin 3yt. 

4 4 


3 1 

x" + u>~x = - sin 7 1 —- sin 37 1 . 

4 4 


The frequency of free vibration is u}/2tt. Thus, when 7i/27t = u>/2tc or 71 = u, anc 
372/271 = to/ 2n or 372 = co or 73 = oj/ 3, the system will be in pure resonance. 
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(c) x 71 = 1/2 x 71=1 X y2=1/3 



g(0) = 5 and r/(0) = 0 imply ci = 5 and 02 = 5/2. Thus 

q(t) = e~ 20t (5cos40t + | sin 40^ = ^25 + 25/4 e~ 2()t sin(401 + 1.1071) 

and g(0.01) ~ 4.5676 coulombs. The charge is zero for the first time when 40t + 1.1071 = tt or 
t ~ 0.0509 second. 

Solving \q" + 20 q' + 300g = 0 we obtain cj(t) — c\e~ 2(it + C 2 e~ 60t . The initial conditions g(0) = 4 
and c/(0) - 0 imply Ci = 6 and c -2 = — 2. Thus 

q(t) = 6 e~ 2m - 2 e~ m . 


Setting g = 0 we find e 40f = 1/3 which implies t < 0. Therefore the charge is not 0 for t > 0. 
Solving |g" + 10g / + 30g = 300 we obtain q(t) = e _3i (ci cos 3t 4 - C2 sin 3t) + 10. The initial conditions 
g(0) - g'(0) = 0 imply 01 = 02 = —10. Thus 

g(t) = 10 — lOe - ^ (cos 3t + sin 3t) and i(t) — 60e~ 6t sin 3t. 

Solving i(t) = 0 we see that the maximum charge occurs when t = tt/ 3 and g(7r/3) ~ 10.432. 
Solving q" + 100g' + 2500g = 30 we obtain g(t) = c\e~ l>0t + C 2 te~ o0t + 0.012. The initial conditions 
70) = 0 and g'(0) = 2 imply c\ = -0.012 and C 2 = 1.4. Thus, using i(t) = q'{t) we get 


q(t) = -0.012e -50 * + lAte~ mt + 0.012 and i{t) = 2e~ 50t - 70te“ 50t . 

Solving i(t) = 0 we see that the maximum charge occurs when t = 1/35 second and g(l/3o) « 
.01871 coulomb. 

Solving q" + 2 q' + 4g = 0 we obtain q c = e~ l (cos a /3 t + sin a /3 tj . The steady-state charge has the 
Lain q p = A cos t + Bsint. Substituting into the differential equation we find 

(3 A + 2 B) cost + (SB — 2 A) sint = 50cost. 


Trus. A = 150/13 and B = 100/13. The steady-state charge is 

, . 150 100 . 

q P (t) = cos t + — sm t 


-::d the stea,dv-state current is 


. . . 150 .100 , 

W) = —sm t + — cost. 
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• n\ E{) ^ + 

ip(i) = Y\Z sm ' rt ~ Z COS7 * 


Z — \J X 2 + R 2 we see that the amplitude of i p (l) is 


.4 


E^R 2 EtX 2 Ei 


. /_0 _ 

V Z 4 


Z 4 Z 2 


= ^ . 


referential equation is + 20g' + lOOOg = 100sin 60t. To use Example 10 in the te: 
:fr E\) = 100 and e = 60. Then 




13.3333, 


Z = yX 2 + l?. 2 = \/X 2 -f 400 » 24.0370. 


5 0 100 


4.1603. 


Z Z 

r :Problem 50, then 

?j,(£) ~ 4.1603 sin(60£ + <£>) 

■ j. : sin 6 = —X/Z and cos <p = R/Z. Thus tan 6 = —XfR « —0.6667 and 6 is a fourth qu 
Xow a ~ —0.5880 and 


■i, p (t) = 4.1603 sin(60£ - 0.5880). 


' PL; $(f + 20 q 1 + lOOOg = 0 we obtain q c (t) = e~ 20t (ci cos 40t + co sin40t). The stead - - 
1. -: has the form q p (t) = /lsin60£ + B cos60£ + Gsin lOt -I- 5cos40£. Substituting i:. - 
ontial equation we find 

(-160021 - 24005) sin 60t + (2400/1 - 16005) cos 60t 

+ (400C - 16005) sin 40 1 + (1600C + 4005) cos40t 
= 200 sin 60t + 400 cos 40t. 


n mating coefficients we obtain A = —1/26. 5 = —3/52, C = 4/17, and 5 = 1/17. The 
charge is 

<l P (t) = sin 60t - cos 60t + ^ sin 40£ + ~ cos 40£ 


"h^ steady-state current, is 


, , 30 45 160 40 

■ip(t) = — — cos 60£ + — sin 60£ + cos 40/: — — sin401 
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3. Solving j q‘" + 10 q' -(-100$ = 150 we obtain $(t) = e 10 i (c] cos lOt + c^sinlOf) + 3/2. The initial 
conditions $(0) = 1 and $'(0) = 0 imply c\ — c% = — 1 / 2 . Thus 

q(t) = — ^e _ll)/ (cos lOt + sin lOt) + ^ . 

As t —> oc, q(t) —> 3 / 2 . 

4. In Problem 50 it is shown that the amplitude of the steady-state current is Eq/Z , where 
Z = y/X 2 + R 2 and X = Ly — 1 /Cy. Since Eq is constant the amplitude will be a maximum when 
Z is a minimum. Since R is constant, Z will be a minimum when X - 0. Solving by — l/Cy = 0 
for 7 we obtain 7 = \j\JLC . The maximum amplitude will be Eq/R.. 

5. By Problem 50 the amplitude of the steady-state current is Eq/Z. where Z = VX 2 + JR? and 
X = Ly — I/C 7 . Since Eq is constant the amplitude will be a maximum when Z is a minimum. 
Since R is constant, Z will be a minimum when X — 0. Solving Ly — 1 j Gy = 0 for C we obtain 
C = I/L 7 2 . 

0 . Solving 0.1 q" + 10$ - 100 sin 7 / we obtain 


$(t) = ci cos lot + C -2 sin lOt + q p (t) 

where q p {t) = A sin yt 4 - Bca&yt. Substituting q p (t) into the differential equation we find 

(100 — 7 2 )A sin yt + (100 — y 2 ) B cos yt = 100 sin yt. 

Equating coefficients we obtain .4 = 100/(100 — y 2 ) and B = 0. Thus, q v (t) = — —7 sin yt. The 

100 — 7- 

initial conditions $(0) = $ / (0) = 0 imply c\_ = 0 and 02 = —10y/(100 — y 2 ). The charge is 

10 


q(t) = 


and the current is 


i(t) = 


100 - y- 
IOO 7 


(10 sin yt — 7 sin lOt) 


—(cos yt — cos lOt). 


100 -'f¬ 
lu an I/C-series circuit there is no resistor, so the differential equation is 

jd 2 q 1 ( 

L dfi + c r, = m - 

Then $(t) = c\ cos [ij \/~LC ) 4 -C 2 sin (t/\[LC ) + q p (t) where q p (t) = A sin yt-t-B cos yt. Substituting 
■ P (t) into the differential equation we find 

^ - Ly 2 ^ A sin yt - - Ly 2 ^ B cos yt = E 0 cos 71 . 

Equating coefficients we obtain A = 0 and B = EqC/ (1 — LCy 2 ). Thus, the charge is 

, , 1 .1 EqC 

$(t) = Cl cos -7= f + C 2 sill —f== t + 7 - 77^7 cos yt. 


y/W' 


VLC 1 - LCy 2 
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The initial conditions g(0) — go and g'(0) = i o imply c\ = go — EqC /(1 — IC7 2 ) and 02 — l 
The current is i(t) — q'{t) or 


*(*) 


EaC-; 

Vlc ““ VLC* 1 Vw^VLC ‘ 1 - ICS' 2 


Cl . 1 C 2 1 

: sm — r== t H— 7== COS 7== t 


sin 7 1 


1 , If EqC ^ . 1 I0C7 . t 

= /.() cos -- t - 1 = on — ■;- o sin 7== t — - - T ^ ,, sin 7c. 

vTc Vlcv 1 - ics 2 y v/ic l-icy 

>. When the circuit is in resonance the form of q p (t) is q p (t) — At cos kt + Btsinkt. where k = 1 
Substituting q p (t ) into the differential equation we find 

% + k 2 q P = —2kA sin kt + 2kD cos ht = y- cos kt. 

Jj 

Equating coefficients we obtain .4 = 0 and D = Eo/2kL. The charge is 

Eq 

q(t) = ci cos kt + 02 sin kt + —— t sin kt. 

AkL 

The initial conditions g(0) = qo and q'( 0) = io imply ci = go arid C2 = iq/k. The current is 

i(t ) = — c.\k sin kt + o>k cos kt + ——(At cos kt 4- sin kt) 

2kL 


( E 0 \ 

— ( —— — go A’) sin kt + ?o cos kt + — t cos kt. 
\ 2 rv/; J 2 Jb 


Exercises 5. 





1 . (a) The general solution is 


y(x) = ci + o 2 x + 0 ; { .r 2 + c 4 rr 3 + 


The boundary conditions are y(0) = 0, y'( 0) — 0, y"(L ) — 0. y'"{L) = 0. The fi 
conditions give c\ = 0 and 02 = 0. The conditions at x — I give the system 

203 + 6o 4 L + TjJyl 2 = 0 

6 c 4 + yL = 0. 

El 

Solving, we obtain 03 — wqL 2 /4EI and C4 = —wqL/QEI. The deflection is 

V{x) = ^Hj( 6I 2 '^ 2 - 4Ix 3 + .t 4 ). 
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2 . (a) The general solution is 


y(x) = a + c 2 x + c$x 2 + c 4 x a + 2 ^ 7 a ’ 4 - 

The boundary conditions are y(0) = 0, y"{ 0 ) — 0. y(L ) = 0, y"(L) = 0. The first two conditions 
give ci = 0 and C3 = 0. The conditions at x = L give the system 

OiL+CiL 3 -^ti L4=0 


+ ^Ll> = 0. 

2 El 


Solving, we obtain c 2 = wqL*/24EI and 04 = —wqL/\ 2 EI. The deflection is 

V{z) = ^x - 2Lx* + a; 4 ). 



fa) The general solution is 


y(x) = ci + c- 2 X + C3.r 2 + c 4 x' 


3 , » '0 4 

: 2 AEf ' 


The boundary conditions are y(0) = 0, y'{ 0) = 0, y{L) = 0, y"{L) = 0. The first two conditions 
give ci — 0 and c 2 = 0. The conditions at x = L give the system 

^ 2 + C4i3 + 2^7 1/1 = ° 

2c 3 +6c 4 L+-^I 2 = <). 
zjbl 

Solving, we obtain C3 = wqL ’ 2 /16 El and C4 = —5wqL/4&EI. The deflection is 

y(x) = -~~j{ZL 2 x 2 - 5 Lx* + 2z 4 ). 
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wo 


L 4 


y(x) = Cl + C2X + c 3 ar + c 4 x + gj^4 sin — 


7 T 

. —X. 


The boundary conditions are y( 0) = 0, ?/(0) = 0, y(L) = 0, y"{L) = 0. The first two coni’: 
give c.\ — 0 and C2 = —voqIP/EI'k 6 . The conditions at x = L give the system 


c 3 L- + C4L 3 + 


U>0 

£/tt 3 


L 4 


= 0 


2c 3 + 6C4L == 0. 

Solving, we obtain c 3 = ZwqL 2 /2EI‘k 3 and C4 = —woL/2EI'K i . The deflection is 

, . W()L ( 9 o 3 2L 3 . 7T \ 

y(x) = - ■— , —2L“x + 3Lar — x 3 4-sm — x . 

2EI y 7 x L J 



(c) Using a CAS we find the maximum deflection to be 0.270806 when x = 0.572536. 

5. (a) The general solution is 

yOO = ci + c 2 .x- + c 3 .:c 2 + c 4 x 3 + J 2 ^j a 5 . 

The boundary conditions are y( 0) = 0, y"( 0 ) = 0, y(L) = 0, y"(L) = 0. The first two cond 
give c\ = 0 and c 3 = 0. The conditions at x = L give the system 


C2 L + C4Z, 3 + 


WQ r 5 

120 El 


6C4L + 


W 0 r‘i 

6 El 


= 0 
= 0 . 
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Solving, we obtain o> = 7wqL 4 /360EI and C 4 — —wqL 2 / 3 QEI. The deflection is 


y(x) 


li’o 

3Q0EI 


(7L 4 x - 10LV + 3a: 5 ). 


(b) 


.0.2 0.4 0.6 0.8/1 


X 


y 


(c) Using a CAS we find the maximum deflection to be 0.234799 when x = 0.51933. 

6. (a) 't/ ma x = y{L) = wqL a /3EI 

(b) Replacing both L and x by Lj 2 in y(x) we obtain wqL 4 / 12 &E I , which is 1/16 of the maximum 
deflection when the length of the beam is L. 

(c) Wx = y(L/ 2) = 5wqL 4 /3SAEI 

(d) The maximum deflection in Example 1 is y(L/2) - (wq/24EI)L 4 /1Q = wqL' 1 /384EP which is 
1/5 of the maximum displacement of the beam in part (c). 


7. The general solution of the differential equation is 


, / P I P wo 2 ujqEI 

V = c i c °sh \jjf x + ° 2smh ]jm x+ 2P x + ~W~ ‘ 

Setting y( 0) = 0 we obtain c\ — —wyEI/P 2 , so that 


V = - 


P 2 


wqEI / P . v / P , two 2 , 

-— cosh V/ 77T X + 02 smh \/ -^77 X + —r x H-■— 






Setting */(L) = 0 we find 


c-2 


- V 


■' P wqEI . . / P r wqL 
—— ——^— siiih \ l —— L -— 


EI P 2 


V EI 


i~P 

Vu cosh v^- L - 


EI 


;. The general solution of the differential equation is 


f 

V 


t/ = Cl cos 

Setting y{ 0) = 0 we obtain c*i = —wqEI/P 2 , so that 


P / P 'too 9 w;oP/ 

wi x+C 28 ai m x+ 2 P x + ~p*-■ 


y = 


P 2 


/ P j P U'o 2 WqEI 

co S y — x + c 2S m ] i — X +-x +~ w . 
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Setting y'(L) — 0 we find 
c-2 = (— 


j P u'o El . / P u\)L 

VlJ-p^ sm V£7 i_ -p 


Ip i p 


9. This is Example 2 in the text with L = tt. Tlio eigenvalues are \ n = n 2 7r 2 /ir 2 = n 2 , n = 1. 
and the corresponding eigenfunctions are y n = sm(nirx/ir) = smnx, n = 1, 2, 3, ... . 

10. This is Example 2 in the text with L — tt/ 4. The eigenvalues are \ n — n 2 7r 2 /(-7r/4) 2 = 16u" 
2, 3, ... and the eigenfunctions are y n = sin {imxf (tt/4)) = sin4n.t ; n = 1, 2. 3, ... - 

11. For A < 0 the only solution of the boundary-value problem is y = 0. For A = a: 2 > 0 we In 


Now 


and ?/(0) = 0 implies C 2 = 0, so 


y = ci cos ax + c -2 sin ax. 
y'(x) = —ci a sin a:.r + 020. cos ax 
y(L ) = ci cos cxL = 0 


<y.L = 


(2 n - 1)tt 
2 


or A = cr = 


2 (2n - 1) 2 tt 2 


4 L 2 


n = l, 2, 3,... . 


( 2 ??. _ iy K 

The eigenvalues (2 r — 1) 2 tt 2 /4L 2 correspond to the eigenfunctions cos - ■■■ ■■-- ——x for 


11 = 1, 2, 3. 


2 L 


12. For A < 0 the only solution of the boundary-value problem is y = 0. For A = a 2 > 0 we L 

y = ci cos ax + C2 sin ax. 

Since ?y(0) = 0 implies ci = 0. y = 02 sinx dx. Now 

l/ (^0 = c 2 a cos a ^ = 0 

gives 

» _ (-» -*-) n or ^ _ q .2 _ (2 k — l) 2 . n ~ 1. 2. 3,... . 

The eigenvalues A„, = (2 ri — l) 2 correspond to the eigenfunctions y n = — l).r. 

13. For A = —a 2 < 0 the only solution of the boundary-value problem is y = 0. For A = 1 
y = cix + c- 2 - Now y' = ci and y'( 0) - 0 implies ci = 0. Then y — co and y'( tt) = 0. Thus 
an eigenvalue with corresponding eigenfunction y = 1. 

For A = a 2 > 0 we have 


y = ci cos ax -f (-2 Bin ax. 
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Now 


and y'( 0) = 0 implies c? = 0, so 


gives 


y'(x) = — ciO: sin ox + C2« cos a.-?: 


y'(w) — —ci a sin aw - 0 


ot7r = nw or A = a 2 = n 2 . n = 1, 2, 3,... . 

The eigenvalues n 2 correspond to the eigenfunctions cos nx for n = 0. 1. 2. 

For A < 0 the only solution of the boundary-value problem is y = 0. For A = or > 0 we have 

y = ci cos ax + a sin ax. 

Now y(—w) = y(i r) = 0 implies 

ci cos aw — c -2 sin aw = 0 

ci cos aw + c ‘2 sin cvtt = 0. 

This homogeneous system will have a nontrivial solution when 

cos aw — sin aw 
cos aw sin o tt 


(1) 


— 2 sinQ 7 rcosa' 7 r - sin 2aw = 0 . 


Then 


2 aw = nw or A = cr = — ; n — 1, 2. 3, ... . 

4 


When n = 2k — 1 is odd, the eigenvalues arc (2/,: — l) 2 /4. Since cos(2 k — l)w/2 = 0 and 
'in(2 k — l)w/2 ^ 0, we sec from either equation in (1) that c -2 — 0. Thus, the eigenfunctions 
orresponding to the eigenvalues (2k — l) 2 /4 are y = cos(2 k — l)x/2 for k — 1 , 2. 3, ... . Similarly, 
when n = 2k is even, the eigenvalues arc k 2 with corresponding eigenfunctions y = sin kx for 

'■ = 1, 2, 3,.... 

The auxiliary equation has solutions 

1 


m = - (-2 ± v 4 - 4(A + 1 j) = -1 ± a. 


.-or A = —a 2, < 0 we have 


y = e x (ci cosh ax -A- c-2 sinh ax). 


. he boundary conditions imply 


y(o) = ci = o 

y( 5) = c- 2 €~° sinh 5a = 0 

ci = t'2 = 0 and the only solution of the boundary-value problem is y = 0. 
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r :■:* A = 0 we have 


y ~ c\e x + C2'xe x 


r.::.d the only solution of the boundary-value problem is y = 0. 
r . r A = « 2 > 0 we have 

y = e~ x (ci cos ax + c <2 sincta:). 

X :w y( 0) = 0 implies c\ = 0, so 

y( 5) = C 2 C -5 sin 5a = 0 


5 a = nn or A = cf = 


r,2_2 

2 n n 


25 


n = 1.2,3, 


'he eigenvalues A,, = 


n 2_2 
71 7T 


n7r 


/\ tj . —. correspond to the eigenfunctions y n = e ;r sin —x for n = 1, 2. ■'! 
zO o 

Ih. J:r A < —1 the only solution of the boundary-value problem is y = 0. For A = — 1 v- 
. = c\x + C 2 - Now y' — ci and ^'(0) = 0 implies ei = 0. Then y = C 2 and y'( 1) = 0. Thus, 

X an eigenvalue with corresponding eigenfunction y = 1. 
r :.r A > — 1 or A + 1 = a 2 > 0 we have 

y — ci cos exx + c -2 sin ax. 
y' = — cio sin ax + C 20 cos ax 
1/(1) = — ci a sin a = 0 


•:av 


y'{ 0) = 0 implies C2 = 0 ; so 


a = tit r. A + 1 = a 2 = h 2 7t 2 , or A = n 2 tt 2 — 1, n = 1,2,3,... . 
The eigenvalues n~x 2 — 1 correspond to the eigenfunctions cos nirx for n — 0, 1, 2. 
r : r A — a 2 > 0 a general solution of the given differential equation is 

y = ci cos(ct In x) + C 2 sin(a' In x). 

rh’.oe Ini = 0, the boundary condition y(l) = 0 implies 01 = 0. Therefore 

y ~ C 2 sin(a' In x). 

V-:i:g In (? = 7 r we find that y (e ir ) = 0 implies 

C 2 sin a7t = 0 

:: ax = rnr. n = 1. 2. 3. ... . The eigenvalues and eigenfunctions are, in turn, 

A = a 2 = n 2 , n = 1, 2, 3, ... and y = sin (n In x). 
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For A < 0 the only solution of the boundary-value problem is y = 0. 

18. For A = 0 the general solution is y = c\ + C 2 In a’. Now y' = c^jx, so y'{e~ l ) = C 2 e = 0 implies 
C 2 = 0. Then y = c.\ and y(l) = 0 gives c\ = 0. Thus y(x) = 0. 

For A = —a 2 < 0. y = c\x~ a + C 2 X a . The boundary conditions give cy = c\_e? a and c\ = 0. so that 
C 2 = 0 and y(x) = 0 . 


For A — a 2 > 0 . y = c\ cos (a In x) + oi sin (a In .r). From y(l) = 0 we obtain c\ = 0 and y = 
(>2 sin(o: ln.r). Now y' = 02 {a/x) cos(o In x ). so j/(e -1 ) = C 2 eo cos o = 0 implies cos a = 0 or 
a = ( 2 n— 1 )tt /2 and A = a 2 = (2n —l) 2 7 r 2 /4 for n = '1,2, Z. ... . The corresponding eigenfunctions 


arc 


Vn = sin 




19. For A = a 1 , a > 0, the general solution of the boundary-value problem 


•*/ 4) - A y = 0 . y{ 0 ) = 0 , /( 0 ) = 0 , y{ 1 ) = 0 , /(!) = 0 


is 


y = C] cos ax + c -2 sin ax + 03 cosh ax + 04 sinh ax. 


The boundary conditions y(0) — 0. y"( 0) = 0 give c.\ + C 3 = 0 and —ci « 2 + C30: 2 = 0, from which 
we conclude ci = C 3 = 0. Thus, y = 01 sin or + 04 sinh ax. The boundary conditions y(l) = 0. 
y"(\) = 0 then give 

C2 sin a + C4 sinh a = 0 

f) .V 

—C2Q' sin a + 04a sinh a = 0 . 


In order to have nonzero solutions of this system, we must have the determinant of the coefficients 
equal zero, that is, 


= 0 


or 


2 or sinh a sin a = 0 . 


sin a sinh a. 

-a 2 sin a a 2 sinh a 

But since a > 0 , the only way that this is satisfied is to have sin a = 0 or a = rnv. The system 
is then satisfied by choosing C 2 7 ^ 0, C 4 — 0. and a — rnr. The eigenvalues and corresponding 
eigenfunctions are then 


A n = or ' 1 = (ti-tt)' 1 , n = 1 ,2,3,... and y — sin nirx. 


-. For A = a 4 , a > 0, the general solution of the differential equation is 

y = ci cos ax + C 2 sin ax + C 3 cosh ax + C 4 sinh ax. 

The boundary conditions y\ 0) = 0, y"'( 0) = 0 give c^a+c^a = 0 and —+ = 0 from which 

we conclude 02 = cq = 0 . Thus, y = cicoso;.t + C 3 cosh ax. The boundary conditions y( tt) = 0, 
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'/'(a) = 0 then give 


C2 COS Q 7 T + C-4 cosh Q: 7 T = 0 


0 o 

— C<2A COS Oil r + C,\ A cosh Q: 7 T — 0. 


The determinant of the coefficients is 2a 2 cosh a cos a = 0. But since a > 0. the only way 
this is satisfied is to have cos an = 0 or a = (2 n — l)/2, n = 1, 2, 3. ... . The eigenvalues . 
corresponding eigenfunctions are 


X n — Q — ^ ^ 


n = 1,2,3.... 


and 


y — cos 


2 n - 1 


x. 


21 . If restraints are put on the column at = Lj 4, x = Lj2 . and x = 3L/4, then the critical 
load will be P 4 . 


(a) The general solution of the differential equation is 

!~P -I * 

V = ci cos 1 / — x + c 2 sin W — * + d. 

Since the column is embedded at x = 0 . the boundary conditions arc y( 0 ) = </(()) = 0 . If 6 - 
this implies that cj = C 2 = 0 and y(x) = 0. That is, there is no deflection, 
i b) If 8 7 ^ 0. the boundary conditions give, in turn, ci = —8 and C 2 = 0. Then 


/ P 

y = 8 I 1 — cosy — * 

In order to satisfy the boundary condition y(L) = <5 we must have 


* = * I 1 - cos \j L 


or cos• 


El 


L = 0. 


This gives yJP/EI L = nn/2 for n = 1 , 2, 3, ... . The smallest value of P n . the Euler load 

then _ 

/ P> 7T „ 1 / tt 2 EI\ 

1ei l =2 01 P ' = i{-Tr)- 

I: A — a 2 = Pf El. then the solution of the differential equation is 


y = ci cos ax 4- C 2 sin ax + c%x + C4. 
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The conditions y(0) = 0. y"(0) = 0 yield, in turn. c\ + C\ — 0 and ci = 0. With c\ = 0 and 04 = 0 
the solution is y = c 2 sin arr + c$x. The conditions y(L) = 0, y"(L) = 0. then yield 

c -2 sin aL + c\\L = 0 and c 2 sin aL = 0. 

Hence, nontrivial solutions of the problem exist only if sin aL = 0. From this point on, the analysis 
is the same as in Example 3 in the text. 

(a) The boundary-value problem is 

0 + A0-O, y(0) = 0./(0) = 0, y(L) = 0, y\L) = 0, 

where A = a 2 = P/EI. The solution of the differential equation is y = c\ cos ax + c -2 sin ax + 
c%x + C 4 and the conditions y( 0) = 0, y"{ 0) = 0 yield c\ — 0 and c\ = 0 . Next, by applying 
y(L) — 0, y'(L) = 0 to y = 02 sin ax + c$x we get the system of equations 

c -2 sin aL + c^L = 0 


ac 2 cos aL + C 3 - 0 . 

To obtain nontrivial solutions 02 , C\i, we must have the determinant of the coefficients equal to 
zero: 

I si n a T, /, I 

= 0 or tan 3 ■= 8, 


sin aL L | 
a cos aL 1 

where 8 = aL. If 8 n denotes the positive roots of the last equation, then the eigenvalues are 
found from 8 n = a n L = y/X/,. L or \ n - (, 3 n /L ) 2 . From A = P/EI we see that the critical loads 
are P n = 0*EI/L 2 . With the aid of a CAS we find that the first positive root of tan 8 = {3 
is (approximately) 8\ = 4.4934, and so the Euler load is (approximately) P\ — 20.1907-EL/L 2 . 
Finally, if we use C 3 = — C 2 « cos aL. then the deflection curves are 


■y n (x) = c -2 sin a n x + c 3 z = c 2 


• (Pn \ (0n q \ ' 

sm I — X I — I — COS pn J X 


(b) With L = 1 Mid c ‘2 appropriately chosen, the general shape of the first buckling mode, 

"4.4934 \ /4.4934 


, , . /4.4934 \ /4.4934 /4 1 

yi(x) = c-2 sin f—-— x J — (——— cos(4.4934)J x 


is sliowui below. 


yj 



The general solution is 


IP ■ fp 

V = Cl cos y — LOX c 2 sm y — ux. 
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From ;i/(0) = 0 we obtain c\ = 0. Setting y[h) = 0 we find Jp/T ujL = wr, n — 1 , 2 , 3. ... . 
critical speeds arc iOf). — Tl 7T Vf/L^p, n = 1. 2 . 3. ... . The corresponding deflection curves 

y{x) = C 2 sin x. n — 1.2,3, ... , 

1 j 

where c ’2 ^ 0 . 

26. (a) When T(x) = x 1 the given differential equation is the Cauehy-Euler equation 

x 2 y" + 2 xy' + pJ 2 y = 0 . 


The solutions of the auxiliary equation 

7/),(to — 1) + 2 m + pJ 2 = to 2 -r to + pa; 2 = 0 
are 


mi = -- - - y'4/jij 2 - 11 . to -2 - - - + - \/4/xc 2 - 1 i 


when pic 2 > 0.25. Thus 


y = c\x 1/2 cos (A lnx) + C 2 X 1/2 sm (A lnx) 


where A = \yjApu 2 — 1 . Applying y(l) =0 gives ci = 0 and consequently 

y - C 2 X ~ 1/2 sin(Alnx). 

The condition y(e) = 0 requires C 2 e “ 1 / 2 sin A = 0. We obtain a nontrivial solution r 
A n = n 7 r, n = 1, 2 . 3. ... . But 

K. = - 1 =nn. 

Solving for uj n gives 

vn = ^v /(-4n27r ' 2 + l )!P- 

The corresponding solutions are 

y n (x) — c. 2 X ~ 1 ' 2 sin(n-?r In x). 



27. The auxiliary equation is m 2 + to = m(m + 1) - 0 so that u(r) = c.\r 1 + c- 2 - The bound: 
conditions u(a) - uq and u(b) = u\ yield the system cio -1 +C 2 - uq, c-|5 _1 + 02 = u\. Solving gr 


ci = 


pynxu and C2 = 

V b - a ) 


u\b — uoa 
b — a 
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Thus 


no — u i \ ah u\h — u 0 tt 


/u 0 - ?q\ at 

“W = {— 7 ) 7 


+ 


h — a ) r b — a 

The auxiliary equation is m 2 = 0 so that u(r ) = c\ + c-2 hi r. The boundary conditions u(a) 
and u(b) — ui yield the system c:\ + co In a = -wq, c\ + C 2 Info = iq. Solving gives 


■uq 


i/i 111 a — uq 111 b uq — /q 

ci =- ——777 - and C 2 = 


Thus 


ln(a/6) 

. . iq In a — uq In b uq — u\ , 
u{r) = - . , 777 - h ------ hi r = 


In (a/b )' 

uq ln(r/6) — u\ ln(r/a) 
ln(a/6) 


ln(a/6) ln(a/6) 

The solution of the initial-value problem 

x" 4 - jj 2 x = 0. a*(0) = 0, rr / (0) = vq. co 2 = 10/m 


is x(t) — (vQ/u>)smu!t. To satisfy the additional boundary condition x(l) = 0 we require that 
jj — nn< n = 1. 2. 3, ... . The eigenvalues A = u; 2 = n 2/ n' 2 and eigenfunctions of the problem 
arc then x(t) = (vQ/mr) sin nut. Using uj 2 = 10/m we find that the only masses that can pass 
through the equilibrium position at t = 1 arc m n = lO/nV 2 . Note for n = 1, the heaviest mass 
mi = 10 /tt 2 will not pass through the equilibrium position on the interval 0 < t < 1 (the period 
of x(t) = (vq/tt) sin 7 \t- is T = 2. so on 0 < t < 1 its graph passes through x = 0 only at l = 0 and 
t = 1). Whereas for n > 1. masses of lighter weight will pass through the equilibrium position n — 1 
times prior to passing through at t = 1. For example, if n = 2. the period of x(t) = (uo/27r) sin27r/; 
is 2 tt/2t r = 1, the mass will pass through x = 0 only once (t = \) prior to t = 1; if n = 3, the 
period of x(l) = (vq/3tt) sin37rt is |. the mass will pass through x = 0 twice (t = and t = |) 
prior to t = 1: and so on. 

The initial-value problem is 

x" + —x 1 + —x = 0 . adO) = 0 . a/( 0 ) = q). 
m rn 

With k = 10 . the auxiliaay equation has roots 7 = - 1 /mi yl — If) m/m. Consider the three cases: 

! t) m = jq . The roots arc 71 = 72 = 10 and the solution of the differential equation is 

x(t) = cie _11)i + C 2 te~ Wt . The initial conditions imply ci — 0 and C 2 = t’o and so x(t) = vq te~~ m . 

The condition x(l) = 0 implies qjc -10 = 0 which is impossible because i?o r 0. 

ii) 1 — 10 m > 0 or 0 < m < ^ . The roots arc 

l 1 _ 1 1 _ 

-Ti =- Vl — 10 m and 72 =-1-vl — 10m 

m rn m in 

and the solution of the differential equation is x(t) = cie 7lf — C2C 72t . The initial conditions imply 


Ci + C2 = 0 


7 l c i + 72 C2 = no 
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so Cl = vq/ (71 - 7-2); C 2 = — t'o/ (71 - 72)1 and 

x(t) = ———(e 7i * - V 2 '). 

71 _ 72 

Again, x(l) = 0 is impossible because no ^ 0 * 

(Hi) 1 — 10m < 0 or m > ^5. The roots of the auxiliary equation arc 

1 1 _ 1 1 _ 

71 =-VlOm — 1 i and 72 =-1-VlOm — 1 % 


m rn 


m m 


and the solution of the differential equation is 

x(t) = c\e~ t/irn cos — VlOm — 1 t + C 2 e~ t ^ rn sin — y/ 10m — 1 1. 
m m 

The initial conditions imply ci = 0 and 02 = rnvo/y/lQm — 1, so that 

x(t) = = [•— e ~ t/m sin (— V 10m — If) . 

v ' vTOm - 1 \m J 


The condition x(l) = 0 implies 

mv 0 _i f m . 1 n 

. ~e ' sin—VI 

VIOm - 1 m 


VTO m - 1 = 0 


sin —VlOm —1 = 0 
m 

— VlOm — 1 = mr 
m 

10 m — 1 22 , - 

- 7 .— = 7TT7r , n = 1,2.3,... 


(n 2 7r 2 )m 2 — 10m -*-1 = 0 
lOVlOO — 4n 2 7r 2 5 ± V25 — n 2 7r 2 


Since m is real, 25 — n 2 n 2 > 0. If 25 — n 2 tv 2 — 0, then n 2 = 25/7r 2 , and n is not. an integer. 
25 — n 2 7r 2 = (5 — mr)(o + ?i 7 r) > 0 and since n > 0. 5 + wr > 0. so 5 — mr > 0 also. Then n < 
and so n = 1. Therefore, the mass rn will pass through the equilibrium position when t = 1 : 

5 -|- V25 — 7r 2 , 5 — V25 — 7 r 2 


mi = 


and m -2 = 


31. (a) The general solution of the differential equation is y = cj cos 4x+C2 sin 4.x. From yo = y{( 
we see that y = yo cos Ax + 02 sin Ax. From y\ = y(7 t/2 ) = yo we see that any solution 
satisfy yo = y\. We also see that when yo = yi, y = yo cos 4x + 02 sin4x is a solution 
boundary-value problem for any choice of 02 . Thus, the boundary-value problem docs no - 
a unique solution for any choice of yo and tj\. 

(b) Whenever yo = y\ there are infinitely many solutions. 
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(c) 

(d) 

(a) 


(b) 


(c) 

d) 

a) 


b) 


When i/[) ^ y\ there will be no solutions. 


The boundary-value problem will have the trivial solution when ijq = y\ = 0 . This solution 
will not be unique. 


The general solution of the differential equation is y — c\ cos4.T + c 2 sin4.r. From 1 = y( 0 ) = c\ 
we see that y = cos4:r + c 2 sin 4 .r. From 1 = y{L) = cos4L + c 2 sin4L we sec that 
C 2 = (1 — cos 4£-)/ sin4L. Thus, 


y — cos 4:e + 


1 — cos AL 
sin di- 


sin Ax 


will be a unique solution when sin 4L 7 ^ 0; that is, when L ^ kn/A where k = 1, 2, 3, ... . 


There will be infinitely many solutions when sin 4L = 0 and 1 — cos 4L — 0; that is, when 
L = kn/2 where A" = 1, 2, 3. ... . 

There will be no solution when sin 4L ^ 0 and 1 — cos4L ^ 0; that is, when L = kn/A where 
k = 1, 3, 5, ... . 


There can be 110 trivial solution since it would fail to satisfy the boundary conditions. 

A solution curve has the same ^-coordinate at both ends of the interval [— tt, 7 rj and the tangent 
lines at the endpoints of the interval are parallel. 

For A = 0 the solution of y" = 0 is y = cix + C 2 . From the first boundary condition we have 


</(-7r) = -C17T + c 2 = y{ 7r) = C17T - 1 - C 2 


or 2 ci 7 t = 0 . Thus, c\ = 0 and y = c 2 . This constant solution is seen to satisfy the boundary- 
value problem. 

For A = —a - 2 < 0 we have y = c\ cosh ax + c 2 sinli ax. In this case the first boundary condition 
gives 

y(— 7 r) = ci cosh(—Q' 7 r) + c 2 sinh(—aw) 


= Ci cosh ott — c 2 sinh an 


= y( tt) = Ci cosh Q7T 4- c 2 sinh an 

or 2c 2 sinh an = 0. Thus c 2 = 0 and y = c\ cosh ax. The second boundary condition implies in 
a similar fashion that ci = 0. Thus, for A < 0. the only solution of the boundary-value problem 
is y = 0. 

For A = oi 2 > 0 we have y = ci cosax + c 2 sinax. The first boundary condition implies 

y(—n) = ci cos (—era-) + c 2 sin(— a7r) 


= ci cos an — c 2 sin an 
= y(n) — ci cos qtt + c 2 sintt7T 
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or 2c2 sin Q'7r = 0. Similarly, the second boundary condition implies 2cia sino:7r = ( 
ci = C 2 = 0 the solution is y = 0. However, if ci ^ 0 or C 2 ^ 0, then sina-TT = 0. which in: 
that a must be an integer, n. Therefore, for c\ and C 2 not both 0, y = c\ cos nx + c >2 sinn., 
nontrivial solution of the boundary-value problem. Since cos(— nx) = cos nx and sin(—??. 
— sin nx, we may assume without loss of generality that the eigenvalues are X n = a 2 = rr 
n a positive integer. The corresponding eigenfunctions are y n = cos nx and y n = sin nx. 

■ c) y 


y = 2 sin 3 a; y = sin 4a; — 2 cos Sx 

34. 7.r A = a 2 > 0 the general solution is y = c\ cos y/ax + C 2 sin yTv x. Setting y(0) = 0 we . 

: = 0. so that y = c.-j sin yfax. The boundary condition y(l) + y'( 1) = 0 implies 

c ‘2 sin \fa -f C 2 \/a cos \/ol = 0. 

Taking t '2 ^ 0, this equation is equivalent to tan \fa = —y/oc . Thus, the eigenvalues are X n = ■, ' 
,i = 1, 2, 3, ... , where the x n are the consecutive positive roots of tan ykr = —y/a. 

35. see from the graph that tariff = —a: has infinitely many roots. 

X n = a 2 , there arc no new eigenvalues when a n < 0. For A = 0, 

:T: differential equation y" = 0 has general solution y — c\x-\-C 2 - The 
: :v.ndary conditions imply ci = C 2 = 0. so y = 0. 


So. V'ing a CAS we find that the first four nonnegative roots of tana; = —x tue approxuna* 
172376.4.91318,7.97867. and 11.0855. The corresponding eigenvalues arc 4.11586,24.1 
•: 3.6591. and 122.889, with eigenfunctions sin(2.02876a;), sin(4.91318a;), sin(7.97867ff), 
11.0855a:). 


tan x 
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In the case when A = —ct 2 < 0 . the solution of the differential >• 

-mat-ion is y = c\ cosh ax 4- co sinh cur. The condition y(0) - 0 
;ives ci 0. The condition y( 1 ) — ^y'(l) = 0 applied to 
. = c -2 sinh ax gives C 2 (sinha— cosh a) = 0 or tanh a = \a . As 
:b.ii be seen from the figure, the graphs of y — tanh# and y - \x in- 
:er<ect at a single point with approximate ^-coordinate aq = 1.915. 

Thus, there is a single negative eigenvalue Ai = —a 2 ~ —3.667 and 
'I.-- corresponding eigenfuntion is y\ = sinh 1.915#. 

: .r A = 0 the only solution of the boundary-value problem is y = 0. 

:A - q 2 > 0 the solution of the differential equation is y = c\ cos a# + c -2 sin a#. The contl:::::: 
. 0 = 0 gives ci = 0, so y = co sin a#. The condition — = 0 gives C 2 (sinft—gttcosa = 

- • the eigenvalues are A n = a 2 when a n , n = 2, 3. 4...., are the positive roots of tan a = ^q. IT::.; 
L . CAS we find that the first three values of a are <22 = 4.27487, 0:3 = 7.59655, and 0:4 = 10.811" 
Tl.e first three eigenvalues are then A 2 = £*2 = 18.2738, A 3 = of = 57.7075, and A 4 = ft 2 = 116.All; 
—i~h corresponding eigenfunctions y -2 = sin4.27487#, y$ = sin 7.59655#, and 34 = sin 10.8127#. 



2 * ?.v A = a? 4 , a > 0, the solution of the differential equation is >' 

y = ci cos ax + 02 sin ax + C 3 cosh ax + C 4 sinh ax. 

7_.e boundary conditions y(0) = 0, i/(0) = 0, y(l) = 0. y'{ 1) = 0 
t:"-:. in turn, 

cj + C 3 = 0 
ac2 + ac4 = 0 , 
ci cos a + c-2 sin q + C3 cosh a- + C4 sinh a- = 0 

—Ci a: sin a 4 - 01 a cos a + 0 * 3 cr sinh a + c\a cosh a - 0 . 
71.- first two equations enable us to write 

ci (cos a — cosh a) - 1 - cn (sin a — sinh q) = 0 



ci ( — sin a — sinh a) + C 2 (cos« — cosh ft) = 0 . 


. ..7 determinant 


#.::lifies to cos ft cosh « 


I cos ft — cosh ft sin ft — sinh cr 
1 =0 
| — sin ft — sinh ft cos ft — cosh a j 

1 . From the figure showing the graphs of 1 /cosh# and cos#, we 
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that this equation has an infinite number of positive roots. With the aid of a CAS the first for.. 
are found to be = 4.73004, a 2 = 7.8532. <23 = 10.9956, and 0:4 = 14.1372. and the corresj: 
eigenvalues are Ai = 500.5636, A 2 = 3803.5281, A 3 = 14,617.5885, and A., = 39,944.1890. IV. 
rhird equation in the system to eliminate e 2 , we find that the eigenfunctions arc 

Dn — (— siiiav,. + sinha n )(cosa„.a’ — eosha n x) + (cosa n — cosha n )(sina n :r — sinha„. 



1 . The period corresponding to a’(O) = 1 , .V( 0 ) = 1 is approxi- 


approximately 6 . 2 . 



2 . the solutions are not periodic. 


X 

iOr 


5; 




3. The period corresponding to :r(0) = 1, V(0) = 1 is approx¬ 
imately 5.8. The second initial-value problem does not have 
a periodic solution. 


X 
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Both solutions have periods of approximately C.3. 




rrom the graphs we sec that the interval is approximately 

- 0 . 8 . 1 . 1 ). 


rlncc 

ie°- 01af = x[l + 0.01a: + ^ (0.01a) 2 + 




a: 


ar a:(0) = 1 and a'(0) = 1 the oscillations are symmetric about the line a: = 0 with amplitude 
•lightly greater than 1. 
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7:r .r(0) = —2 and x 7 (0) = 0.5 the oscillations arc symmetric about the line x — —2 wit. 
amplitude. 

7 r .r 0) = y/2 and x'(0) = 1 the oscillations are symmetric about the line x = 0 with ampli 
I: —1-r greater than 2. 

7.: .r.0) = 2 and ;r'(0) = 0.5 the oscillations are symmetric about the line x = 2 wit'.. 
>:rr::li:ude. 


0) = —2 and a/(0) = 0 there is no oscillation; the solution is constant. 


r : r .r: 0) = — V2 and x'(0) — —1 the oscillations arc symmetric about the line x = 0 with air. 
little greater than 2. 


7 .l:i' is a damped hard spring, so x will approach 0 as t 
.-.""roaches oo. 


X 



. Iris is a. damped soft spring, so we might expect no oscillatory solutions. 
71 w.-ever. if the initial conditions are sufficiently small the spring can oscillate. 


X 

5 

4 

3: 

2 

1 

/. 

-l/ 

-2 
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kl = 0.01 x kl = 1 



-3! 


''•’I'.en ki is very small the effect of the nonlinearity is greatly diminished, and the system is cl 
:: pure resonance. 

a i x x 



The system appears to bo oscillatory for —0.000465 < k] <0 and nonoscillatory 
ki < -0.000466. 
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The system appears to be oscillatory for —0.3493 < k\ < 0 and nonoscillatory for k\ < - 

13. For A 2 — up 1 > 0 we choose A = 2 and a; = 1 with x(0) = 1 
and .r / (0) = 2. For A 2 — xs 1 < 0 we choose A = 1/3 and x> = 1 
with x(0) = —2 and :r , (0) = 4. In both cases the motion 

'..'^responds to the overdamped and underdamped cases for 
~: 'ling/mass systems. 

14. a) Setting dy/dt = v. the differential equation in (13) becomes dv/dt = — gR 2 /y 2 - But. 

chain rule, dv/dt = (dv/dy) (dy/dt) = vdv/dt. so vdv/dy = —gR?/y 2 . Separating v 
and integrating we obtain 

. „ o dy , i 2 yrf 2 , 

vdv = —gR —p: and -v = -be. 

V 2 2 y 

Setting v = vq and y = R we find c = —gR + jt’y and 

i?2 

v 2 — 2 g— -2 gR 4- Uq. 

y 

■ b ) As y —* oo we assume that v —*■ () + . Then r 2 = 2gR and vq = y/2gR. 

' c) Using g = 32 ft/s and R. — 4000(5280) ft we find 

vq -- \J 2(32)(4000)(5280) « 36765.2 ft/s « 25067 mi/hr. 

d i l\) = v /2(0.165)(32)(1080) « 7760 ft/s « 5291 mi/hr 

15. :a) Intuitively, one might expect that only half of a 10-pound chain could be lifted by a !- 

vertical force. 

• b) Since x = 0 when t — 0, and v = dx/dt = yl00 — 64x/3, we have u(0) = \/lC0 rs 12.L' 

■ c) Since x should always be positive, wc solve x(t) = 0, getting t = 0 and t — |y5/2 * - 

Since the graph of x(t) is a parabola, the maximum value occurs at t m = j^/5/2. (T . 
also be obtained by solving x'(t) = 0.) At this time the height of the chain is x(t, : 
ft. This is higher than predicted because of the momentum generated by the force. Wl 
chairi is 5 feet high it still has a positive velocity of about 7.3 ft/s, which keeps it goiiu 
for a while. 

d) As discussed in the solution to part (c) of this problem, the chain has momentum g*.. 
by the force applied to it that will cause it to go higher than expected. It will then i 
to below the expected maximum height, again due to momentum. This, in turn, will 
to next go higher than expected, and so on. 
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(a) Setting dx/dt — v. the differential equation becomes (L — x)di:/dt — c 2 : Lg. But. by the 
Chain Rule, dv/dt = (dv/dx) (dx/dt) = v dv/dx, so (L — x)vdv/dx — v 2 = Lg. Separating 
variables and integrating we obtain 

dv = -r—— dx and ^ ln(c 2 + Lg) = — ln(L — x) + In c. 


v 2 + Lg L — x 


so y tv 2 + Lg = c/(L — x). When x - 0, v = 0. and c = LyfLg. Solving for v and simplifying 
we get 


dx , , figVLx-x*) 
_ =! , w= ———. 

Again, separating variables and integrating we obtain 

L-x y/2Lx - x 2 , 

-dx - dt and -?=— = t + ci. 


sjLg(2Lx - x- 2 ) 




Since x(0) = 0. we have cj = 0 and y/2 Lx — x 2 / y/Zg = t. Solving for x we get. 

x(t) = L — \/L 2 — Lflt 2 and f(t) = ~ = - /LI^£L= . 


b) The chain will be completely on the ground when x(t) = L or t = \jL/g. 

( c) The predicted velocity of the upper end of the chain when it hits the ground is infinity. 
(a) Let. (x, y) be the coordinates of S '2 on the curve C. The slope at (a:, y) is then 

dy/dx = (fit - y )/(0 - x) = (y - fi t)/x or xy' - y = -vtf. 


i b) Differentiating with respect to x and using r - vi/t '2 gives 


nil dt 

xy + y - y = -t\ — 
dx 


xv = ~ t ' 1 ds Tx 


dt ds 
ds 
1 


xy" = -vi — (-Jl + (i y 0 2 ) 


1’2 


xy 


= r \ /1 + ( y r ) 2 ■ 
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Letting u = ?/ and separating variables, we obtain 

du 
dx 


du i -i 2 

=r V Wu 2 


du r , 

. = - dx 

\/l + u 2 x 

sinh -1 u — r In x + Inc = ln(c.r r ) 
u = sinh (In cx r ) 


dy 

dx 


1 

— - I ex' - 


1 


ex' 


At t = 0. dy/dx = 0 and x = a. so 0 = ca r — l/co r . Thus c = 1 fa r and 


dy 


If r > 1 or r < 1, integrating gives 


y= 2 


1 + r \aj 


.X'\ 1+r 


1 - r \aj 


1 —T 


+ Cl. 


When t = 0. y = 0 and x = a, so 0 = (a/2)[1/(1 + r) — 1/(1 — r)] + c\. Thus ci = or/ 
and 


V = 


1 


1 + r 


x\ 1+r 
a) 


1 


1 — r 


l-r 


+ 


or 


1 -r' ; 


2 ‘ 


c) To see if the paths ever intersect we first note that if r > 1 , then v\ > V 2 and y —»• oc as. . 
In other words, 62 always lags behind S\. Next, if r < 1 , then v\ < v<i and y = or. 
when x = 0. In other words, when the submarine’s speed is greater than the ship’s, the-: 
will intersect at the point ( 0 ,ar/(l. — ?’ 2 )). 

Finally, if r = 1, then integration gives 


y = 


2 o 


In x 


+ C-2- 


When t = 0, y = 0 and x = a, so 0 = (l/2)[o/2 — (1/a) In a] + (> 2 - Thus C 2 = —(1 2 
1 ! a) Inal and 


y = 


1 

x 2 1 

1 

ro ii 

1 - 


-Ill X 




2 

2 a a 

“ 2 

12 a \ 

“ 2 . 


1/2 2\ , 1 1 a 

— .7; —a ) + — In — 

2 a a x j 


Since y 00 as x 0 + , S 2 w r ill never catch up with S\. 

ai Let (r. 6 ) denote the polar coordinates of the destroyer 6 \. When S\ travels the 6 mil 
• 9.0) to (3,0) it stands to reason, since £2 travels half as fast as £], that the polar co.. 
of S 2 are (3, 62 ), where 82 is unknown. In other words, the distances of the ships fr . 
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are the same and r(t) = 15 1 then gives the radial distance of both ships. This is necessary if 
3 ] is to intercept 5T 

b) The differential of arc length in polar coordinates is (ds) 2 = (r dS ) 2 + (dr) 2 , so that 



Using ds/dt = 30 and dr/dt = 15 then gives 

( 7/)\ ^ 

+225 

675= 225(2 O’ 

dd_V 3 
dt t 

9(t) = VZ 111 t + c = v/3 In yy + e. 

JLO 

When r = 3. i9 = 0. so c = — \/31n i and 

(, w = v5 ( to s- 1 ”D = ^ ln r 

Thus r = Se^^ 3 , whose graph is a logarithmic spiral. 

c) The time for Si to go from (9,0) to (3.0) = g hour. Now Si must intercept the path of S 2 

for some angle p, where 0 < ,3 < 2n. At the time of interception t-x we have 15*2 — 3e ,cJ/v ^ or 

t = ie-^A 73 . The total time is then 
<.) 

t = l + < p(l + e 2 */^). 

5 5 5 

i:::ce ( dx/dt ) 2 is always positive, it is necessary to use \dx/dt\(dx/dt) in order to account for the 
that the motion is oscillatory and the velocity (or its square) should be negative when the 
•ri'ing is contracting. 


a 1 From the graph we see that the approximations appears 
to be quite good for 0 < x < 0.4. Using an equation 
solver to solve sin a: — x = 0.05 and sin x — x = 0.005. we 
find that the approximation is accurate to one decimal 
place for Q\ — 0.67 and to two decimal places for 9\ = 
0.31. 


y 
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21. (a) Write the differential equation as e a 

<fd 2 .._ n 2-^^noon 

“^2" ^ ^ — ■ _^earth Vv /\ fA 

where ui 2 = g/l. To test for differences between the y V y j \ J 1 

earth and the moon we take l = 3, 0(0) — 1. and 0^(0) = -- \J V y 

2. Using g — 32 on the earth and g = 5.5 on the moon -2 | x ^ 

we obtain the graphs shown in the figure. Comparing 

the apparent periods of the graphs, we see that the pendulum oscillates faster on the 
than on the moon. 

(b) The amplitude is greater on the moon than on the earth. 

(c) The linear model is 0 * 

^- + ^0 = 0, 2 --^~o» 

dt 2 -y \/T h A/ A 

where a; 2 = g/l. When g — 32, l = 3, (9(0) = 1, and- \| Al \ | j y\ | -J | - — 

6'{ 0) = 2, the solution is — \J \\J j W W 

0(f) = cos 3.266 1 + 0.612 sin 3.266f. ~ 2 — 

When g = 5.5 the solution is 

0(f) = cos 1.354t + 1.477 sin 1.354t. 

As in the nonlinear case, the pendulum oscillates faster on the earth than on the moc:. 
still has greater amplitude on the moon. 


22. (a) The general solution of 


% + e-o 


is 0(f) = ci cost + cushat. From 0(0) = 7r/12 and 0'(O) - —1/3 we find 

0(f) = (tt/ 12) cost — (1/3) sinf. 
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Setting 0(f) = 0 we have tan t = tt/ 4 which implies t\ — tan 1 (tt/4) ~ 0.66577. 

lb) We set 0(f) = 9(0) + 0'(O)t + ^0"(O)t 2 + g0 w (O )t 3 H-and use 9"(t) = — sin 0(l) together with 

0(0) = 7t/ 12 and 0'(O) = —1/3. Then 

0"(O) = -sm(7r/12) = -\/2 (\/3 - l)/4 

and 

0"'(O) = - cos0(0) • 0'(O) = -cos(tt/12)(-1/3) = V5(V5 + 1)/12. 


Thus 

ir 1 v/2(v/3-l) 2 , V2(V3 + 1) , , 

m = T2~f -8-' T -72- * T "" 

(c) Setting tt/12 — t/3 = 0 we obtain ti = tt/4 » 0.785398. 

id) Setting 

7T 1 %/2(v'3-l) 2 

12 3 8 

and using the positive root we obtain t] ~ 0.63088. 

(e) Setting 

* 1. V5('/3-l) J , vga/3 + 1) ,3 

12 3 8 ‘ r 72 

we find with the help of a CAS that tj ~ 0.661973 is the first positive root. 


(f) From the output we see that y(t) is an interpolating function on o. 

the interval 0 < t < 5, whose graph is shown. The positive root 0 . 

of y(t ) = 0 near t = 1 is t± — 0.666404. 

-0.2) 

-0.4i 

I g) To find the next two positive roots we change the interval used in 
NDSolve and Plot from {t,0,5} to {t,0,10}. We see from the 
graph that, the second and third positive roots are near 4 and 7, 
respectively. Replacing {t,l} in FindRoot with {t,4} and then 
{t,7} we obtain t -2 - 3.84411 and f;j = 7.0218. 

From the table below we see that the pendulum first passes the vertical position between 1.7 a:.. 
1.8 seconds. To refine our estimate of t\ we estimate the solution of the differential equation 
L.i. 1.8] using a step size of h = 0.01. From the. resulting table we see that t\ is between 1.76 and 
1.77 seconds. Repeating the process with h = 0.001 we conclude that t\ ~ 1.767. Then the period 
the pendulum is approximately 4fi = 7.068. The error when using t\ = 2tr is 7.068 — 6.283 = 0.78-7 
and the percentage relative error is (0.785/7.068)100 = 11.1. 
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h=Q.1 h=0.01 



6 „ 

1.70 

0.07706 

1.71 

0.06572 

1.72 

0.05428 

1.73 

0.04275 

1.74 

0.03111 

1.75 

0.01938 

1.76 

0.00755 

1.77 

- 0.00438 

1.78 

- 0.01641 

1.79 

- 0.02854 

1.80 

- 0.04076 



e n 

0.00 

0.78540 

0.10 

0.78523 

0.20 

0.78407 

0.30 

0.78092 

0.40 

0.77482 

0.50 

0.76482 

0.60 

0.75004 

0.70 

0.72962 

0.80 

0.70275 

0.90 

0.66872 

1.00 

0.62687 

1.10 

0.57660 

1.20 

0.51744 

1.30 

0.44895 

1.40 

0.37085 

1.50 

0.28289 

1.60 

0.18497 

1.70 

0.07706 

1.80 

- 0.04076 

1.90 

- 0.16831 

2.00 

- 0.30531 


1.763 

0.00398 

1.764 

0.00279 

1.765 

0.00160 

1.766 

0.00040 

1.767 

- 0.00079 

1.768 

- 0.00199 

1.769 

- 0.00318 

1.770 

- 0.00438 


2-±. is is a Contributed Problem and the solution has been provided by the author of the problem.) 

: a) The auxiliary equation is m 2 4- gft = 0, so the general solution of the differential equation 

Bit) = Cl cos t + (‘2 sin y 1 1 t. 

The initial condtiou 0(0) = 0 implies cq = 0 and 0'(O) = u-’o implies C 2 = . Thus. 

B(t) = - sin \j\t- 


b) At 0 W ax, sin Jg/it = 1. so 


0 m ax — — 


rrih v b 


It 


nib 


Vb 


and 


g m u: + m h t \j g m w + rn h sJTg 
rn w + m b 


Vb = 


m b 


g 0ma: 


• c) We have cos 0 max = (£ — h)/t = 1 — h/L Then 


and 


cos 0 tl 


- 0 2 
2 max 



17 max 


2/i 

T 


or 


7 max 
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Thus 


■1% = 


rriw + mi, 

m b 



j2h_ m w + ?? ?7j 

V i' 



(d) When m/> = 5g, m u . = 1kg, and h = 6 cm, we have 

t’ 6 = ^ v ; 2(980)(6) » 21,797 cm/s. 

D 



1. 8 ft, since fc = 4 

2. 2tt/ 5. since \x" + Q.'lbx = 0 

3. 5/4 in, since .r = — cos 4/: -f | sin 4£ 

4. True 

!i. False; since an external force may exist 

:. False; since the equation of motion in this case is z(t) = e~^(ci + cat) and x(t) = 0 can have at 
most one real solution 
overdamped 

3. From ;r(0) = (\/2/2) sin 6 - —1/2 we see that sin<J> = — l/v/2, so is an angle in the third or 
fourth quadrant. Since x'(t) = y/2cos(2t + <p) f x'(0) = \/2cos <p = 1 and cos 6 > 0. Thus <j> is in the 
fourth quadrant and 6 = —tt/4. 

. j y = 0 because A = 8 is not an eigenvalue 

y = cos 6 x because A = (6) 2 = 36 is an eigenvalue 

The period of a spring/mass system is given by T — 2ijfuj where m 2 = kjm = kg/W , where k is the 
spring constant, IF is the weight of the mass attached to the spring, and g is the acceleration due 
to gravity. Thus, the period of oscillation is T = ( 2 -n/\fkg)\/W . If the weight of the original mass 
is IF, then {2k / sfkg)\/W = 3 and ( 2 n/ s/kcj ) y/W — 8 = 2. Dividing, we get \/W/ y/W — 8 = 3/2 
jr IF = |(IF — 8). Solving for W we find that the weight of the original mass was 14.4 pounds. 

(a) Solving %x" 4- 6.:r = 0 subject to t(0) = 1 and a/(0) = —4 we obtain 

x = cos 4t — sin At = \fl sin (4t + 37r/4). 

(b) The amplitude is y/ 2 . period is tt/ 2, and frequency is 2 /tt. 
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(c) If x = 1 then t — nir/2 and t = —7r/8 + rar/2 for n= 1, 2, 3, ... . 

i. d) If rc = 0 then t = tt/ 16 + mr/4 for n = 0, 1. 2, .... The motion is upward for n eve:, 
downward for n odd. 


i e) x'{Ztt/\Q) = 0 

if) If x' = 0 then 4 1 + 3tt/4 = tt/ 2 -f mr or t = 37t/16 + mr. 


13. We assume that he spring is initially compressed by 4 inches and that the positive direction 

.'.--axis is in the direction of elongation of the spring. Then, from ^x" + + 2x = 0, «(()) = -■. 

and .r'(0) = 0 we obtain x = —|e~ 2/ + ge _4f . 

14. From x" + fix' + 64a? = 0 we see that oscillatory motion results if p 2 — 256 < 0 or 0 < & < It 

15. From mx" -f 4 x! + 2x — 0 we see that nonoscillatory motion results if 16 — 8m > 0 or 0 < m 

16. From ^a;" + x' + x = 0. ;r(0) = 4. and ^'(O) = 2 we obtain x = Ae~ 2t + 10fe _2 F If x'(t) = 0. ' 

■ = 1/10, so that the maximum displacement is x = 5e -0,2 ~ 4.094. 

1". Writing gar" + |a; = cos of + sin^t in the form x" + yr = 8 cos 7 1 + 8 sin jt we identify J 2 = 
The system is in a state of pure resonance when 7 = uj = ^64/3 = 8/V3- 
15. Clearly x p = AjJ 2 suffices. 

19. From ga;" + x' + 3a: = e~*. a?(0) = 2, and a/(0) = 0 we obtain x c = e _4t {c\ cos2\/2 1 -f- C2sin2\ _ 
:■ = ■, mid 

* = <r« cos2V2t+ 

21 . ^ a) Let k be the effective spring constant and Xi and x 2 the elongation of springs k\ and k 2 . 1 
restoring forces satisfy k\X\ = k 2 x 2 so x-2 = (fci/fo)#!- F rom k( x i + £ 2 ) = k\X\ we have 


k 





H~) 


= h 


_ hfo 

I'l t ko 

1 _ Jl u. Jl 
k A'i A,'2 


: b) From ki - 2W and k 2 = AW we find 1/k = 1/2TT+1/4IT = 3/411/ Then k = 4W/3 = Am. 
The differential equation mx" + kx = 0 then becomes x" + (Ag/3)x = 0. The solution is 

x(t) = Cl cos 2sj | f + C2 sin 2^j 1 1. 
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The initial conditions .r(0) = 1 and .x^O) = 2/3 imply = 
(c) To compute the maximum speed of the mass we compute 


:r'(f) = 2y| sin 2y 1 1 + ~ cos2^| f and |x'(f)| = y4 | + ^ ^ \ 3; 

From g" + 10 4 g = 100 sin 50f. g(0) = 0. and c/(0) = 0 we obtain q c = ci coslO 1 
j v = i=£ sin 5 Oh and 

(a) q = —sin lOOt + 4= sin 50f. 

(b) i = — | cos lOOt + | cos 50t. and 

( c) q = 0 when sin 50t(l — cos 50f) = 0 or t = mijbO for n = 0, 1, 2, ... . 
i a) By Kirchhoff ’s second law, 

L U +R ^t + b q=m - 

Using q'(t ) = i(t) we can write the differential equation in the form 


, di 1 . 

L — + + — g = £(t). 


C 


Then differentiating we obtain 


r Si _ di 1 . ... 

i 5P + fl 5 + c' l = ' EW ' 

ib) From Li / (f) + + (l/C)q(t) = E(t) we find 

li'(O) + Ri( 0) + (1/C)q(0) = £1(0) 


or 


Li / (0) + i?i o + (l/C)g 0 = £;(0). 


Solving for i'(0) we get 


1 


1 


m = T E(0) - - q {) - Rio 


Li v C 

For A = a 2 > 0 the general solution is y = c\ cos ax + c -2 sin ax. Now 

y( 0 ) = ci and y( 2tt) = ci cos 27m + c-i sin 27m. 

so the condition y( 0) = y( 2tt) implies 

C] = C] cos 27m + <?2 sin 27m 

which is true when a = \/\ = n or A = rr for n =1,2,3,... . Since 

■\j = — act sin ax + ac 2 cos ax = —nc\ sin nx 3- nC 2 cos nx. 
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we see that y'(O) — nc -2 = y , (27r) for n = 1, 2, 3. ... . Thus, the eigenvalues are n 2 for n = 1. - 
3. ... , with corresponding eigenfunctions cos nx and sinrw;. When A — 0, the general solution 
y = cix + C ‘2 and the corresponding eigenfunction is y = 1. 


For A = —a 2 < 0 the general solution is y = c\ cosh ax + co sinh ax. In this case y( 0) = c\ a 
y{ 2 i\) = ci cosh2ira -t- C2sinli27ra, so y(0) = y(2it) can only be valid for a = 0. Thus, there are - 
eigenvalues corresponding to A < 0. 


24. (a) The differential equation is efir/dt 2 — ui 2 r = —g smart. The auxiliary equation is in 2 — w 2 — 
so r c = c\eP f ' + C20~ u ‘' t . A particular solution has the form r p = A sin art + B cos art. Sub-' 
tuting into the differential equation we find — 2An 2 sm art — 2Bui 2 cos art = —c/sin art. Tl.' 
B = 0, A = g/ 2 'jj 2 , and r p = (g/2a; 2 ) smart. The general solution of the differential ec' 
tion is r(t) = cie“* + + (#/2o> 2 ) sin a;#. The initial conditions imply + cq = ro • 

gj 2 u> — loci +a'C 2 = uq. Solving for c.\ and C 2 we get 


so that 


ci = (2a. -2 ro + 2uu,’o — g)j 4a 2 and C 2 = (2a ,2 r<) — 2u>vq + g)/4uj 2 , 


r(t) = 2u)2r ° + F'-'O ~ i e u,l + ^ro- ^vo+g ^ + 


4a 2 ' 4ca 2 ' 2a; 2 

(b) The bead wall exhibit simple harmonic motion when the exponential terms are missing. So/' 
ci = 0, C 2 = 0 for ro and uq wc find tq = 0 and t'o = g/ 2 u. 


To find the minimum length of rod that will accommodate simple harmonic motion we c:~ 
mine the amplitude of r{t) and double it. Thus L = g/u/ 2 . 

(c) As t increases. e w/ approaches infinity arid approaches 0. Since smart is bounded, 
distance. r(t), of the bead from the pivot point increases without bound and the distau 
the bead from P will eventually exceed L/ 2 . 

(d) 



fe) For each vo we want to find the smallest value of tt for which r(t) = ±20. Whether we L. 
r(t) = —20 or r(t) — 20 is determined by looking at the graphs in part (d). The total ' 
that the bead stays on the rod is shown in the table below. 
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Vo 

0 

10 

15 

16.1 

17 

r 

-20 

-20 

-20 

20 

20 

t 

1.55007 

2.35494 

3.43088 

6.11627 

4.22339 


When t’o = 10 the bead never leaves the rod. 

Valike the derivation given in (1) of Section 5.1 in the text, the weight, mg of the mass m does not 
Appear in the net force since the spring is not stretched by the weight of the mass when it is in the 
equilibrium position (i.e. there is no mg — ks term in the net force). The only force acting on the 
mass when it is in motion is the restoring force of the spring. By Newton's second law. 


m 


dt 2 


, = -kx 


or 


d 2 x k 

■I- x — 0. 


dt 2 


m 


The force of kinetic friction opposing the motion of the mass in /i.V. where p is the coefficient of 
Tiding friction and N is the normal component of the weight. Since friction is a force opposite to 
:he direction of motion and since N is pointed directly downward (it. is simply the weight of the 
mass). Newton’s second law gives, for motion to the right (x 1 > 0) , 

d 2 x 


And for motion to the left (x' < 0), 


m —y = —kx — time/, 
dm 


d?x 

m = —kx + jjrng. 


traditionally. these two equations are written as one expression 

d 2 x 

m -j~2 + fx sgn(x') + kx = 0, 


.'here fa = /mig and 


sgn(a/) = 


1. x' > 0 
-1, x' < 0. 
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Exercises 6.1 


Solutions About Ordinary Points 


1. lim 


\2 n+l x n * l /(n + l)\ 


— lim 


x\ = 2\x\ 


2 c | 2 n x n /n | n + 1 

The series is absolutely convergent for 2\x\ < 1 or |:cj < The radius of convergence is R = 
At x — — the series 1 )"/» converges by the alternating series test. At x = 3 , the s 

1/n is the harmonic series which diverges. Thus, the given series converges on [— 5 , 5 ). 

100 n+1 (x -t- 7) n ~ 1 /(n + 1)! i 100 . A 

hm -= Inn -- Lt + i\ = 0 

100 n (.r + () u /nl n-*ou n + 1 

The radius of convergence is R = 00 . The scries is absolutely convergent on (— 00 , 00 ). 


I.t + 71 = 0 


3. Bv the ratio test. 


(a; - 5) fc+1 /10 fc+i .. 1. rl 1. 

. lim /_ rM/mt I = . llm Til* - 5 I = Til* “ °i- 


k-* oc far — 5 


fc-oc 10 1 


The series is absolutely convergent for ^|a; — 5| < 1. j;?: — 5| < 10. or on (—5,15). The rad: 
convergence is R = 10. At x = —5, the series ( — l) fc ( _ 10) & /10 & = Y%L\ 1 diverges by tin- 

term test. At x = 15, the series Y.kLi(— l) A 10 fc /10 fe = l) k diverges by the nth term 

Thus, the series converges on (—5,15). 


4. lim 


= lim (It + 1)|* -li = ( °°' 2 * 1 

| k\{x-\) k *-»c y| lo. x = 1 


The radius of convergence is R = 0 and the series converges only for x = 1. 


/ .r 3 x° x‘ 

5 . 


x 2 ar 4 x b 

1 — - - — - ~\~ 

2 24 720 


2x 6 2x ;:) 4,r ■ 
~3 ' 15 315 


S. + + —•) (l 


X 2 X 4 


— 1 — X + 


3 4 

X X 


7 ; 2 5;r 4 61a' 1 


2 4 6 

1 x , x x , 
1 “ T + IT _ 6f + 


= 1 “ T 


4! + 6 ! 


Since cos(?r/ 2 ) — cos(-tt/2) = 0, the series converges on (— 7 t/ 2 , 7 t/ 2 ). 
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1 — x 1 3 3 2 3 , 

= 2 “ 4* + 8 * -16 r + 


Since the function is undefined at x = — 2, the series converges on (—2.2). 


Let k — n — 2 so that n = k — 2 and 


E v" t! = 


>7 = 1 


E(A'-2 )<%V- 


A=3 


Let k = n — 3 so that n = & + 3 and 

E ( 2 n - IK *"- 3 = E ( 2 fc + 5)c k ^x k . 

> 7—3 &=0 


2r/.c„..r u 1 + ^ 6c /? x n+1 = 2 • 1 ■ ci,r° + ^ 2/?c, i ;r ?? ' 1 + ^ 6c n x n_hl 


■j=i 


> 7=0 


n=2 


w =0 


A.-—7t—1 k —>?,+1 

oc 


— 2cj + ^ 2(A; + l)Q.+i* fc + ^ 6 ca;_i.t / x ' 

k =1 Aj =1 

oc 

— 2ci + Ef2(fc + l)c fc _i -e 6c/._i]x^ 

fc=i 

OC 

E n ( n — 1 )e n .a: H + 2 E n(« — l)c n x n-2 + 3 E nc 7l x n 

•;=2 n=2 n=l 

OC' oo oc 

= 2 • 2 • lc 2 X° + 2 • 3 • 2c3;r 1 + 3 • 1 • ci* 1 + E n(n - l)c n x" +2 E «(« - l)c„x'" -2 +3 E 


OC 


> 7=2 


n=4 


n=2 


k~n 


k=n —2 
oc 


A-=??- 


'OC : OC : oo 

■ 4c 2 + (3ci + 12 c3).t + E &(& — l) c Av^ + 2 E (^ + 2)(A‘ + l)c£+ 2 X*' + 3 E 


k=2 

OC 


A=2 


fc =2 


= 4c 2 + (3C! + 12ca)x + E - 1) + 3fc)c* + 2(A; + 2)(fc + l)c fc _ 2 ];r fe 


A;=2 

OC: 


1 ,«A- 


— 4c 2 + (3ci + 12/>3)rr + ^ [A-(A: + 2)c*. 4- 2(fc + 1)(A: + 2 )^+ 2 ]^ 

fc =2 


-oc: 

= E(-i) n+1 * n ~\ 

i/' =f2(-l) u+] (n-l)a 

n~l 

n=2 
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(*+1)/ +v' = (* +1) E (~i) n+1 ( n - 1)*"“ 2 + E (-i)" + V- 1 


n=2 


n —1 


oc 


DC 


= EC - 1 )"* 1 ^ - i )*” -1 + E (- 1 ) w+1 (» - 1)^ -2 + EM )"* 1 *” -1 

n=2 n=2 n =1 

DC DC X 

- -x°+x° + E(-i) n+ V - 1 ) ;c "' _1 + E(-i) fl+1 (n - i)* n_2 + E(-i) n+1 - 

u=2 77—3 n=2 

mS S- 


k=n—l k=n—2 

DC DC 


k—n—1 


= E(-i ) k+2 kx k + E(-i) fc+3 (t + i)x k + E(-i) fc+ v 


DC 


Jfe=l 


A-=l 


= Y [(—l) fc+2 A: - (-l) fe+2 A: - (-l) fc+2 + (-l) A ’ +2 j x k = 


k =1 


, ” (-1)'-2t. ^ (—l) lt 2n(2» -1) 2„-2 

i4 * * 92ms-,I \2 x y ~ n -' iVO x 


, 7^1 2 2n (n!)S 


n =1 


!) 2 

•DC 


+ J _i_ TV _ y ( l) "2n(2n 1) 2»-l + y- ( 1 )" 2n >-l + y ( 1 )“ r 2n+i 

V+J V ~h h 2 2 n ( n !) 2 


k—n 


/v=n 


DC= 


= E 

fc=i 


(—l) fc 2 *( 2 & — 1 ) (— 1 ) a ' 2 A’ 

' - + /- / 7 r \ O + ' ' 


2 2 *(A'!) 2 


£L 2“(«) 2 2 »- 2 [(fc - l )!] 2 


2“(fc!) s 2 2 *- 2 [(fc - l)!] 2 

H)‘ 


X 


^=77—1 

,2fc-l 


r 2k-l 


= E (- D * 

fc=l 


(2A~) 2 - 2^A: 


a- 2fc -’ = 0 


15. The singular points of (x 2 — 2o)y” + 2 xy' + y = 0 are —5 and 5. The distance from 0 to e:v. 
these points is 5. The distance from 1 to the closest of these points is 4. 

16. The singular points of (x 2 — ‘2x + 10)y /y + xy' — Ay = 0 are 1 + 3 i and 1 — 31 The distance 
to either of these points is VTO. The distance from 1 to cither of these points is 3. 

17. Substituting y = J2nLo c n% n into the differential equation wo have 

OC DC -DC OC 

y" - xy = E n (' n ~ l)Cn^"“ 2 - E c nX n+1 = E( fc + 2 )( k + l ) c k+2 xk ~ E c fc-l J “‘ 

n=2 n=0 k=0 fc=l 


k—n—2 

oc> 


k —-" 7 ?-—|— 1 


— 2c 2 + [(k + 2 )(k + l)cft + 2 — Ck--[]x" — 0. 

A~1 
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Thus 


C-2 = 0 

(k + 2) (k + l)Cfc-i-2 — ('k—L = 0 


and 


Cfc+2 = 


1 


(k + 2) (A: + 1) 
Choosing cq = 1 and ci = 0 we find 


Ck-\, k =1,2.3, 


C3 = 6 
c '4 = cr> = 0 

1 


CQ = 


180 


and so on. For co = 0 and ci = 1 we obtain 


c 3 = 0 


c 4 = 


1 


12 

cq = cq = 0 

1 


ci = 


504 


and so on. Thus, two solutions are 
, 1 3 1 (i 
W = 1 + 6 * + 180 * + 


V2 = * + T* 4 + + 


1 ?. Substituting y = ]££L. 0 c 'n^ n into the differential equation we have 


OG 


OC 


v "+= E «(» - +E v- 2 = E(*+2)(*+i)«i+ 2 ** + E 

n=2 rt=0 fc=0 ft=2 


k=n—2 


k=n+2 


x 

= 2c 2 + 6c 3 a’ + ^ [(A; + 2) (A' + l)cfc+2 + c^_ 2 ]®* = 0. 


fc =2 


Thus 


c 2 = C ‘3 = 0 

(k + 2 )(k + l)f‘fc+2 + Qc-2 = 0 


and 


Ck -2 


(k + 2 ){k + 1) 


Ck-2- k = 2,3,4,.... 
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Choosing cq — 1 and ci = 0 we find 


1 

CA ~ ~12 

C5 = Q> = 07 = 0 

1 


C 8 


672 


and so on. For co — 0 and c.\ = 1 we obtain 

c.\ — 0 


65 20 
C ,3 = C 7 = Cs = 0 
1 


C) 


1440 


and so on. Thus, two solutions are 

... _ i 1 4 - j- 8 

l/i — I — — X + ~~1~1 — 

J 12 672 


and l /2 = x- ~".T° + — 


20 1440 

.9. Substituting y = c n xU into the differential equation we have 

y" - 2xy + y = ]T n ( n - l)c n .T n_2 - 2 E nc n x n + E 

71=2 7i— 1 77=0 

k—n 


k=n—2 


k—n 
do 


Thus 


uid 


= E( k + 2 )( k + l)^+ 2 ^ fc - 2 £ /cc fc :r fc + £ c k x k 

k= 0 A:=l A*=0 

OO 

= 2 c ‘2 + oq + X] + 2 ){A: + l)c /- + 2 — (2k — l)ck\x k 

k =1 


2c 2 + Co = 0 

(* + 2)(* + l)c A:+2 - (2k - l)c k = 0 

1 

C 2 = “tCD 

2k — 1 . , 0 . 

( k+2 //, i oui. i i \ Os; 1, 2. .j,. . . . 


(fc + 2)(A + l) 
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Aioosing co = 1 and ci = 0 we find 


C2 = ~2 

C 3 = C5 = C 7 = ■ • • = 0 
1 

C4 = "8 


Qi 240 

:-::d so on. For cq = 0 and C\ = 1 we obtain 

C‘2 = C‘4 = Cq = • • ■ ~ 

1 

C3 77 
6 

1 

C5 “ 24 


C 7 - 


112 


-:‘.d so on. Thus, two solutions are 

1 2 1 4 7 « . 1 3 1 5 1 

w = 1 - 2* -r -«0* —• “ d * " * + 6 * + 24 *' + IS* 

Substituting y = c n a? n into the differential equation wc have 


. nus 


-.nd 


OC 

If" - xy' + 2 y = n(n - l)c ri ;i 

2 - jP ric n x n 

+ 2 c n .T n 

n=2 

n= 1 

T(=0 

k-n— 2 


k=n 

oc 

oc 

oc 


= Y ( k + 2 )( k + l) c *+2®* - Y kc k xk + 2 Y c k' xk 

A:=0 A-=l &=0 


oc 


= 2c 2 + 2co + Y ((* + 2 )( k + l)c*+2 - (* - 2)c fc ]s* = 0. 

k =1 


2c 2 + 2eo = 0 

(A: + 2) (A: + l)c fr+2 - (k - 2 )c k = 0 


C2 = -co 


Cfc-1-2 = 


A: - 2 


(A: + 2) (A' + l) 


<*, fc= 1 , 2 , 3 ,.... 
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Choosing cq = 1 and ci = 0 we find 


For cq = 0 and cj = 1 we obtain 


C 2 = — 1 

C3 = Co = C‘7 = ■ ■ ■ — 0 
(-4 — 0 

<‘S — (■% = C].o =•••=(). 

C2 = C4 = C*6 = • - • = 0 
1 


C3 = - 


6 


or, = 


120 


and so on. Thus, two solutions are 


yi = 1 - and V2 = X - ^ - . 

21. Substituting y — c n s n into the differential equation we have 

OC OC OC 

y" + x 2 y' + xy = £ n(n - l)c n .T n_2 + nc*® n+1 + Cn* n+1 

n.^2 n—1 


Thus 


and 


n=0 


k—n—2 


k =71+1 
OC 


k —Jr-|-1 


= Y.( k + 2 )( k + l)c*+2** + 51 (* - + I] 

&=0 /c=2 Aj=1 

OC 

— 2c2 + (6c‘ 3 + co)n + jP [(A; + 2)(A: + l)ejt+2 + A:c/,._i]a:^ = 0. 

k—2 


C 2 = 0 

6c;j + C() = 0 

(A + 2) (A + l)cyjj _2 + Ac I. 


02 = 0 


C3 = -7 C 0 
6 


^fr +2 


A 


(fc + 2)(fc + l) 


('k —^. A 2 ,3.4,... . 
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Choosing cq = 1 and ci = 0 wo find 


C * = "6 
C-i - Cr y = 0 


r * C = 45 


and so on. For cq = 0 and c\ = 1 we obtain 


and so on. Thus, two solutions are 

m= '~ r* + s x ' 6 - 


C3 = 0 

1 

C4 = "6 
cr, =c Q = 0 
5 

° 7 ~ 252 


i 1 4 . 5 7 

and y 2=x ^- x +—x 


Substituting y = c n x" into the differential equation we have 


DC 


oc 


oc 


y" + 2 xy’ + 2 y = £ n(n - l)c n x n 2 + 2 £ nc n x n +2 £ c nX n 

n =2 7i=l n=0 


k=n—2 


DC 


k=n 
oc 


k—n 
oc 


= £ 0"r 2)0 + :l.)c,+ 2 :r fc + 2 £ kc k x k + 2 £ c k x k 
k=0 fc=l k=(i 


oc 


— 2e 2 + 2co — £[0 + 2)0 + l) c fc-2 + 20 + ' — 0. 

k=i 


UlUS 


■nd 


2c 2 + 2 co = 0 

(A; + 2) (A; + l)efc+2 + 2 (A + l)c^ = 0 

C 2 = —C() 


c /,-+2 = 


A + 2 


c fc , k =1,2,3, 
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Choosing cq = 1 and c\ = 0 we find 


(-2 = — 1 


ca = cs = c7 = • • • = 0 


C1 = 2 

1 

Q) — ”7 
6 

and so on. For Cq — 0 and c\ = 1 we obtain 

C2 = C 4 = Cq = • • • = 0 
2 

C3 = -3 

4 


Crt — 


15 


or = 


105 


and so on. Thus, two solutions are 

1 , 1 « 


« 9 1 J. X . Zp o fit x O 7 

2/i = 1 - ar + -a: 4 - + • • • and y 2 = x - -x 6 + —x° - —x 7 + - • • 

2 6 3 15 105 

23. Substituting y = =o c nZ n into the differential equation we have 


DC 


DC 


(x - 1 )y" + V' = J2 n ( rl ~ tynX* 1 ~ 22 n ( n ~ 1 ) c nX n 2 +J2 rlC n xH 1 

n =2 n =2 n= 1 

\ - 


k—n— 1 


k=n—2 


k=n— 1 

DC 


= ^(fe + ljAcjfc+ia:*- 5I(A: + 2)(fc + l)c/^2^+ + i^+iar 

fc=l fc=0 A;=0 




— — 2c‘2 + Cl + yt [(& + — {k + 2 )(fc + 1 )q :+ 2 + (/c + l)cfc+i jx' 

fc=i 


Thus 


—2c- 2 + ci = 0 


(k + l) 2 Cfc + i — (k + 2)(k + l)c*fc + 2 — 0 


and 


C2 = 2* 


c k-2 


1 
2 

A +1 
A + 2 


cjfe^i, A= 1,2,3,... . 
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Choosing cq --1 and c\ = 0 we find 02 = C 3 = c.\ = • • • = 0. For c,. - •! i : = 


1 


I 


C 2 = 2 ’ C3 = 3’ C 4 = 4' 


'.nd so on. Thus, two solutions are 

yi = 1 and yo = x + ^.t 2 + + ^-x 4 + 

2 o 4 

Substituting y = c n x n into the differential equation we have 


oc oc oc oc 

(x + 2 )y" + xi/ — y = n(n — l)c n x' l_1 + ^ 2n(n — l)c n u; n_2 + ^ nc n x n — ^ c„.r r 

n=2 n=2 n=.l tz=0 


k=n— 1 


oc 


oc 


k=n—2 


k=n 


k’—n 


OC X 

— y:(fc+i)^ c fc+i a;fc +y^ ^(a+2)(&+ i)ck + 2z k +y^ Ac^r* ~ yi 

fc=i fc=o /,’=i y=i•> 

= 4c 2 — co + £[(* + l)A:Cfc+j + 2(A: + 2)(fc + l)c&.|-2 + (k — l)cy .r : 
A-=] 


. ::us 


4C2 — C‘o = 0 

(A + l)*Cfc+i + 2(A: + 2 )(At + 1)c 7 c _2 + (A — l)c^ = 0, k = l, 2, 3, ... 


C 2 = |C 0 

_ (A 4" 1)A'Q:+1 + (A; — l)cfe 1. _ 1 O o 

C A~+2 — fin. , nWi. 1 i\ » A — 1, 2. o. ... . 


2(fc + 2)(fc + l) 


I loosing cq = 1 and ci = 0 we find 


1 


1 


Cl 0; C 2 0;j 2 ^' C'l 0, C 5 

-u i so on. For <?o = 0 and ci = 1 wc obtain 

C2 = 0 
C3 = 0 

C4 = C 5 = c 6 = • • • = 0. 

7..us. two solutions are 

1 2 1 ,3 1 r. 


1/1 = Cq 


1 + i X ‘ - 24 r ’ + iio 31 "' + 


480 


and 1 J 2 = c\x. 
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25. Substituting y = c nX n into the differential equation we have 


y" - ( x + 1 )y' - y=Yl n ( n “ 1 )c?i^- rA 2 - 21 nc n x ' 1 - 22 ftCnX n 1 - 22 Cn** 


n =2 




ri—1 


n=0 


k=n- 2 


k—n 


k=ri— 1 


k=n 


Thus 


and 


£(* + 2 )(fc + l)c k+ 2 -x k - 22 kc: k x k - 22(k + l)c k+1 x k - 22 
k =0 k= 1 fc=0 fc=0 

2c 2 - Cl - Co + 22 P + 2 )( k + 1 ) c k^2 - (k + 1)0*+! ~{k + l)e*]P‘ 

k= 1 


2 C 2 — Cl — Co = 0 

( k + 2) (A; -r l)c *+2 — (k + l)(c*+i + c k ) = 0 

c-\ - C() 


C‘2 = 

z 

r . _ 2 h i o o 

C k +2 — 1 , , r> : A, — I. 2, o,... . 


k + 2 


Choosing cq = 1 and ci = 0 we find 


c 2 = = g* 


and so on. For cq = 0 and cq — 1 we obtain 


1 1 1 

C2 = 2 ’ C3 = 2 ’ C4 = 4’ 


and so on. Thus, two solutions arc 

n 1 •? 1 •* 1 4 . 1 2 1 o 1 4 

Vi = l + -xr + -X s + -x 4 H- and y 2 =x + -x 2 + ~x s + -x 4 H-. 

2 6 6 2 2 4 

26. Substituting y = c n x n into the differential equation we have 

OC OC DO 

(x 2 + l) y" -Gy =22 n ( n - l)c rl a: n + J2 n ( n ~ l)cr»a; n-2 - 6 21 c n.x n 


71=2 


n=2 


n =0 


k=n 


k=n—2 


k—n 
oc 

,.k a 


= 22 k(k - 1 )c k x k + 22 (k + 2)(fc + l)c*+ 2 ®* -C>22 c k x ‘ 
k =2 A ;=0 fc =0 

oc 

= 2c 2 - 6co + ( 603 - 6ci).t + 22 [( fe2 “ k - 6) c k + (k + 2)(k + l)c fc+2 


k =2 
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Thus 

2c 2 — 6co = 0 
6C3 — 6ci = 0 

(k — 3)(k + 2)c^ + (k + 2) (A; + l)cjt+2 = 0 
and 

C 2 = 3co 
C 3 = Cl 

Cjfc+2 = ° k ' k = 2.Z,4,... . 

Choosing co = 1 and ci = 0 we find 

C'2 = 3 

C3 = C5 = C 7 = • • ■ = 0 

C4 = 1 

1 

03 — ~~ 

O 

and so on. For co = 0 and ci = 1 we obtain 

C 2 = C 4 = C(j = • • • = 0 
C3 = l 

C5 = C 7 = Cq = • ■ • = 0- 

Thus, two solutions are 

yi = 1 + 3a: 2 + x 4 — ^a: 6 H- and y 2 = x + x 2 . 

5 

Substituting y = c n x n into the differential equation we have 

DC- DC OO CC 

(a : 2 + 2)y" + 3 xy’ — y = V) n(n — 1 )c n x n + 2^ n(n — l)c n a ; n ~ 2 + 3 V) nc n x n — V 

n=2 n=2 n= : ' 

v ... y v. . ^ v > v 

V 11 ■ >r 1 “V- ■" ^ ■ 

/c=rc k=n —2 ft=7i : 

OO OO OC 00 

= /c(fc — + 2 ^(A; + 2)(k + l)c£+ 2 £ fc + 3 kc^x^ — Y, 

k=2 k~Q k= i fe=0 

OC 

= (4C2 - Co) + (12c;i + 2ci)x + Y [ 2 (k + 2)(k + l)c fe+2 + (k 2 + 2k - l) c k [ x 

fc =2 
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Thus 


4c2 — = 0 

12 c ,3 + 2c\ = 0 

2(k + 2)(k + l)cfc +2 + ( k 2 -r 2 fc - l) c* = 0 


and 


c-2 — -cq 
4 


ca = -TCI 
D 


yf.2 _ OK _ I 

^fc + 2 = — n/>- * = 2,3,4,.... 


2(fc + 2)(* + l) 


Choosing cq — 1 and c\ = 0 we find 


C2 =4 

C'3 = C5 = C*7 = • • • = 0 


CA = - 

4 96 

and so on. For co = 0 and c\ = 1 we obtain 

C2 = C4 = Cq = • • • = 0 

1 

C3 = -g 


C5 = 


7 

120 


and so on. Thus, two solutions arc 

and w = + 

2 S. Substituting y = 52 %Lq c n x n into the differential equation we have 


, 1 2 7 4 

yi = 1+ r ~ + 


OC OC OO OC 

(z 2 - l) y" + xy' -y= Y n ( n ~ l ) c nX n - Y n ( n ” + 53 nc n ^ 4 - 53 


77=2 


n=2 


71=1 


71=0 


k=n 


A’=7i—2 


OC 


k—n 

oc 


A:=n 

oo 


= X) “ !)<*** - X + 2 )( fc + 1)^+2* + X - X ^ 


/c=2 


A;=0 


fe=l 


A=0 


5.XJ 

= (-2c 2 - co) - 6c 3 ;r + ^3 [ _ (* ; + 2 )(fc + !) c fc-r 2 + (& 2 - l) 


Cfc 


k—2 


X 
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Thus 


— 2C‘2 — C‘o = 0 
—603 - 0 

— (k + 2)(k + l)c *; + 2 + (k — 1 )(& + l)o& = 0 


and 


1 



03 = 0 
k - 1 


Ck +2 


Choosing oq = 1 and ci = 0 we find 


k + 2 


c k , k — 2 ,3,4. 


C2 2 


C3 = f‘5 = C7 = • • • = o 


1 


C4 8 

and so on. For co = 0 and c\ = 1 we obtain 

02 = C4 = 06 = • • • = 0 
03 = 05 = 07 = • - ■ = 0. 

Thus, two solutions are 

yi = 1 - -a ; 2 - -a ; 4 - and y 2 = x. 

Substituting y = Cn.£ ra into the differential equation we have 


OO OC OC OC 

(x - 1 )/ - xy' + y=Y, n(n - l)cna ; n_1 - ]T n(n - l)c n .x n_2 - ^ nc n x n + ^ 


, r n 


n =2 


r?..=2 


fc=7l—1 


k-n—2 


n=l n—0 


OC- OC- oo oo 

= E(*+- E(*+2)(* + i)c t+2 x k - e *****+E 


c k x 


k=l 


k =0 




&=0 


— — 2 c 2 + co + ^ [~(k + 2)(k + \)c k+2 + (& + l)fccfc + i — (k — l)cfc]a; fe = 0 . 
fc=i 


Thus 


-2c 2 + co = 0 
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— (A: + 2)(ft + 1)o*j.2 + {k + l)kc k+l — (ft — 1 )c k = 0 


and 


Ct= 2 a> 

_ k c k+i _ (A, — l)tfe _ g o 

c k+2 7.. , o n. , o\/k i i n > ^ r, z. o,.. 


ft + 2 (ft + 2 ) (A* + 1 ) 
Choosing cq — 1 and c\ — 0 we find 


1 


1 


C2 = 2 ! C3 = 6 ? 04 = 24 ! 


and so on. For cq = 0 and ci — 1 we obtain C 2 = C3 = 04 = 


0. Thus. 


and 


y — C\ ^1 + -x 2 + -x 3 + ■ • + C 2 X 

y' = Ci (x + ^x 2 -\ -) + C 2 . 


The initial conditions imply Ci = — 2 and C 2 = 6 , so 

y = —2 + ^x 2 + ^x 3 -\ -^ + 6 x = 8 x — 2 e a: . 

30. Substituting y = c n x n into the differential equation we have 
(x+l)y H - (2 - x)y + y 

OC DC OC 00 OC 

= n ( n - ljcn ®” -1 + J2 n ( n “ l)c n a ; n_2 - 2 nc„,x n ~ 1 + nc rt x n + ^ c n x n 


n=2 


•n=2 


n=l 


77—1 


77=0 


h=n— 1 


k=n —2 


k—n— 1 


k—n 


k=n 


oc 


— ^2 {k + + 2)(fc + 2 (fc + l)c*+ix fc + ^ ^ 

A’=0 


fc=l 


*=0 


A=0 


fe=l 


— 2 c 2 — 2 ci + Cp + [(ft + 2 )(ft + l)c/c4.2 — (ft + l)Cfc+i + (ft + l)c/~]x & = 0 . 
fc=l 


Thus 


2 c 2 — 2 ci + Co = 0 


(ft -f- 2) (A; + 1 )c/-j . 2 — (ft + l)cfc+i + (ft + l)cjk — 0 


and 


1 

f ‘2 -Ci- -Co 

Ck+2 = kT2 Ck+1 ~kT2 Ck ' * = 1 ’ 2 ’ 3 '"'' 
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Choosing co = 1 and ci = 0 wc find 


C2 = -2, C3 = -- ; C4=--, 


and so on. For cq — 0 and ci = 1 we obtain 


and so on. Thus, 


C 2 = 1, C3 = 0. 04 = 

4 


1.2 1-3 * 4 


2 1 


and 


V = C\ (1 - -x - . x 4 H-J + C -2 (a; + x- -x* + ■ 

1 0 1 , 


?/ = Ci (-x - -rr 2 + ^ + •••) + C 2 (l + 2x - x 3 + ■ ■ ■) . 
The initial conditions imply C\ —2 and C 2 = — 1, so 

= 2-x-2x 2 - + -^x 4 + ■■■ . 

Substituting y = Y,^Lq e fi .r n into the differential equation we have 

OO OO OC 

y" - 2 xy' + 8y = n ( n ~ l ) c nX n ~ 2 -2^ nc u x n + 8 c n x n 

n— 2 n=l 71 =0 


/c~71 —2 


A’—rt k—n 

oc -oc 

fc 1 o NT^ ^ 


Thus 


(k + 2)(k+ l)c k+2 x k -2J2 kc k'x + 8 ]T q,x 
k= 0 fc=l Jb=0 

2c 2 + 8 co + [(k 4- 2 ) (A: + l)c k+2 + (8 — 2k)c k ]x k = 0 . 

fc=i 


2c 2 4~ 8co — 0 

{k + 2 )(fc + l)c^ 4.2 + (8 — 2 k)c k = 0 


and 


c 2 = — 4c‘o 

2 (k - 4) 


c fe +2 = 


{k + 2 )(fc + 1 ) 


Ofc> — 1) 2,3,. 


289 



Exercises 6.1 Solutions About Ordinary Points 


Choosing cq = 1 and c\ = 0 we find 


c 2 = -4 

c 3 = c 5 = c 7 = ■ ■ ■ = 0 


For eg = 0 and c\ = 1 we obtain 


C4 = 3 

cq = eg = cio = ••■== 0. 


C2 = c 4 = C 6 = • ■ ■ = 0 

C 3 = -1 
1 

Cs _ 10 


and so on. Thus. 


and 


y — Ci ^1 - 4a: 2 + ^a: 4 j + C 2 (x - + -^x h H-^ 

y' = C\ 8a: + y x 3 j + Cfe (l - 3a: 2 + ^a; 4 + • • 


The initial conditions imply Ci = 3 and C 2 = 0, so 

4 


y 


= 3 (l - 4a: 2 + ^a: 4 ) = 3 - 12x 2 + 4a: 4 . 


32. Substituting y = c n x n into the differential equation we have 

OC OC OC' 

(a: 2 + 1 )y" + 2 xy' = E n (n ~ ^)c n x n + E n(n - l)c n x n ~ 2 + E 2 nc n x T 
n =2 ri=2 n= 1 


k—n k—n—2 

OC ‘OC 


k—n 
oc- 


E - !)^ fc + E( k + 2 )( k + l)cfc+2** + E 2&c*s A 


k=2 


fc =0 

oc- 


/c=l 


Thus 


— 2c 2 + (6c* 3 + 2ci)a* + ^ + l)c& T (A: + 2)(/c + l)c> L ._|_2]*£* 

k=2 


2 c 2 = 0 
6C3 + 2ci = 0 

+ l)c* + (fc + 2)(k + l)c k+2 = 0 
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and 


C2 =0 


C 3 = -3CI 

k 


c k+2 


k + 2 


Cjt; k — 2. 3, 4, ... . 


Zlioosing Co — 1 and ci = 0 we find c 3 = C4 = eg = • ■ • = 0. For co = 0 and ci = 1 we obtain 

1 

c 3 = -3 


C4 = cq = eg = • • • = 0 
1 


C 5 = 


5 


C7 


1 


and so on. Thus 


and 


y = Co + Ci (ar - ] -x 3 + - ^x 7 + • • •) 

y' = c\(l — x 2 + x A — -\ -) . 


"he initial conditions imply Co = 0 and ci = 1 , so 


1 


y = x - ^a ' 3 + jx’ J - -x‘ + 

o 0 1 


Substituting y — Y^Lq c n x n into the differential equation we have 

OO /I 1 . \ 

y" + (sin x)y = n(n - l)cnX n ~ 2 + (x - -a 3 + —a ; 5 -J (co + c\x + C 2 :r 2 H-) 


+ 


cqx + cix + ( c 2 - -co ) x 0 -b 


= 2c 2 + 6c 3 x + I2C4Z 2 + 2OC52 3 H- 

= 2c 2 + (6c 3 -b cq)x + ( 12 c 4 + ci) a: 2 + ^20c 5 + C2 - ^cq^ a; 3 H-= 0. 


_ uus 


2c2 = 0 
6c 3 + co = 0 
12c 4 + ci =0 
20cs + C 2 — -co = 0 
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c 2 = 0 


^3 = - 7 f '0 
6 


* = - 12 C1 
C5 = ~h Ci + Tio" 0 ' 


Choosing cq = 1 and c\ = 0 we find 


C 2 = 0 , c 3 = — 

and so on. For cq = 0 and c\ = 1 we obtain 


C*4 = 0. C~) = 


C2 =0, C 3 = 0, C 4 = - — I Co = 0 


and so on. Thus, two solutions are 

1 3 1 5 

1/1 = 1-X' 1 -I- X° 

y 6 120 


and y 2 = x- — x 4 


34. Substituting y — c n^ n into the differential equation we have 


y" + eV ~ y =J2 n(n - l)c n x r 

71=2 


1 0 1 


1 + X, + —X? + —X° + ■ • • ^Ci + 2c 2 X + 3c 3 £" 2 + 4 c' 4 X^ + • • 


2 c 2 + 6 c 3 x + 12 c 4 x 2 + 2 OC 5 X 3 4 - 


+ ci + (2 c2 + Ci)x 4- ^ 3 c 3 + 2 c2 + ^C[J x 2 4 - - [c 0 + qx + c 2 x 2 

— ( 2 c 2 4- ci — cq) + (0c 3 + 2c 2 )x + (^12 c4 + 3 c 3 + c 2 4- x? 4-= 0. 


Thus 


2c2 + ci — co = 0 
6 c 3 + 2 c 2 = 0 


12 c 4 + 3 c 3 + C2 + -ci =0 
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and 


C2 = jCo - jC, 


C3 = - JC2 


C4 = '4 C:, + l2 C2 “24 Cl ' 


Choosing cq = 1 and c\ = 0 we find 


C‘2 - 


2 ! 


c 3 - 


and so on. For co = 0 and c\ = 1 we obtain 


c 4 = 0 


c 2 = -- t 


C:i ~ 6 ’ 


C4 = -24 


and so on. Thus, two solutions are 

, 1 o 1 3 

m = 1 + 2 * _ 6 * + 


, 1 2 1 3 1 4 

and y’i = x- -x A -x - —x + 


The singular points of (cos x)y" + y' + 5y = 0 are odd integer multiples of 7 r,/ 2 . The dis 
J to either ±tt/2 is tt/2. The singular point closest to 1 is tt/ 2. The distance from 1 to 
singular point is then tt/2 — 1 . 

Substituting y = ]T^L 0 c n x n into the first differential equation leads to 

OG OC OO OC 

y" - xy = J2 n ( n - l)CrA'”“ 2 - £ c nX n+x = Yl(k + 2 )(k + l)ck+ 2 X k - c 'k- 

n =2 n-0 fc=0 


k-n —2 

OC 


A?=n+1 


= 2c 2 + S + 2 )( A ' + l )°k+2 ~ C k -\]x k = 1. 
k =1 


_ nus 


.-.:id 


2c 2 = 1 

(k + 2) (A- + l)c k+ -2 - c k - 1 = 0 


C2 =2 


Ck +2 = 


Cfc-J 


{k + 2)(fc + l) 


, fc = 1,2,3,. 
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Let cq and c\ be arbitrary and iterate to find 


° 1= 2 


C3 = yQ) 
6 


* = l 2 Cl 


C ' 5 20 02 40 


and so on. The solution is 


1 2 1 3 1 4 1 
V = co + cyx + -x + -c 0 :r + ~c\x* + — c 5 + 


V 


1 2 1 1 

+ 2* *40* + 


— co (l + -x 3 + •••)+ ex (a; + 4; 

Substituting y = £,^L 0 c n x n into the second differential equation leads to 


GO 


DC 


V n ~ 4 xy - Ay =Y1 n ( n ~ l )^nX n 2 - 53 4nc rl x n - ]T 4 c n x 


n =2 


n= 1 


n=0 


k=n—2 


dc 


k=n k=n 

oc oc 


= J2 ( k + 2 )( A: + l)cjfc+ 2 3* - I] 4A:c fc ^ - J2 4c kxr 

k =0 fc=l fc=0 


DC 


= 2c 2 - 4cq + 53 [( fc + 2)( A: + l ) c k+2 - 4(A: + l)c&]x A ' 
fc=l 


OO 1 

= e* = 1 + £ y xk - 


k =1 


Thus 


2c 2 — 4co - 1 

(k + 2 )(k -r l)c&+2 — 4(k + l)cjfc = yr 

/e! 


and 


C 2 — - + 2co 

1 4 

Cfc+2 / 7. , o\ i "b r. , o C-fc? 


(fc + 2)! A;+ 2 


A: = 1, 2, 3. ... . 
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let co and ci bo arbitrary and iterate to find 

1 


C'2 = 2 + 2c o 

14 14 

C3= 3! + 3 Ci = 3! + 3 Cl 

14 11, 13 

C4 ~ 4! + 4 C2 “ 4! + 2 + 2C ° “ 4f + 2 °° 

14 14 16 17 16 

C5= 5! + 5 C3 = 5! + ^3! + l5 Cl= 5! + l5 Cl 

1 4. 1 4-13 8 261 4 

C6 = 6! + 6 C4 = 6! + 6^! + 6 C0 “ "6T + 3°° 

1 4 1 4-17 64 409 64 

C7-^ + ^ 5 -- + —+ — Ci - —+ —Ci 


,-:id so on. The solution is 


V 


= c 0 + cix + Q + 2c^x 2 + Qi + ^ci)^ 3 + (|r + 2c o)^ + (|[ + ^ c l) x5 

/261 4 \ 6 . /409 64 \ 7 

1 ( 6! + 3 C °) X ' ( 7! + 105 C1 ) X + "' 


CO 


1 + 2x 2 + 2x 4 + -x 6 + 


+ ci 


a* + -.r 3 + — .T iJ + 


16 , 64 7 

i , v . / 


3 


15 


105 


x' + 


1 , 1 3 13 4 17 5 261 6 409 7 

+ + ~rrx + T7--K 5 + + ~=rx 7 + • • • 


2 


3! 


4! 


5! 


6 ! 


r\ 


*.Ve identify P(x) = 0 and Q(x) = sinx/x. The Taylor series representation for sin x/x is 1 — .x 2 /3! + 
. • ‘5! — • • •. for |a?| < oo. Thus. Q(x) is analytic at x = 0 and x = 0 is an ordinary point of the 
differential equation. 


1 ,r > 0 and y > 0. then y" = —xy < 0 and the graph of a solution curve is concave down. Thus, 
•vhatever portion of a solution curve lies in the first quadrant is concave down. When x > 0 and 
. < 0, y" = —xy > 0, so whatever portion of a solution curve lies in the fourth quadrant is concave 
"-P- 
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39. (a) Substituting y = Y^^=q c n x n into the differential equation we have 


oc 


y" + xy r + y= X n ( n ~ 1 2 + X nc « ;r ” + X c «z n 


Thus 


and 


71=2 


n =1 


k=n—2 


h—n 

oc 


n=0 
k=n 
oc 


= ( k + 2 )( k + 1^+2** + £ *;c A: 2' + £ 

k= 0 A;=l 


oc 


— (2 c 2 + Co) + [(^ “T 2)(fc + 1 )c/j._!_2 + (& + l)cfc]x 

fc=l 


2 c 2 + Co = 0 

(fc + 2)(k + l)cjfc+2 + (k + 1 )ck = 0 
C 2 = -\co 


Cfc+2 = 

Choosing cq = 1 and ci = 0 we find 


k T 2 


^ — 1.2,3,... . 


C2 = -2 

C3 = C5 = C7 = • • • = 0 

1/ 1\_ 1 

° 4 4 V 9.) 92. 


C6 


4v 2' 2 2 • 2 

= —— (" 1 4 =_L 

6V02.9/ 93.3 


and so on. For cq = 0 and c\ = 1 we obtain 


C'2 = Q = eg = • • • = 0 

1 2 
C3 _ 3 “ "~3! 


4-2 


. = _ir-^ = —= 

5 5' 3' 5-3 5! 

__6 1±1 2 

' 7V Rt / 71 
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and so on. Thus, two solutions are 


53 ok 


■2 k • k\ 


oc^ k k\ ->k+i 


(b) For yi, S 3 = S 2 and S 5 = S 4 , so wc plot S 2 , S 4 , S$, and Sio- 


y y y y y 



The graphs of yi and t /2 obtained from a numerical solver arc shown. We see that the partial 
sum representations indicate the even and odd natures of the solution, but don’t really give a 
very accurate representation of the true solution. Increasing N to about 20 gives a much more 
accurate representation on [—4.4]. 

(d) From e x — Y^=uX k /k\ wc see that e -;z;2//2 - —^ 2 /2) fc //c! = Y,kLo(~l) k % 2k /2 k k \. From 

(5) of Section 4.2 we have 
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V2 


= w I 1 4- ix = J fe -x72)2 * = e "'* 2/2 / * = e_li/2 J 


- y ( 1 ) A> 2k f y _1_ 2fc d = (y ( ^ 2k\ ( y f J_ 

~h 2kkl [h ) [h J »»• 


a: 2/>; dx 




a—o 


2 fc fe! 


y_I_ 

^(2*+1)2**! 




2Ai+l 


-( l -^ + ^-F^ + "0(* + 3^** + 5^2* f + 7^r 7 + -") 


2 -j 4*2 e 6*4*2 7 ^ ( j-^ ^ 2 A*+i 

=*-r + ^r x + -=E ( 


0. (a) We have 

y" + (cos x)y = 2c2 + 6c 3 rr + 12c<ix 2 + 20c5.t 3 + 30c6£ 4 -f 42c 7 x rj H- 

9 4 . 

+ (l - y + y - -gj- + • • • ) ( c 0 + CLX + C- 2 x 2 + C 3 x 3 + C 4 x 4 + C 5 X 5 + 

= (2c 2 + Co) + (6 c 3 + Ci)x + (12C4 + C2 - ^co)^ 2 + (20 c 5 + c 3 - yi)a; 3 

11 11 

+ (30c6 + C 4 + —cq — -C 2 ^o : 4 + (42c 7 + C 5 + — cj — -c 3 )jP H-. 


Then 


11 11 

30ce + C4 + — Co - -c-2 ■ 0 and 42c 7 + c 5 + —ci - -c 3 = 0, 


which gives cq = —cq/ 80 and C 7 = —19ci/5040. Thus 


and 


yi(^) = 1 — /;X 2 + -l-sr 4 — -—-.t 6 + 
J v ’ 2 12 80 


. . 1 3 1 * 19 7 

■mix) = x - x H- x - x + 

yA } 6 30 5040 


(b) From part (a) the general solution of the differential equation is y = c\y\ + 021 / 2 - 
y( 0) = ci + c 2 • 0 = Ci and y'{ 0) = ci • 0 + c 2 = c 2 . so the solution of the initial-value probl 


, 1 2 1 3 1 4 1 5 1 6 19 7 

y = yi+V2 = 1 + x - r - x + -* + x - x - x + 
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X 




Irregular singular point: x = 0 
Regular singular points: x = 0, —3 

Irregular singular point: x = 3; regular singular point: x = — 3 
irregular singular point: x = 1; regular singular point: x = 0 
Regular singular points: x = 0, ±2?' 

Irregular singular point: x = 5; regular singular point: x = 0 
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7. Regular singular points: x — —3, 2 

8 . Regular singular points: x = 0 , ±i 

9. Irregular singular point: x — 0; regular singular points: x — 2. ±5 

10 . Irregular singular point: x — —1: regular singular - points: x = 0 . 3 

11. Writing the differential equation in the form 

5 , x 

y" + -t y + ——y y = 0 

x — 1 x + 1 

we see that xq = 1 and xq = — 1 are regular singular points. For ;ro = 1 the differential cquati 
can be put in the form 


0 - 1) V + o( x ~ i )y' + 


x(x — 1 )' 

X + 1 


y = 0- 


In this case p{x) = 5 and q(x) - x(x — l ) 2 /(x + 1 ). For a?o — —1 the differential equation can 
put in the form 

(x + 1) V' + 5(r + 1) X + ] y' + x(x + 1 )y = 0. 

x — 1 

In this case p(x) = 5(.r + l)/(:i: — 1) and q(x) = x(x + 1). 

12. Writing the differential equation in the form 

y" + y' + 7 xy = 0 

x 

we see that ro = 0 is a regular singular point. Multiplying by x 2 , the differential equation ca:. 
put in the form 

x 2 y" + x(x + 3 )y r + 7 x 3 y — 0. 

We identify p(x) = x + 3 and q(x) = 7:r 3 . 

13. We identify P(x) — 5 /3 .t + 1 and Q(x) — — 1 /3 .t 2 . so that p(x) = xP(x) = | + x and q<> 
x 2 Q(x) = — j • Then uq = |= — 3 , and the indicial equation is 


r{r - !) + ^ = r 2 + ^ = ^(3r 2 + 2 r - 1 ) = ^(3r - l)(r + 1 ) = 0 . 


The indicial roots are 3 and — 1 , Since these do not differ by an integer we expect to find two - 
solutions using the method of Frobenius. 

14. We identify P(x) = 1/x and Q{x) = 10/a\ so that p(x) = xP(x) = 1 and q(x) = x 2 Q(x) = 
Then ao = 1 . 60 = 0. and the indicial equation is 

r(r-l)+r = r 2 = 0 . 

The indicial roots are 0 and 0. Since these are equal, we expect the method of Frobenius to y: 
single series solution. 
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Substituting y — Y^=q c n x n+r into the differential equation and collecting terms, we obtain 

oo 

2 xy" - y' + 2 y = (2r 2 - 3r) c 0 ^ r_1 + ^[2(fc + r - l)(k + r)c k - (k + r)c k + 2c k ^i]x k+r ~ 1 = 0. 
which implies 


fc=i 


2 r 2 - Sr = r(2r - 3) = 0 


and 


(A’ + r)(2k + 2r — 3 )c k + 2c k —i — 0. 

The indicial roots are r = 0 and r = 3/2. For r = 0 the recurrence relation is 


c k — 


2 c fc - 


A(2A - 3) 


A = 1,2,3,..., 


-.nd 


Cl = 2 cq. C2 = —2cq, C3 = -Cq, 


.-.nd so on. For r = 3/2 the recurrence relation is 


:-.::d 


Cl 




5 C0 ’ C2 = 35°°’ = “945 




-r.d so on. The general solution on (0, oo) is 

substituting y = c n% n+r into the differential equation and collecting terms, we obtain 

2 xy" + 5 y' 4- xy = (2r 2 + 3r) co;i r_1 + (2r 2 + 7r + 5j cij;' 

+ £ [2(fc + r)(k 4- r - l)c fc + 5 (k + r)c k + c k - 2 ]x k ^~ l 
k=2 


= 0 . 


.:ich implies 


2r 2 + 3r = r(2r + 3) = 0, 
(2r 2 + 7 r + 5) Cl = 0, 


(A: 4- r)(2A: + 2 r + 3)c/. 4- c*_ 2 = 0. 
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The indicial roots are r - —3/2 and r = 0, so c\ — 0 . For r = —3/2 the recurrence relation is 


c * = -(2tr§)P * = 2 ' 3 ' 4 


1 n 1 
C2 = -^CO, C3 = 0, Cl = —Co ; 


and so on. For r — 0 the recurrence relation is 


y *= 2 ’ 3 ’ 4 ’-’ 


i n i 

C 2 = C 3 = 0, C 4 = ^Cq ; 


and so on. The general solution on (0, oo) is 


= Cy Z -W (1 - l* 2 + + ■ ■ ■) + C 2 (l - lx- 2 + A"* 


2 40 


14 616 


17. Substituting y - T%Lo c n .r n ~ r into the differential equation and collecting terms, we obtain 


7 

4 xy" + ^y' + y= (4r 2 - -rj c Q x r ~ 1 + ]T |4(A? + r)(k + r - 1 )c k + ^(k + r)c k + c k . 


-i a;** 


which implies 


4r 2 — = r ^4r — ^ = 0 


-(fc + r)(8fe + 8r - 7 )c k + c*_i = 0. 

The indicial roots are r = 0 and r = 7/8. For r = 0 the recurrence relation is 

_ 2cfc_i 

fc(8* - 7) ’ 


. 2 4 

Cl = -2 cq. C2 -- -CQ, C3 = ~45g C °’ 


and so on. For r = 7/8 the recurrence relation is 

2cfc_i 


Ck (8k + 7)k ’ * 


ci = -^c 0! c 2 = —co, c 3 = - 3 ^ 85 ^ 0 : 
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and so on. The general solution on (0, oc) is 


4 


y = Cl [ l-2x+-x -—or 




32.085 


z 3 + 


Substituting y — ]T/L 0 c. n x n+r into the differential equation and collecting terms, we obtain 
2 x 2 y" - xy + (x 2 + 1 = (2r 2 - 3 r + l) cox r 4- (2r 2 + rj c\x r+ ^ 


+ Y [2 (k + r)(k + r - 1 )c k - (k + r)c k + c k + c fc _ 2 ]:r fc+r 
k =2 


which implies 


= 0 , 


2r 2 — 3r + 1 = (2r — l)(r — 1) = 0, 


(2r 2 + r) ci = 0, 


and 


P + r) (2k + 2r - 3) + 1 )c k + c k - 2 = 0. 

The indicia! roots are r = 1/2 and r = 1, so ci = 0. For r = 1/2 the recurrence relation is 


Ck ~ k{2k — 1) ? k 


and 


C3 = 0, 

and so on. For r = 1 the recurrence relation is 


c 2 = 

6 


C4 = 168 C °’ 


Cfc 


c k-2 


k{2k +1) 


, k = 2,3,4,..., 


and 


C 2 = -ico. c, = 0, Ct = 


and so on. The general solution on (0, oo) is 

y = C,* 1 ' 2 (l - ;U 2 + + •••)+ C,x (l - lx 2 + ^ + • • ■) . 

Substituting y = Sn^=o c n .T n+r into the differential equation and collecting terms, we obtain 
3xy" + (2 — x)y' - y— ^3r 2 — r) co:r r_1 


+ Y i 3 (* : + r-l)(k + r)c k + 2 (k + r)c k - (k + r)c k -i]x 
k =l 


fc-rJ-1 


= 0 , 
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which implies 

and 


3 r 2 — r = r(3r — 1) = 0 


(k + r)(3k- + 3 r — 1 )c k — (.k + r)c k -i = 0. 

The indicial roots are r = 0 and r = 1/3. For r = 0 the recurrence relation is 

c k = , k = 1,2.3..... 

and 


Qfc-i 
3A: — 1 


ci = -cq, 


C2 = 


C3 80 CO: 


and so on. For r = 1/3 the recurrence relation is 

Cfc-l 


and 


c-i 


Ck — 


: c o. 


3 k 


k = 1,2.3. 


e 2 = jjoo, 


C 3 = j^OQ. 


and so oil. The general solution on (0, oc) is 

y = Cl (l + i I + i^ + ix 3 + .-)+C 2 xV 3 (l + ix + ix 2 + i a: 3 + -.). 

20. Substituting y = Y^Lo c n x n+r into the differential equation and collecting terms, we obtain 


x l y" - (x - ^)y= (r 2 


2 \ 00 r 2 

- r + -J c Q x r + (k + r)(k + r- 1 )c k + jjj c k - c k -i 


„k H-r 


= o, 


which implies 


and 


-I4-DHH 


(k + r)(k + r - 1) + 


Cfe - Cfe_i = 0. 


The indicial roots are r = 2/3 and r =1/3. For r = 2/3 the recurrence relation is 


Ck ~~ 3k 2 + k ' k 


and 


3 9 

Cl = |C 0 , C 2 = ggCQ, 


C3 = 


560 


co? 


and so on. For r = 1/3 the recurrence relation is 


c k . = 


3cfc_ 


3k' 2 — k 


V, k = 1,2,3,... 
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and 


Q = 5C0, 


C2 = 20 CO - 


C3 = 160 c °’ 


and so on. The general solution on (0. oc) is 


y = c ^ m fi+l*+4* 2 +3 ! *’+-)+ U+&+&+ 4** - ■ ■ 


4~ ' 56“ ' 560" ' ) " V 2 20 160 

Substituting y = c n x n+r into the differential equation and collecting terms, we out 

2 xy" - (3 + 2 x)y' + y = (2r 2 - 5r) co:r r-1 -j- ]P[2(ft -r r)(k + r - l)cfc 


fc=l 


which implies 


and 


- 3{k + r)c fc - 2(k + r - l)c fc _i + c fc _i]a? 

= 0 , 

2r 2 - 5r = r(2r - 5) = 0 


1 ..^Ai+r— 1 


(ft + r)(2fc + 2r - 5)c fc - (2ft + 2r - 3)c fc -i = 0. 

The indicial roots are r = 0 and r = 5/2. For r = 0 the recurrence relation is 

(2ft - 3)cfc_] 


?k = 


ft(2ft - 5) 


, ft = 1,2,3,..., 


and 


ci = 3 CO, 


C>2 = — “CO, 
0 


c 3 == - 7 C 0 , 

6 


and so on. For r = 5/2 the recurrence relation is 

2 (ft + l)c*_i ^ ^ = 1? 2 . 3 ,..., 


Ck = 


ft(2ft A 5) 


and 


Cl = -C(), 


c 2 = ^jCo, 


03 = H°°’ 


and so on. The general solution on (0. 00 ) is 


1 * 


V - c\ (1 + jx - j** - §* J + •••) + Chf* (i + j *-+ y/ + ^ + ' 

Substituting y = c n x n+r into the differential equation and collecting terms, we obt 

x'V + xy' + (x 2 ~^)v= ( r2 - c 0* r + (c 2 + 2 r + ^ cix r+1 


+ Y, ( k + r )( k + r - l )°k + ( k + r )°k ~ \ck + C k -2 j 
k =2 L y 


= 0. 
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which implies 


r2 “5 = ( r + 5)( r "^ = 0 ’ 


r 2 + 2 r + 0 ci = 0, 


and 


(k + r) 2 - 


9 


c k + C k -2 = o. 


The indicial roots arc r = —2/3 and r = 2/3, so ci — 0. For r = —2/3 the recurrence relation 

9c/c_2 


c k = 


3k(3k - 4) 


, k = 2,3,4,..., 


and 


3 n 9 

C2 = — c 3 — 0- c 4 = Y28 C,h 


and so on. For r = 2/3 the recurrence relation is 

9Cfc_2 


and 


Ck 3k(3k + i)’ k 2 ’ 3 ' 4 ’"'’ 


C2 = <* = °> 


and so on. The general solution on (0, oc) is 


y = Cix 2/3 f 1 - |r 2 + 


+ ■■•) + (i - + 


23. Substituting y = J2^-o c n x n+r into the differential equation and collecting terms, we obtain 
9 x 2 y" + 9 x 2 y' + 2 y = (9r 2 - 9r + 2) c Q x r 

OC 

+ J2 ( 9 ( /c + r )( k + r ~ ijefe + 2c fc + 9(A: + r - l)c fr _,].T fc+r 
fc=i 


= 0, 


which implies 


and 


9r 2 - 9r + 2 = (3r - l)(3r - 2) = 0 


[9(k + r)(k - 1 - r - 1) + 2)c k + 9(k + r - l)c*;_i = 0. 

The indicial roots are r =1/3 and r = 2/3. For r =1/3 the recurrence relation is 

(3 A: — 2)cfc_i 


cjb = 


k(3k -1) 


. k = 1,2,3, 
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and 


Cl = -I 00 ' C2 = P°' C3 = 'T5) c<) ’ 


and so on. For r = 2/3 the recurrence relation is 

( 3 k - l)c‘fc—i 
k(3k -j-1) 


Cfc = 


, A: = 1,2.3...., 


and 


1 5 1 
Cl 2 c 2 2g co- r; 3 Ti> 


and so on. The general solution on (0, oo) is 

»=H* 4 2 -1^ 3+ • ■ •) + ^ 

Substituting y = Cn® n+r into the differential equation and collecting terms, we obtai 
2 x 2 y" -f 3 xy' + (2x — 1 )y = ^2r 2 + r — Tj cox r 


DC 


+ Y, [2(fc + r)(k -I- r - 1 )c k + 3 (k + r)c* - c fc + 2cfc_i> 

fc=i 


= 0, 


which implies 


-id 


2r 2 + r - 1 = (2 r - l)(r + 1) = 0 


[(& + v)(2k + 2r + 1) — ljcfc 4- 2c/j_i — 0. 

The indicia! roots are r = — 1 and r = 1/2. For r = —1 the recurrence relation is 

2cfc_j 


Ck = 


Jb(2fc - 3) 


, & = 1,2,3. 


Mid 


Cl = 2co ; 02 = — 2co, C3 = -Co, 


: .::d so on. For r = 1/2 the recurrence relation is 

• _ jCfe-i 

Cfc ~ Jfc(2fc + 3) 


. & = 1,2,3. 


Cl = -7 CO, C2 = —Co, C3 = 

5 3o 

::1 so on. The general solution on (0,00) is 


945 

2 2 


co, 


y = Cix 1 (l + 2x - 2x 2 + ^ 3 + •••)+ C 2 X - 1/2 (l - I* + |rx - 2 - ^rr 3 + 


35 945 
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25. Substituting y = c n.z n+r into the differential equation and collecting terms, we obtain 


xy" + 2 y' — x y = (r 2 + rj cqx t 1 + (r 2 3r + 2) ci:c r 


53 [(* + r )( fc + r - iJcjfe + 2(fe + r)c fc - c k - 2 \x 

k—2 


k-rr—1 


which implies 


r 2 + r = r(r + 1) = 0, 
(r 2 + 3r + 2) ci = 0, 


(fc + r)(fc + r + l)cjfc - Cfc-2 = 0. 

The indicia! roots are r 1 = 0 and r2 = — 1. so ci = 0. For rq = 0 the recurrence relation is 

Cfc-2 , 0 0 , 

Ci ~k(k + 1) : k ~ 2 ’ 3 ’ 4 ’ -- 


02 = ^ 

C 3 = Co — C 7 = • • • = 0 


C4 = -^TCo 
o! 


C2 " = (2^M)i C0 ' 


For r -2 = — 1 the recurrence relation is 


c * = whj' *= 2 - 3 - 4 --' 


c 2 = ^ CO 


C.3 = C5 = Cj = ■ ■ ■ = 0 


C4 = ^CQ 


C2 " = (2nj!°°' 
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The general solution on (0. oo) is 


OC "1 X 1 


1 

X 


DC 1 

QEs 


3o( 2n + 1 ) ! 


X 2n+1 + C 2 Z 


,3 (2«)! 


= -[Ci sinh x + C 2 cosh d. 
x 

. Substituting y = c n x n+r into the differential equation and collecting terms, we obta: 
x 2 y" + xy + (x 2 ~^jy= (r 2 - ^ e 0 :r r + (V 2 + 2 r + 0 C]_x r+] 


OC r 


_ 1 

+ Y^ (k + r)(k + r - l)c k + (k + r)c k --c k + c k _-2 x 

k= 2 L 4 


= 0, 


which implies 


fR)KH 

(V 2 + 2r + 0 ci = 0, 


and 


(fc + r) 2 - i 


Ck + Ck -2 = 0 - 


The indicial roots are r\ = 1/2 and r -2 = —1/2, so ci — 0. For rq = 1/2 the recurrence relatk 

Ck -2 


and 


Ck ~ k(k + l) ' k 2 ’ 3 ’ 4 -’-’ 


C2 = -gC0 

£3 = C5 = C7 = • • • — 0 


C 4 = gyCo 

(-If 

c 2n = — . 7\7 ^0- 


(2n+l)! 


For 7*2 = —1/2 the recurrence relation is 


* = 2.3,4, 


fc(fc - 1) 
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°2 = ~2[Co 

c-i = c 5 = c 7 = ■■■ = 0 


° 4 = 41 c ° 

C2 « = mT 60 ' 


The general solution on (0, oc) is 

2/ = E 


(-If . 

h&n + l)Y 


‘In , /or 1/2 V' ( 1 )” ‘2n 


+ C2.T- 1 / 2 E 


=0 (2n)! 


= Cix -1 / 2 V -L-i^L T 2n + 1 
1 (2n + !)!•' 


oc (_ 1 in 
-1/2 Y' \ l > 2n 

^ ( 2 «) ! ’ 


= a: 1/2 [Ci sin x + C2 cos a;]. 

27. Substituting y - c n x rl+r into the differential equation and collecting terms, we obtain 

OC 

xy" - xy' + y= (r 2 - r) c 0 x r_1 + E P + r + !)(* + r ) c k+\ ~ (k + r)c k + c k ]x k+r = 0 


which implies 


r 2 - r = r(r - 1) = 0 


(k + r + 1)(& + r)c k +1 — (k + r — l)c& = 0. 

The indicial roots are n = 1 and r2 = 0. For rq = 1 the recurrence relation is 


Cfc+1 (k T 2)(k + 1) ’ k 


and one solution is y\ = cqx. A second solution is 
. -J-ldx x cl/ 


V2 = * 


/ c x f 1 / 1 l \ 

—2 dx = x J (1 + x + -x 2 + —x 2 H- J dx 


1111 1 


x 2 x 2 3! 4!“ 


. , 1 2 1 3 1 4 

= x In x - 1 + -x 2 + — x 6 + —x 4 -f • 

Z X Z (Z 


= * / -9 + “ + o + + 77^ + • ’ • ) dx = * -- + Inx -f -x + —xr + —x’ 3 + 


1 . 1 2 , 1 3 


2 12 72 


The general solution on (0.00) is 


y = C\x + 621/2 (x). 
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Substituting y — YY=d c n x n+r into the differential equation and collecting terms, tve obtain 
y" -f —y' — 2 y = (r 2 + 2rj cqx v ~ 2 + (r 2 + 4r + 3) C]_x r ~ 1 

+ Y P + r )( k + r - 1 )°k + 3 (A: + r)c fc - 2c fc _ 2 ]ar*' hr " 2 

k=2 


= 0 , 


“iiich implies 


r 2 + 2r = r(r + 2) = 0 

(r 2 + 4r + 3j ci = 0 
(A: + r)(fc -+• r + 2)c^ — 2c /.—2 = 0. 

riie indicial roots are rq = 0 and rq = —2, so oq = 0. For rq = 0 the recurrence relation is 

2c&_2 


c-k = 


k(k + 2) 


k = 2,3,4. 


>"d 


C2 = |C0 

O 3 = Of, = C 7 = • • • = 0 


C4 = 48 C ° 


06 = 


1.152 


Co- 


ihs result is 


t-cond solution is 


L ! 2 1 4 1 

W=n »r + 4 I + + U52* 6 


f(3/x)dx 


- = W q? dx=vl J 


dx 


c 3 (1 + \x 2 + ^X 4 + ••■) 

f dx f 1 / 1 9 7 4 

“ W J J (T+V+ *** + + ...)- m J^{ 1 - 2* + 48* + 


19 6 

.r b + 


. . 1 1 7 19 3 , , 

= W / < 55 - S + 48 1 ~ 576 1 +■")* = « 


576 

- - , ? 2 19 4 . 

- X ln:r + —a: z - ^ 7 -a ; 4 - 


j - 


JL_ _ 1 
2 a : 2 2 


96 2,304 




1 7 2 19 4 

- + — * 2 - + 


2 a : 2 96' 2.304 
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The general solution on (0. oo) is 

V = C\y\(x) + C2D2(x)- 

29. Substituting y = c n x n+r into the differential equation and collecting terms, we obtain 

OO 

xy" + (1 - x)y - y = r 2 c 0 x r ~ L + [(A: + r)(k + r- 1 )c k + (k + r)c k - (k + r)c fc _ 1 ].T fc+r_1 

which implies r 2 = 0 and 


/.;= 1 


(k + r) 2 c k - (k + r)c fc _] = 0. 

The indicial roots are rq = = 0 and the recurrence relation is 

Cfc-l 


c k ~ 


k 


k = 1,2,3. 


One solution is 

A second solution is 

V2 = yi I 


. 1_2 ■ *3 


't/I = cq (1 + x + -x + H-) — CQe x . 


, e -f(l/x-l)<kc rj x i 

dx — e y —drc = e j —e dx 


$2x 


=eI /i( 1_I+ 5 x2_ r 3+ '")* =e '/(j _1+ 5 :c “r 2+ '") 


da; 


- e 


In x — x + -— -x* 


1 


2-2 3-3! 

The general solution on (0, oo) is 


x* + 


= e x In x — e x ^2 


, ^ (-i)" +1 




n—l 


n • n! 


/ /_iV^tI 

y = C\e x + C‘ 2 (f (In a; — ^-—a: 


n=l 


n • n\ 


30. Substituting y — c n a. r into the differential equation and collecting terms, we obtain 


OC 


xy" + y' + y = r 2 CQX r 1 + Y2 [(& + r){k + r- 1 )c k + (k + r)c k + c k _\]x k+r ] = 0 

A-=l 

which implies r 2 = 0 and 

(k + r ) 2 c k + c k _i = 0. 

The indicial roots are fi = = 0 and the recurrence relation is 

c*-i 


One solution is 


Ck k 2 
1 2 1 


k = 1,2,3, 


3 1 ^4 A_x 2 ' L - , ) r> ' a .n 


yi = co(l-x + ¥ x 2 --^x- +-^x' -•••) =coE-^T 


=0 («0 2 


71=0 
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A second solution is 

V-2 


-j{l/x)dx , ,f r 

= yi /-2— = yi / —7-:-:- 

' x (l — x -f j.r 2 — — • 


__ f dx 

J x (l — 2x + |x 2 - §x 3 + ^x 4 -) 

fl/ n 5 2 23 3 677 4 \ , 

= yi J-(l + 2x + -x +-x +— x- + •••)* 

/■/l „ 5 23 .4 677 3 \ 

= v 'j{x + 2+ 2 x + T* + m x + "1 dx 


n 5 9 23 3 677 4 

= 2/] I lnx + 2x + 4 ;T “ + + JJ& X + • • ’ 

, / 5 o 23 3 677 4 

= y x 111 a: + yj I 2 x + -x 2 + — x 3 + tj-j^x 1 + 


The general solution on (0. oc) is 


V - Ciyi(x) + C 2 y-2(x). 


. Substituting y = c n x n+r into the differential equation and collecting terms, we obtaii 

OC 

xy" + (x - 6)1/ - 3 y = (r‘ 2 - 7r)c 0 x T "' 1 + £ [(fc + r)(k -hr — l)c A . + (A: + r - l)c A ._; 

fc=1 

-6(fe + r)c J fc-3c Jfe _ 1 lx fc4r - 1 = 0 t 

which implies 

r 2 — 7r = r(r - 7) = 0 

and 

(k + r)(k + r- 7 )c k + (k + r - 4)c fc _ L = 0. 

The indicia! roots are ri = 7 and ro = 0. For ri = 7 the recurrence relation is 


(A* -j- ()k-Ck ~r (fc + 3)c/e._i — 0, fc — 1,2,3,... , 


or 


Ck = 


fc + 3 

F(Jfe + 7) Q:_1 


fc = 1,2,3,... . 
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Taking cq ^ 0 wc obtain 


ci = — 2 C ° 


C) = —Cn 
18 U 


C3 = -^Co« 

6 

and so on. Thus, the indicial root n - 7 yields a single solution. Now, for r 2 = 0 the recurrei: 
relation is 

k(k - 7)c k + (k - 4)c fc _ 1 =0. k = 1.2,3.... . 


Then 


—6ci — 3co = 0 
- 10 p 2 - 2ci = 0 
— 12C3 - C2 = 0 
-12C4 + 0c 3 = 0 
—IOC-5 + C.-i = 0 
bc^ “t - 2 c5 0 

Gey + 3c() = 0 


C4 = 0 
C3=0 

ca = 0 

C7 is arbitrary 


and 


<-k = 


k - 4 


k(k - 7) 


— , A: = 8,9,10, 


Taking cq 0 and c- = 0 we obtain 


Cl = -^'0 


C2 = ^CO 
1 


C’3 = 


Ah 


120 

Cl = c 5 = CQ = ■■ 


= 0 . 
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Taking co = 0 and 07 7 ^ 0 we obtain 

Cl ' C 2 = C‘i = C4 = C5 = C'6 = 0 

C8 = ~\c7 


C9 = S C7 


co = - s c, 

and so on. In this case we obtain the two solutions 

,1 1 9 1 , 7 1 e 5 q 1 i n 

Vl = 1 ~2 X+ W X ~ U0 X M,d m = X ~2 x + 36 r -36 I + -"' 

. Substituting y = c n x n+r into the differential equation and collecting terms, we obta::: 

x(x - 1 )/ + 3?/ - 2 y 

OC 

= (4r - r 2 ) c 0 x ,r_1 + ^ [(A: + r - 1)(A + r - 12)c fc _i - (A + r)(A + r - 1 


fc=i 


+ 3 (A: + r)c& — 2c^_i]x 


fe-s-j —1 


= 0 , 


which implies 


and 


4r — r 2 = r(4 — r) = 0 


—(Ar + r)(k + r - 4)o/, : + [(A; + r - 1)(A + r - 2) — 2]cfc_i = 0. 
The indicia! roots are rq = 4 and r 2 = 0. For rq - 4 the recurrence relation is 

— (A + 4)Acj; + [(A + 3) (A + 2) — 2]c^_] = 0 


or 

A +1 

c k = ■ -j- ■ Ck-i • A = 1,2.3,... . 

Taking cq 7^ 0 we obtain 

ci - 2 co 
C2 = 3cq 
C 3 = 4C’0: 
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and so on. Thus, the indicia! root 7*1 — 4 yields a single solution. For ro = 0 the recurrence rob 


-k(k - 4 )c k + k(k - 3)c k -\ = 0, k = 1,2,3, 


Then 


— (k — 4)c£ T (A; — 3)cfc_i — 0, k — 1,2.3. 


3ci - 2co = 0 
2c 2 — ci = 0 

C3 -h 0C’2 = 0 ('3 = 0 

0 c *4 + C 3 = 0 =t> C 4 is arbitrary 


(fe ~ 3)c^_j 
k- 4 


Jk = 5, 6 ,7,, 


Taking co 7 ^ 0 and c,i = 0 we obtain 


C1 = 3 C0 


C2 = 3^0 


Taking cq = 0 and C 4 ^ 0 we obtain 


C3 = 6*4 = C5 = ■ • ■ = 0. 


Ci — C2 = C3 - 0 


6.5 2c4 

Cq —- 3C4 


(■- = 4c 4; . 

and so on. In this case we obtain the two solutions 

2 1 

y-\ = 1 + -x + -x 2 and y 2 — a ; 4 + 2x a + 3a : 6 + Ax 7 + 
o o 

33. (a) From t = 1 jx we have dt/dx = —1/a; 2 = —t 2 . Then 


dyd^ = _ t2 dy 

dt dx dt 


d 2 y _ d I dy' 
dx 2 dx l dx 


_ t 2 W 


2 d?ydt L _dy ( dt_ 
dt 2 dx dt V dx 


= t*i!L + 2t 

dt 2 + dt 
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.4 d 2 v 


1 (+4 d 2 y , 0 ,3 dy 


d 2 y 2 dy 


becomes 




tii+2^ 

<tfi dt 


(b) Substituting y ■ I2%Lo c n t n+r into the differential equation and collecting terms, we obtain 
t W + 2 dt +My== (7 ‘ 2 + r)c ° f/_1 + ( ,-2 + 3r + 2 )°i f 


+ y^[(fc + r)(fc + r — l)c fc + 2(A’ + r)cfc + Ae*.^]* 


fc+r—1 


which implies 


r 2 + r = r(r -f 1) = 0. 


' 2 + 3r + 2) ci = 0, 


(A' + r)(fc + r + l)c/.. + Ac ^_2 — 0. 

The indicial roots are rj = 0 and r 2 = — 1, so ci = 0. For rq = 0 the recurrence relation is 

-2 j 001 

* ~ ~k(k + 1 )' *~ 2 ' 3,4 ’"" 


02 = “3! Co 

C3 ~ Cb = C7 = • • • = 0 
A 2 

C4 = -rrC() 


C2n ~ (_1) “(sm)! co ' 


For r -2 = — 1 the recurrence relation is 

^Ck -2 


Ck k(k — 1 ) ’ k 2;3,4, 


317 





Exercises 6.2 Solutions About Singular Points 


and 


A 

c 2 = 


C3 = C5 = C7 = • • • = 0 

A 2 


c 4 - ^JCQ 


C2n = (-I)'"' 


A r: 


(2 n)\ 


co- 


The general solution on (0, oo) is 

(-i)» 




= -[Ci sin v'A t + C‘2 cos Vx t ]. 

fy 

(c) Using t = 1 /x, the solution of the original equation is 

y(x) = Oix sin + Cz'x cos . 

x x 


34. (a) From the boundary conditions y(a ) = 0, y(b ) = 0 we find 

^ . VA „ 

Ci sm-1- Co cos — = 0 

a a 

r . \A,„ v'A . 

C i sm ——h C '2 cos —— — 0. 
b b 

Since this is a homogeneous system of linear equations, it will have nontrivial solutions for 
and C 2 if 


VX y/X 

sm — cos — 
a a 

Vx Vx 

sm cos —— 

b b 


. yfX \/A a/A . a/A 

sin — cos — -cos — sm —— 

a 0 a b 


. (y/X sfX\ . / nr b- a 

sm 7-T =sinV ^T 


= 0 . 
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This will be the case if 
' b-a\ 


Vx 


ab 


= rur 


or 


or. if 


Xn — 


rr mcab nirab , ^ 

v A = - -= —— . n = 1. 2, ... . 

b — a L 

nWb 2 P n b 4 


L 2 El ’ 

The critical loads arc then P n — n 2 Tr 2 {a/b) 2 EIo/L 2 . Using C 2 — — G\ sin(\/A/a)/cos(\/A/a) 
we have 

y/X sin(\/A /a) a/A 


y = C'i;;; 


sm- 


r- , s COS 

r cos (v A/a) 2 ? 


a/A -\/A y/X . \/X 

sin — cos-cos — sin — 

x a x a 


and 


y n (x) = C 3 X sin 


— Cx'c 
= C 3 X sin a/A ^ , 

mrab /1 1 


L \x a 


= C 3 X sin 


rural) (a 


La \x 


— — 1 = C^xsin 


rural) 


(l-°- 
V x 


b) When n = 1, b = 11, and a = 1, we have, for 
04 = 1 , 

V 


yi(x) = xsin I.Itt I 1 — 


x 



r. express the differential equation in standard form: 

1 /" + P(x)y" 4- Q(x)y' + R(x)y = 0. 

r.vppose .To is a singular point of the differential equation. Then we say that jco is a regular singular 
■ ::nt if (x — zq)P(x), {x — xq) 2 Q(x), and (x — xy ) 4 R(x) are analytic at x = xq. 

>. rfostituting y — Ym=o c n xn ^ T into the first differential equation and collecting terms, we obtain 

OC 

xV' + y = cyx r + Y, i c k + {k + r - 1 )(k + r - 2)c fc _ 1 ]x fc+r = 0. 
fe=i 

1: follows that Co = 0 and 

Ck - ~(k + r- 1 )(k + r - 2)cfc_i. 

The only solution we obtain is y(x) = 0. 

t nbstituting y — c n x n+r into the second differential equation and collecting terms, we obtain 

x 2 y" + (3x — l)i/ + y = —rep + + r + l) 2 c& — (k + r + l)cfc-^-l]:E /v+, = 0, 

fe —0 
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which implies 


—rco = 0 


(A* + r + l) 2 ^ - (k + r + l)c fc+ i = 0. 

If co = 0. then the solution of the differential equation is y = 0 . Thus, we take r = 0, from wh: 
we obtain 

A- = 0, 1. 2, ... . 

Letting co = 1 we get = 2 , C 2 = 3!. C 3 = 4!, and so on. The solution of the differential equal: 
is then y = + l)!x n , which converges only at x = 0 . 

37. We write the differential equation in the form x 2 y" + ( b/a)xy' + ( c:/a)y = 0 and identify ao = : 
and bo - c/a as in (12) in the text- Then the indicial equation is 

r(r — 1) + - r + - = 0 or ar 2 + (b — a)r + c = 0 , 
a a 

which is also the auxiliary equation of ax 2 y" + bxy' -i- cy = 0 . 



1. Since v 2 = 1/9 the general solution is y = ciJ\j^{x) + C 2 -/_j/ 3 (x)- 

2. Since v 1 = 1 the general solution is y = c\J\ (x) + C 2 hi (x ). 

3. Since v 1 = 25/4 the general solution is y — ci Jr,/ 2 i x ) + c 2 ^- 5 / 2 (^O- 

4. Since u 2 = 1/1C the general solution is y = ci Jiyqfy) + C 2 J-i/ 4 (x). 

5. Since u 2 = 0 the general solution is y - C\ Jq (x) + c^bbfy). 

6. Since v 1 = 4 the general solution is y = c^hix) + C 2 X 2 (x). 

7. We identify a = 3 and u = 2. Then the general solution is y = ci,/9(3.t) + C2>2(3.t). 

8 . Wc identify a = 6 and u — ^ . Then the general solution is y = tq J)/ 2 ( 6 x) + C 2 </_i/ 2 ( 6 .x). 

9. We identify a = 5 and u = |. Then the general solution is y = c.iJ 2 /s{5x) 4- c 2 J- 2 /s(^ x )- 

10. We identify a = y/2 and 1 / = 8. Then the general solution is y — ciJg(y/2x) + c 2 Y%{\/ 2 x). 

11. If y = then 

y 1 = x~ l ^ 2 v'(x) — ^-x~ 2 / 2 v(x), 

Zj 

y" = ar'VV^ar) - x~^ 2 v’{x) + |ir 5 / 2 u(x), 
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and 

x 2 y" + 2 xy' + a 2 x 2 y — x %i - 2 v"(x) + x 1 ^ 2 v'(x) + (a 2 r^ 2 - v(x) — 0 . 

Multiplying by a.: 1 / 2 wc obtain 

x 2 v"(x) + xv'(x) + ^ a 2 x 2 — ^ v(x) = 0 , 

whose solution is v = ciJ±/ 2 (ax) + c 2 J_i/ 2 {olx). Then y = cix~ 1/2 Ji/ 2 (a'x) 4- c 2 x~ i ! 2 J_i/ 2 {oix). 
If y = */x v(x) then 

y 1 = x l, " 2 v l (x) + ^-x~ 1 ^ 2 v(x) 


y" = x l ! 2 v"{x) + x-V 2 v'(x) - ~^ 2 v{x) 


and 


x 


2 y" + (a 2 x 2 — v 2 + ^ y = x°^ 2 v"(x) + x'^ 2 v'(x) — ^x l t 2 v{x) + (^a 2 x 2 — v 2 + ^ x 2 / 2 v(x) 

= x°l 2 v"{x) + x^/ 2 v'(x) + (a 2 x 0,/2 — v 2 x l,r 2 )v(x) = 0. 

[Multiplying by x~ l i 2 we obtain 

x 2 v"(x) + xv'(x) + (a 2 x 2 — v 1 ) v(x) = 0, 

whose solution is v(x) = ciJ t/ (ax) + c 2 Y v {olx). Then y = cj \fx. J v {ax) + c 2 y/xY v (ax). 

Write the differential equation in the form y" + (2 /x)y f + (4 fx)y = 0. This is the form of (18) in 
the text with a = — ^ ; c=^,6 = 4, and p = 1, so, by (19) in the text, the general solution is 

y = ar"" 1/2 [ci J\{Ax l1 ' 2 ) + C2Vi(4:r 1//2 )\ 


Write the differential equation in the form y" + ( 3 /x)i/ + y = 0. This is the form of (18) in the text 
with a = — 1, e = 1. 6 = 1, and p = 1. so. by (19) in the text, the general solution is 

V = x~ l [ci,h(x) + c 2 Yi(x)]. 

Write the differential equation in the form y" — ( 1 /x)y' + y = 0. This is the form of (18) in the text 

with a = 1, c = 1, b = 1, and p = 1, so, by (19) in the text, the general solution is 

y = a:[ci Ji(rr) + c 2 Y\ (a?)]. 

Write the differential equation in the form y" — (5 jx)y f + y = 0. This is the form of (18) in the text 

with a = 3, c = 1, b = 1, and p = 2, so, by (19) in the text, the general solution is 

y = xZfaJaix) + c 2 Y 2 {x)]. 
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17. Write the differential equation in the form y" + (1 — 2/a ; 2 )y = 0. This is the form of (18) i:. 
text, with a = 5 . c = 1, 6 = 1. and p = §. so, by (19) in the text, the general solution is 

V = x 1/2 {ci-h/ 2 ( x ) + C2i3/2(®)j = ar 1/2 [Ci J 3 / 2 (a:) + Ci J_ 3 / 2 (ar) ]• 

18. Write the differential equation in the form y" + (4 + 1/4 x 2 )y = 0. This is the form of (18) ir. 

text with a=j.c= 1.6 = 2, and p = 0. so. by (19) in the text, the general solution is 

y - a: 1/2 [ci Jo(2.t) + C2T 0 (2x)]. 

19. Write the differential equation in the form y" + (3 jx)y' + x 2 y = 0. Tliis is the form of (18) i:. 

text with a = —1, c = 2, 6 = 5 , and p = \ . so, by (19) in the text, the general solution is 


or 


y = x 


y — x 1 


..-1 


ClJl/2 (^ 2 ) + <= 2 * 1/2 

1 


C 1 J 1 / 2 +C 2 J_i /2 


20. Write the differential equation in the form y" + (1 jx)y' + (|x 4 — 4 jx 2 )y = 0. This is the for:.. 
(18) in the text with a ■ = 0, c = 3. b = §, and p = |, so, by (19) in the text, the general solut:.. 


or 


» = oiJ S /.(l* !, )+«r 2/ ,(i* 

» = Cl^(^ S )+^-2/ 3 (^ 3 ). 


21. Using the fact that ir — — 1, along with the definition of J v (x) in (7) in the text, we have 


(-ir 


4(l)= r'«“) Zn>V(l + » + n)\2j 


ix\ 


2n+v 


OG 


= L 


(-i) n 


= E: 


“j n!r(l + L' + n) 
(- 1 )" 


■00 


,3, n!r(l + v + n) 
(- 1 ) 2 ” 


/ ,'VV \ £'\ 

_ ;.2n+v—v I 

n) \2) 

<*T(ir 


= V_ \~±i _ (1 , 

“o n !F(l + v + n ) v27 

= f_i_ 

ib) «!T(1 + 1 / + n) \2y 


\ 2rc+i' 


2n+v 


which is a real function. 
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22. (a) The differential equation has the form of (18) in the tex: viv. 

1 - 2 a = 0 => a=\ 

£ 

2 C -2 = 2 =4> c = 2 

}?<? = — ;3 2 c 2 = — 1 => 8 = - and b = \i 

2 2 

a 2 — p 2 c 2 = 0 => p = -. 

4 

Then, by (19) in the text. 

V = 2:1/2 C] Ji/4 Qht' 2 ) + C 2 J-i/4 (^^ 2 ) • 

In terms of real functions the general solution can be written 

V = * l/2 [cv v4 (l* 2 ) + C 2 tf 1/4 (i* 2 ) . 

(b) Write the differential equation in the form y" 4- (1 /x)y' — 7 x 2 y = 0. This is the form o: IS 
the text with 

1 — 2a = 1 =4 a = 0 
2c-2 = 2 =4> c = 2 

b 2 c 2 = —d 2 (? = —7 =4 # = 1^7 and b = ^a/ 7f 

£ £ 

a 2 — p 2 c 2 = 0 =4 p = 0. 

Then, by (19) in the text, 

y = C'iJq Q\/7 ix 2 ^ + c 2 y 0 ?.x 2 ^ . 

In terms of real functions the general solution can be written 

V = Ci/o Qv 2 ?.* 2 ) + ChA'o Qv7.r 2 ) . 

23. The differential equation has the form of (18) in the text with 

1 — 2a = 0 => a = - 

2 

2c - 2 = 0 => c = 1 
6 2 c 2 = 1 =4> f)=l 

a 2 - p 2 c 2 = 0 =4> p = ^ . 

2 
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Then, by (19) in the text, 

y = z 1/2 [ci Ji/z( x ) + c ‘2 J -i/2(x)\ = xl/ ' 2 


12. I 2 

C[\l -Sill X + C 2 \l -cos X 

V 7TX V ^ x 


— C\ sin x + C ‘2 cos x. 


24, Write the differential equation in the form y" + (4 fx)y' + (1 + 2 /x 2 )y = 0. This is the form of 
in the text with 

3 


1 - 2o = 4 
2c - 2 = 0 


b 2 c 2 = 1 


a — — 

c = 1 
b = 1 


a 2 — p 2 c 2 = 2 = 
Then, by (19), (23), and (24) in the text, 

y = X ~ 3/2 [CI Jy 2 (x) + C 2 J_l /2 (•*')] = 


_ 1 . _ 1 
= C-i -s’ sin x + C2-7) cos £. 


1 

P= 2 


2 . / 2 
ci i/ — sin 2 4- C 2 \j — cos ,-r 
V 7T.T V 7T-C 


25. Write the differential equation in the form y" + (2 /x)y' + (j^x 2 — 3/4 x 2 )y — 0. This is the fo:: 
.18) in the text with 

1 - 2a = 2 1 


2c - 2 = 2 

j_ 

16 

9 2 9 3 

a —pc = — - 


,22 1 

&V = 


a = ~ 2 
c= 2 

*-§ 


p = 


1 


Then, by (1.9) in the text, 


V = af 1/2 


= or 1 / 2 


ci7i/ 2 ( ;U 2 ) - C 2 J-1/2 fe 2 


Cl 


V 


/ 16 . /I •; 


7TX 


2 sin^-.x I-C2 


8 

rnr /i 2 \ 

V 7TX 2 COS V8' X / 


= (7ia: 3//2 sin ^.x 2 j + C 2 x 3//2 cos ^.x 2 ^ . 

26. Write the differential equation in the form y" — (l/x)y' + (4 + 3/4.x 2 )y = 0. This is the form c: 
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in the text, with 


1 — 2a = —1 
2c -2 = 0 
b 2 c 2 = 4 


2 2 2 3 

a — »r = - 
4 


a = 1 
c = 1 
6 = 2 




Then, by (19) in the text, 

V = :r[ci,/ l / 2 (2x) + c 2 J_ 1 / 2 (2x)j = x 
-= Cl .x 1 / 2 sin 2x + C , 2 X 1 ' /2 cos 2x. 


/ 2 / 2 
c*i u —- sin 2x T c 2 \/ cos 2x 

V tc2x 


C2 V tt2x 


7. (a) The recurrence relation follows from 

(-iyv 


DC 


-^4(x) + xJ„_i(x) = - ^2 


/x\ 2n + v ^ (-l) n 

(2) 


\ 2??+z/-l 

; ^ 0 n!r(i/ + n) UJ 

2 / i — i / oc + _ / a :\ /' a ?\ 2n +*'“ 1 


+ E 


T ^ 0 n!T(l + v + n) \2j \2 


2 Hr 




rtTo « ! r(l + v + n) 

^n!r(l + »/ + n) \2 

°° (—l) 7t (2n + a) /x\ 2 ^ , ■ 

“0 n!F(l + ^ + n) \2J A ) ~ 

(b) The formula in part (a) is a linear first-order differential equation in J„(x). An integrating 
factor for this equation is x v , so 

S. Subtracting the formula in part (a) of Problem 27 from the formula in Example 5 we obtain 
0 = 2 uJ v (x) - xJ v+ i(x) - xJt,_i(x) or 2 vJ v (x) = xJ^i (x) + x«7„_i(x). 

9. Letting u = 1 in (21) in the text we have 

d: /’* I r = X 

xJo(x) = — [xJi(x)] so J rJ 0 (r)dr = rJi(r) |^ =o = xJi(x). 

0. From (20) we obtain Jq(x) — — Ji(x), mid from (21) we obtain Jg(x) = J_i(x). Thus J(y(x) = 
J-l(x) = -Jl(x). 

1. Since F(^) = yfk and 
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we obtain 


OC 


j- i/ 2 (*; 


= E 


(-i) n 


'x\ 2 «-l/2 1 


rz=o ^ !r (! — i + n) V2, 


’xyW * (-l)«(n - l)!2 2n - 
F(l) I 2 J + ^ n\(2n — l)!2 2n “ 


= _L,/2 », = /2. . /_/ f (-1)" 2r, = [± 

v'x V “[ 2n(2n - V xx : V tt.i: “ (2/1)! ' \ ; xx 


32. (a) By Problem 28, with v = 1/2. we obtain J ly / 2 (.t) — xj :i/ / 2 {x) + :£</_i/ 2 (o;) so that 

/ 2 /sin :E 


7r;C V X‘ 


cos a: ; 


with = -1/2 we obtain - J_i/ 2 (.t) = xJi/ 2 (x) + arJ_ 3 / 2 (.'r) so that 

T , s / 2 /cos:r . \ 

7-s/ 2 (*) = -y-(—+ »“xj; 


and with ?/ = 3/2 we obtain 3 J 3 / 2 (a;) = x <h/2( x ) + x ^i/2( x ) so that 



33. Letting 


we have 


.9 


li/A e -ort/2 
a V m 


da: 

¥ 


dx ds 
ds dt 


dx 

dt 



0 e -^/2 


dx 

ds 




—at/2 


■l x 2n-lft 

cos an 
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and 


d 2 x 

- d / 

f dx 

dt 2 

dt \ 

v dt 


dx 

( Q \ 


d,s 

l* 


dx 



= dJ 

2 


xi/2 , ± 


d (dx 


dt V ds 


ds y 2 V m 

, ± (z.FE e -aiA + (_Jjl e -«tA 

ds y 2 V w J ds 2 cif ^ fm J 


■v 


m " 


d?x ( k 


— e 


-at 


m 


ds 2 \ m 


Then 


d 2 x 


m^+ke-°'x = ke-“‘ d2x ■ ““ '* - 

. m 


dx 


_i__ / _ e -°*l 2 _ j_ ke~ at x = 0 

ds* + 2\m ds' U X 


Multiplying by 2 2 jot 1 m we have 


2 2 fc _ af d 2 x 2 /fc 


a 2 m 


X Zi / h, _/v+ /O ^ ^ ^ —/v-/ ~ 

— e —rw i— A / —” c ai/ -T- + - 0 — e a .x = 0 


ds 2 ' a V m 


>dx , 2 2 k 
ds ' a 2 m 


or, since s = ( 2 /a)yk/me tt ^ 2 , 


o d 2 x dx 9 
s 3-9 + 5 — 4- s-a- = 0. 
ds 


Differentiating y = x ] / 2 w; (fax 3 / 2 ) with respect to f ax 3/2 we obtain 

y' = x l ^vo' ^ax 3 / 2 ^) ax 1 / 2 + ^x -1 / 2 w ^ax 3 / 2 

^ax 3 / 2 ^ ax 1 / 2 + aw' ^ax 3/2 ^ 


and 


y /r = axw" 


+ ~:aw’ (^ax 3,72 ) — ^-x 3/2 re ^ax 372 ^ . 


2 V3 7 4 

Then, after combining terms and simplifying, we have 

3.., 


y // + a 2 xy = a 


Q .^/2 //,£/, / 3/2 _ 

2 V 4ax 3 / 2 


1 


w 


= 0 . 


Letting t = fax 3 / 2 or ax 3 / 2 = ft this differential equation becomes 

3 a 
2 t 


^ V7J. - 2 <■ 

t 2 w"(t ) + tw'(t) + ^t 2 — ^ u»(t) = 0 , f > 0 . 


(a) By Problem 34. a solution of Airy’s equation is y = x 1 / 2 w(fax 3 / 2 ), where 

w(t) = ci J 3 / 3 (i) + c 2 J_ 1 / 3 (f) 

is a solution of Bessel’s equation of order f . Thus, the general solution of Airy’s equation 
x > 0 is 

y = x 1/2 uj (Jax 3/ ' 2 ) = c 1 x 1/2 J ]/ -. ! + c 2 x 1 / 2 J _ 1/3 (Jax 3/2 ^). 
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(b) Airy’s equation, y" + a 2 xy — 0, has the form of (18) in the text with 


1 - 2a = 0 


2 c -2 = 1 


b 2 c 2 = oi 2 


a 2 — p 2 c 2 = 0 


3 

C= 2 
b= -a 


P= 3- 


Then, by (19) in the text. 


V = x 1/2 Cl J 1/3 + c -2 J- 1/3 (^aa: :i/2 ^j . 


36. The general solution of the differential equation is 

y(x) = ciJo{atx) + c 2 Vb(<*r). 

In order to satisfy the conditions that lim, c ^Q- y(x) and Um x _>o+ v'( x ) arc finite wc arc forced 
define c 2 = 0. Thus, y(x) = ciJo(ax). The second boundary condition, y( 2) = 0 , implies c\ = ( 
Jo( 2 a) — 0. In order to have a nontrivial solution we require that Jo(2a) = 0. From Table 6.1. ' 
first three positive zeros of Jo are found to be 

2c*i = 2.4048, 2a 2 = 5.5201, 2a 3 = 8.6537 

and so a.\ = 1.2024, a 2 = 2.7601, a 3 = 4.3269. The eigenfunctions corresponding to the eigenva/. 
Ai = a 2 , A 2 = » 2 ; ^3 = <4 are Jo(l-2024x). J 0 (2. 7601a), and Jo(4.3269z). 

37. (a) The differential equation y" + (A jx)y = 0 has the form of (18) in the text with 


1 - 2a = 0 


2c-2 = -1 


a= 2 

1 

C ~ 2 


\?c 2 = A =► b = 2\/A 


a 2 — p 2 c 2 = 0 =► p=l. 


Then, by (19) in the text, 


y = ; r ly/2 [ci J\(2VXx) + c 2 Fi( 2 \/A® )]. 


(b) We first note that y = Jj (f) is a solution of Bessel’s equation, t?y" + ty 1 + (I: 2 — 1 )y = 0. 


v = 1. That is. 


f 2 J"(t) + + (t 2 - 1 )Ji(t) = 0 , 
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or, letting t — 2-y/x. 

4xj?(2y/x) + 2^/xf 1 (2 y /x) + (4x - l)Ji(2VJ) = 0. 


Now, if y = v / xJi(2 A /x). we have 

s' = vs Jl(2Vi)4= + 5^ il(2v^) = ./i(2VJ) + i*- 1/2 ./i(2vS) 

yx 2yx 2 

and 

/ = ~ j&Vi) - 

Then 

xy" + y — -JxJ"2yfx + ^J{(2yr) — \x~^^Ji{2\/x) + \/xJ{ 2yx) 

2 4 


i 

4y/x 


[4xJf(2yx) + 2J( {2y/x) - -h (2y/x ) + 4xJ{2yfx )] 


= 0 , 

and y = \fx Ji(2- v /x) is a solution of Airy’s differential equation. 

We see from the graphs below that the graphs of the modified Bessel functions are not oscillatory, 
while those of the Bessel functions, shown in Figures 6.3.1 and 6.3.2 in the text, are oscillatory. 



Ko 


K t 


Ki 




:a) We identify m — 4. k = 1, and or = 0.1. Then 

x(t) = ci J o (10e-° 05t ) + c 2 Yo(10e-° 05t ) 


and 



x'(t) = —O.oci Jo(10c _0 05t ) - 0.5c 2 Y 0 '( 10e _0 05i ). 
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Now ;x(0) = 1 and a/(0) = —1/2 imply 

ciJo(10) + c 2 Fo(10) = 1 

d^(io) + c 2 y 0 '(io) = i- 


Using Cramer's rule we obtain 

y^(io) -y 0 (io) 

1 j 0 (io)yj(io)-jg(io)y 0 (io) 

and 

Jq( 10 ) — ^o(lQ) 

62 7 0 (10)^(10)-JS(10)y o (10)- 

Using Yq — —Y\ and Jq = —J\ and Table 6.2 we find c\ = —4.7860 and c 2 = —3.1803. Tlr - 


x(t) - — 4.7860 Jo(10e _O O5i ) - 3.1803y 0 (10e _0 05t ). 



40. (a) Identifying a = |, the general solution of x" + \tx = 0 is 


x(t) = CiX 




Solving the system x(0.1) - 1. a:'(0.1) = —| we find c\ — —0.809264 and c 2 = 0.782397. 

M 



41. (a) Letting t = L — x, the boundary-value problem becomes 

0'(O) = 0, 0(L) = 0, 

where a 2 = 5g/EI. This is Airy’s differential equation, so by Problem 35 its solution is 

'2 /o\ ,i /o /2 


d 2 e 2 „ 
dfi + " w ~°’ 


■y = Cit 1/2 J 1/3 ^-art 3/ ' 2 ^ + C 2 f 1/2 J_ 1/3 (-af 3/2 ) = Clh (*) + 02,(h,{t). 
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(b) Looking at the series forms of 9\ and 82 we see that 6^(0) 7 ^ 0, while 0o(O) — 0. Thus, 
boundary condition ^(O) = 0 implies c\ = 0 . and so 


0(t) = c 2 y/tJ- 1 f i (^t 3/2 


From 8 (L) = 0 we have 


C2V / I.7_i / 3 (|aL 3/2 ) = 0 , 

so either 02 = 0, in which case 0(f) = 0. or J_i/$(^alA/ 2 ) = 0. The column will just star 
bend when L is the length corresponding to the smallest positive zero of J_i/ 3 . 

(c) Using Mathematical the first positive root of J-i/z( x ) is x\ ~ 1.86635. Thus | aL :i/2 — 1 . 8 'M 
implies 


L = 


'3(1.86635) \ 


2/3 


2 a 


) 


9 El 


4 Sg 


(1.86635) 


^2 


1/3 


9(2.6 x 10 7 )tt(0.05) 4 /4 


~\2 


(1.86635) 


1/3 


76.9 in. 


4(0.28)tt(0.05) 2 

(a) Writing the differential equation in the form xy" + (PLjM)y — 0, we identify A = PL 
From Problem 37 the solution of this differential equation is 

y = ci \fx Ji ( 2 JpLx/m') + ay/ZYi ( 2 ^/PLx/M^J . 

Now Ji(0) = 0. so y( 0 ) = 0 implies c<i = 0 and 

y - ci \fx J\ ^2\J PLx/M ^ . 


i b) From y(L) = 0 we have y = J\ ( 2 L\/PM ) = 0. The first positive zero of J\ is 3.8317 so. sol' 


2 LyfpjM = 3.8317, we find P x = 3.6705 M/L 2 . Therefore, 

, , r— _ fci /3.6705~r \ _ T /3.8317 

y\ [X) = Ol V X Jl I 2y---I = C X y/xJ] \ y/x J • 


shown. 



a) Since V = v, we integrate to obtain /(f) = vt + c. Now /( 0 ) = Iq implies c. — la, so l(t) = vt — 
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Using sin 9 « 9 in / ci 2 9/dt 2 + 2/' dd /dt + g sin 0 = 0 gives 

* d 2 0 n dd „ n 
(k + ot) -j ~2 + 2n — + g9 — 0. 

(b) Dividing by v. the differential equation in part (a) becomes 

l°±it^ + 2 ^ + »„ = 0 . 

v dt 2 dt v 

Letting x = (I,q + vt)jv = t + Iq/v wc have dx/dt = 1, so 

d9 _ dd dx _ d£_ 
dt dx dt dx 

and 

(fiO _ djdO/dt ) _ d(d6/dx) dx __ d 2 $ 

dx 2 ' 


dt 2 dt 

Thus, the differential equation becomes 


d 2 d 


d 0 g 


x -j-z — 2 — + -d = 0 or 
d,x z dx v 


dx dt 


d 2 0 2 dO g 


J n H- j —1 - 9 — 0. 

dx z x dx vx 

(c) The differential equation in part (b) has the form of (18) in the text with 

1 — 2a = 2 = 


2 c - 2 = -1 


i ?c? = i 


a 2 — p 2 c 2 = 0 


1 

a = ~2 
1 

C= 2 


6=2 V 

p = 1 - 


Then, by (19) in the text, 

<9(x) = x -1//2 ciJj +c 2 Ti (2^.tV 2 ) 


or 


#(*) = \j Cl Jl (“ y/9(k + vt) ) + c 2 Fi {~ v \jg{h + wt)) 


(d) To simplify calculations, let 

u= ~ \Ja ( l o + -v*) = 2y ^ x 1</2 . 

and at t = 0 let «o - 2 y/glo/v. The general solution for 9(t) can then be written 

6 = C^Jii-u) + C 2 u- 1 r 1 (u). 

Before applying the initial conditions, note that 

dd _ d 9 du 
dt du dt 
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so when dd/dt — 0 at t = 0 we have ddjdu — 0 at. u - uq. Also. 

which, in view of (20) in the text, is the same as 

df) 

— - -CiU~ l .htu) - C‘2U~ l Y2(u). 
Now at t = 0, or u = Mo, (1) and (2) give the system 

Cim ( 7 1 Ji (u 0 ) +C' 2 'u7 1 y'i(Mo) = 
Cim- 7 1 J 2 (uo) + C 2 Uq 1 Y 2 (uo) = 0 


whose solution is easily obtained using Cramer’s rule: 

UqOqY} (uq ) 


Ci = 


C 2 = 


—no^o-M^o) 


Jl{un)Y 2 (uo) - J2 (U())Yi(uq) “ ^i(mo)^2(«o) - J 2 f«o)n(M0t 

In view of the given identity these results simplify to 


Ci = -^ 0 y 2 («o) and C 2 = -ulOo-htuo). 


The solution is then 


9 = |«§9o 


-n(«o)— + .M«o)— 


u 


Returning to u = (2/m) \Jg{h + vt) and uq = (2/m)v//o , we have 


0 ^ _ Wjfob 


2 r —\ Jl (~\^ 9 {k + vt) 

-YA-ygk 


\JIq + vt 


h {-ijglo 


o + it 
Vk T t’t 


(e) When Iq — 1 ft., ^ radian, and v - ^ ft/s, the above function is 

e(t) = -1.69045 *(<«>^+«/«») _ 2.7938! + * /60)) 


\J1 + i/60 

The plots of #(t) on [0.10], [0,30], and [0,60] are 


\J 1 + i/60 
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if) The graphs indicate that 0(t) decreases as l increases. 
The graph of 9(t) on [0.300] is shown. 


0.1 


0.05 


- 0.05 


- 0.1 



44. (a) From (26) in the text, wo have 


ilxj - co 


6-7 2 4-6-7-9 , 2•4■6•7 - 9•11 A 

1-rr" X, -\ -n- X — -ri- X, . 


where 


Thus, 


2 ! 


co = (-1) 


4! 


3 1 • 3 • 5 _ 5 

2 • 4 • 6 _ 16 


6 ! 


Pq(x) = (1 - 21a : 2 + 63.x 4 - ^ x 6 ) = -^(23 lx 6 - 315x 4 + 105x 2 - 5). 

16 V 5/16 

Also, from (26) in the text we have 

rw . ( 6-9 3 4■6•9 • 11 5 2 • 4 • 6 •9•11•13 - 

P 7 (x) = Cl (x -^-x- 3 + -x°- - - X 1 


where 


, o 1 - 3 • 5 • 7 35 

C1 = ( " 1) ' = -is 


Thus 


35 


QQ _ 49Q „\ 1 

Pj(x) = — ~ (x — 9x‘ + —x° —x 1 ) = —(429x‘ — 693x° + 315x 3 — 35x). 
lo V o 35 / lb 


(b) Pq(x) satisfies (l — x 2 ) y" — 2 xy' + 42y = 0 and FV(x) satisfies (l — x 2 j y" — 2 xy' 4 - 56y 

45. The recurrence relation can be written 

9k 4-1 k 

Pk +\(*) = xPkix) - — Pfc -1 (*), fc = 2 , 3, 4, ... . 


k = 1 : 
k = 2: 
A-= 3: 
k = 4: 


P‘ 2 (x) 




334 





Exercises 6.3 Special Function; 


. „ , s 11 /63 , 35 , 15 \ 5 /35 4 30 9 3\ 231 6 315 4 105 ■: 

= o: J*» = - X [~x- - —x' +jx)- 6 (jm - j*- + g) = lo 1 +1G-"’-- 

- - 6 . p. M _ i 3 r!!l ,6 _ 315,4 ^ i 65 2 _ _5\ _ 6 f 63 s _ 35 , ^ 15^ 

■- 6 . P,(X)- 7 x{ u * 16 x • 16 x W ) 7 { S X 

429 7 693 r 315 35 

=-*' - -^ r ®° + - tz* 


16 

46. If x = cos 0 then 


dy . dy 
Te = ~ mlB Tx' 

d 2 y . 2 Q d 2 y a dy 
_ =sm 


and 


sin + cos ^^ + n ( n l)(sin#)y = sin# 


(l - cos 2 9)~^-2 cos 0~ + n(n + 1 )y 


= 0 . 


That is. 


I 1 " xi ) ~ 2x % +n( " +1)9 _ °- 

4". The only solutions bounded on [— 1 . 1 ] are y = cP n {x), c a constant and n = 0, 1 , 2,_ By 

of the properties of the Legendre polynomials, ?/( 0 ) = 0 or P n ( 0 ) = 0 implies n must be odd. Thus 
the first three positive eigenvalues correspond to n : 1 , 3, and 5 or Ai = 1 • 2 , A 2 = 3 • 4 = 12 , and 
A 3 = 5 • 6 = 30. We can take the eigenfunctions to be y\ = Pi(;;;), y -2 = Pz(x), and 1/3 = P$(x). 

Using a CAS we find 

Pi (a;) = ^ (a * 2 — l ) 1 = x 

v ; 2 dx v 1 


P2(x) = {x2 ~ 1)2 = s (3x2 ' 1} 

P3(l) = ^^ ( * 2 “ 1)3 = ^ (fe3 “ 33 ° 

p i(x) = jjj; ^3 (* 2 - l) 4 = |(33^ 4 - 30x 2 4- 3) 

1 1 

p r>( x ) = ^ O 2 - l ) 5 = -(63&- 5 - 70x s + 15®) 

1 ffi 1 

ai(») = ^ 33 - l ) 6 = tx(231x 6 - 315x 4 + 105x 2 - 5) 


2 6 6! dx 6 


16 


ftto = 2^7! J? (l2 “ 1)7 “ j^ 429 ^ “ 693x5 + 315x3 - 35x ) 
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49. PI P2 P3 P4 



50. Zeros of Legendre polynomials for n > 1 are 
Pi(®): 0 
Poi» : ±0.57735 
P 3 (x) : 0. ±0.77460 
P 4 (x) : ±0.33998, ±0.86115 
P 5 ix) : 0, ±0.53847, ±0.90618 
Pfi(x) : ±0.23862, ±0.66121, ±0.93247 
P-(x) : 0, ±0.40585, ±0.74153 , ±0.94911 
P w (x ): ±0.14887, ±0.43340, ±0.67941, ±0.86506, ±0.097391 

The zeros of any Legendre polynomial arc in the interval (—1.1) and are symmetric with res:: 
TO 0. 


Chapter 6 in Review 


1 . False; J\(x) and J-i(.'r) are not linearly independent when v is a positive integer. (In this 
v = 1 ). The general solution of x 1 2 3 y" + xy' + (x 2 — l)y = 0 is y = ciJi(r) + oiY\ (x). 

2. False; y = x is a solution that is analytic at x = 0. 

3. ,r = — 1 is the nearest singular point to the ordinary point x = 0. Theorem 6 . 1.1 guarantees 

existence of two power series solutions y - c n x n of the differential equation that convert 
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least for — 1 < x < 1. Since — \ < x < \ is properly contained in —1 < x < 1 , both power series 
must converge for all points contained in — \ < x < |. 

4. The easiest way to solve the system 

2c 2 + 2 ci + cq = 0 


6ch + 4c 2 + ci =0 

12C'4 + 6c;j — — Ci + C‘2 — 0 

O 

2 

20c ( 5 + 8c 4 — -C-2 — C3 = 0 

is to choose, in turn, c'o ^ 0, ci = 0 and cq = 0. c\ ^ 0. Assuming that co ^ 0. c\ = 0, we have 

C2 = ~C0 


2 

3* 

1 


C3 = ~^C 2 = -Cq 


C4 = _ 2 C3 "l2" 2 = “8 C0 

* =+ ^ C2 ■ ^ = h co] 


whereas the assumption that cq — 0 . c\ ^ 0 implies 


C‘2 = “Cl 


C3 = - 3 C 2 

C4 = 4c 3 
2 

C.5 = -rC4 

5 

live terms of two power series solutions are then 


1 

6 Ci = 

to 1 h-> 

1— 


1 

1 

5 

36* “ 

" 12° 2 = 

36 C| 

1 

1 

1 

30 C2 ~ 

" 20 C3 

~360 f 


and 


yi{x) - c 0 
y 2 {x) = ci 


1 , 


ci. 


1 


1 - -x + -x - -X + —X + 


x - x 2 + l-X 3 


60 

5 4 1 

36 3 360 




The interval of convergence is centered at 4. Since the series converges at — 2 , it converges at least 
xi the interval [— 2 .10). Since it diverges at 13, it converges at most on the interval [—5.13). Thus, 
-.T —7 it does not converge, at 0 and 7 it does converge, and at 10 and 11 it might converge. 
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6. We have 


/(*) = 


sin x 

COS X 


X 


X 3 x° 

T + 120 


X 


2 


x 4 


1 2 + 24 


x 3 2x 5 

~ X + T + l5 + 


7. The differential equation (a: 3 — x 2 )y" + y' + y = 0 has a regular singular point at x = 1 and i 
irregular singular point at x = 0. 

8. The differential equation (x — l)(x + 3);i/' + i/ = 0 lias regular singular points at x = 1 and x = - 

9. Substituting y = c n x n+r into the differential equation we obtain 

OC 

2xy" + y' + y = (2 r 2 - r) c 0 x r_1 + [2(fc + r) (fc + r - 1 )c k + (A -r r)c k + c fc _i]x fc+r_1 = 0 

*=i 

which implies 

2 r 2 -r = r(2r - 1) = 0 


and 


(A + 0( 2 A + 2r - 1 )c k + c fc _i = 0. 

The indicial roots are r = 0 and r = 1/2. For r = 0 the recurrence relation is 




c k -1 


A(2A - 1) 


, A; = 1,2.3., 


so 


Ol = -CO; 

For r = 1/2 the recurrence relation is 

Ck = ~ 


C 2 = 77C0, C3 = C0. 

6 90 


Ck -1 


Ar(2A; + 1) 


, A = 1. 2, 


so 


C ' = “3°°’ 

Two linearly independent solutions are 


C 2 = ^co, 


03 


630 


CQ. 


, 1 2 1 3 

yi = l-z+-x “ 90 -"’ + 


and 


V2 


= x'P (1 - ix + 


1 

30' 


630 


-x 3 + • 
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10. Substituting y = c n x n into the differential equation we h.-.v- 

OO OO X 

y" — xy' — y — Y2 n(n - 1 )c n x n ~ 2 - nc n x n - V 

n=2 n=l »=>■ 

k—n— 2 A’=n &=/ 


cx. 

= + 2 X A + 1 ) c 'fe-!-2^ ~ E kc k xk ~ J2 c k% k 

k =0 fc=l k =0 


— 2c 2 — Co + ^ [(k + 2 )(fc + l)cfc+2 — (& + l)c*.]a;^ — 0. 


2c 2 — Cq = 0 


(fc + 2)(A- + l)c^4-2 ~~ (& + = 0 


c 2 = 2 C 0 


Cfc+2 = ^2 c k~, k = l,2,3,... . 


Choosing cq = 1 and ej = 0 we find 


C3 = C 5 = C7 = • • • = 0 


c ‘~ 48 

and so on. For co = 0 and c\ = 1 we obtain 


C ’2 = C4 = Cq = • • • = 0 


c 3 = 3 


ca = — 


and so on. Thus, two solutions are 


1 9 1 4 1 g 

m = 1 + 2 1 ' + 8* + 48* 
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!3 1 7 

,S , -•-> . x t _|_ 


V2-X + -X* + -X* + 1Q5 


11. Substituting y = T^Lq c n x n into the differential equation we obtain 

oc 

('£ — 1 )y" + 3y = (—2 c 2 + 3co) + ^ [(A + l)A'c^._i — (k + 2) (A; + l)c ^ + 2 + 3e/ { ]:r 

fc=i 

which implies C 2 = Scq/2 and 

(k + l)kc k+ i + 3c fc 

ct+2= (k + 2){fc +1) ’ k lXi . 

Choosing Co = 1 and cj = 0 we find 


3 

c 2 = r, 


03 - 


and so on. For cq = 0 and = 1 we obtain 


2 ! 


02 = 0 , 


and so on. Thus, two solutions are 


03 = 2 > 


, 3 2 1 3 5 4 

2/1=1 + -x, + -X s + -x 4 + --- 


C4 = 8 


04 = 




and 


8' 


1 3 1 4 
V2=X + + -X + • • • . 


12 


2 4 

2. Substituting y = Y^Lo c. n x n into the differential equation we obtain 

CC 

y" - x?y' + xy = 2 c 2 + (6c 3 + cq)x + X P + 3 )(A + 2 ) c fc+3 - (A’ - l)c fc ]a: A 

k=1 

which implies C‘i = 0, c 3 = —cq/ 6, and 


A - 1 


c +3 ( fc + 3 )( fc + 2 ) 

Choosing cq = 1 and cq = 0 we find 


■o*. k = 1,2,3,.... 


1 

Ca =- 

6 

04 = 07 = 0*10 = • • = 0 
05 = 0 8 = On = • • • = 0 


06 = — 


1 

90 


and so on. For cq = 0 and cq = 1 we obtain 


03 = Cq = C() = ■ ■ • = 0 

04 = 07 = cio = • • • = 0 
05 = os = on = • • • = 0 


340 





Chapter 6 in Review 


and so on. Thus, two solutions are 


1 o If 

2/1 = 1 - -a " 5 - —z- and y 2 = x. 


13. Substituting y — Jl^~QC n x n+r into the differential equation, we obtain 


which implies 


- (x + 2 )y' + 2 y = (r 2 - 3r)c(,x r 1 + [(* + r )( fc + r ~ 3) c k 

/c=l 

- (k + r - 3)c k _ 1 ]x‘*’- 1 = 0, 


r 2 — 3r = r(r — 3) = 0 


(k + r)(k + r — 3)c* ; - (k + r - 3)cfc_i = 0 . 

The indicia! roots arc n = 3 and r 2 = 0. For r 2 = 0 the recurrence relation is 


Then 


k(k - 3 )c k - (k - 3)c fc _! = 0, k = 1, 2 , 3, .. 


ci - cq = 0 


2c 2 - ci = 0 


‘3 — 0 c 2 = 0 c *3 is arbitrary 


Cjfc = jSk- 1 - 


Taking cq 7 ^ 0 and C 3 = 0 we obtain 


Ci = Cq 


C2 = 5* 


k = 4, 0 , 6 , 


Taking cq = 0 and C 3 ^ 0 we obtain 


c 3 = a = c r , = ■ ■ ■ = 0 . 


co = ci = C2 = 0 

1 6 
C4 = i C3 = ii C3 


c 5 = p—7C 3 = zrrC's 
5-4 0 ! 


C6 = 7—7—7C3 = 77 C' 3 , 
6 ■ 5 • 4 6 ! 
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and so on. In this case wc obtain the two solutions 


and 


yi = l + x + -x 


•v.2 


i /2 = X s + -~j.x 4 + —x° + —a; 6 H-= 6e x - 6^1 + x + -x 2 ^. 

14. Substituting y = c^x” into the differential equation we have 

(cosx)y" + y= ^1 — ^x 2 + —x 4 - 4- j ( 2 c 2 + 6030 : + 12^4 ;r 2 + 2 OC 5 X 3 4- 30ceff 4 + 


+ Y1 c nX T ‘ 

n=0 


1 


Thus 


2 c 2 + 6 C 3 X + (12c 4 - C 2 )x + (20c 5 - 3ca)ar + ^30cr> - 6 c 4 + —C 2 J x + ■■ 

+ [co + C] X + C‘2X 2 + C3X 3 + C4X 4 4 -] 

= (co + 2C2) + (ci -r 6ca)x + 12c 4 x 2 + (2OC5 - 2 c 3 )x 3 + ^30c(} - 5c 4 + x 4 H- 

= 0 . 

co + 2 c 2 = 0 
ci + 603 = 0 
12c 4 = 0 
20c 5 - 2c 3 = 0 
30ce - 5C4 + = 0 


and 


C2 


; c o 


C 3 = -g Cl 

c 4 = 0 


Co 1 q C3 


C6 = 6 C4 “ 360 C2 ' 


Choosing Co = 1 and c\ = 0 we find 


1 1 
C2 = 2 ’ C 3 = °1 C 4 = 0, C 5 = 0, Cq = 
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and so on. For c.q = 0 and c\ = 1 we find 

1 


C '2 = 0 , C 3 = —- , C‘4 — 0 . 

6 


and so on. Thus, two solutions are 

, 1 2 1 6 
m = + 720 1 + 


ril •• 


and 


1 3 

y2 = "~6- r ~ GO’ 1 " 


OG 


OC 


oc 


if + xy + 2y=Ys n ( n ~ l)c n x n ~~^ + nc 7l x n + 2 ]T c n x n 


71 =2 


n=l 


n=0 


Jb=n-2 


k=n 


k=n 


oc 


00 oc- 

= S (fe + 2)(fc + l)cjfe +2 S* + Y, kc * xk + 2 Y C k X ' k 

k =0 &-1 fc=0 


oc 


Thus 


and 


— 2c2 + 2co + ^ [(A; + 2) (A: + l)cfc+2 + (fc + 2 )c^]j/‘ — 0. 
*=1 


2c*2 4- 2cq = 0 

(/v + 2)(k + l)Cfc+2 + (& ~r 2)c^ = 0 

^2 = -Co 


C/j+2 = - Tj- C/cr fc = 1)2,3. 


Choosing c:q = 1 and C\ = 0 wc find 


02 = -1 

C‘3 = C.5 = C7 = • ■ * = 0 


C4= 3 


C6 = “15 

and so on. For cq = 0 and c\ = 1 we obtain 

C‘2 £4 Of) — * * ' — 0 

1 

C3 = _ 2 
l 

c*r, = - 


C7 48 
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and so on. Thus, the general solution is 


, = c„ (i - - 1»» + ...)+ c, (« - 1, 3 + - i , 7 + 


»' = Cb(-a, + ^-?«' + ...)+c,(i-^ + 2^- * + •■•)• 


3 o 5 


" u l 3 5 / 2 • 8 48 y 

Setting y(0) = 3 and ;(/(()) = —2 we find cq = 3 and c.\ = —2. Therefore, the solution 
initial-value problem is 

y = 3 — 2x — 3x 2 + x 3 + a; 4 — ^a^ — 4- -^-x‘ -\ -. 

4 o 24 

16. Substituting y = c n£ n into the differential equation we have 

(x + 2)y" + 3 y = YL n(n - 1 )c n x n ~ l + 2 jT n(n - l)c n a’"'~ 2 + 3 ^ c n x” 


k—n— 1 k—n—2 k=n 

C^C DC 00 

= r.(k + l)Ax fc+ i.T A - + 2 (A 4- 2) (A* + l)cfc + 2 ^’ fc + 3 yy Q;.x a 

fr=l k =0 fc=0 


Thus 


— 4t'2 4- 3 cq + yy [(A 4- l)fcc fc+1 4- 2(A 4- 2)(A + 1 )c ; 0+ 2 + 3c/ c ].x A = 0. 


4c’2 + 3cq = 0 


(A + l)A;cfc-i-i + 2(A 4- 2)(A + l)cfc + 2 4- 3 Ch = 0 


C2 = - 3 C 0 


Ck+2 2(A + 2) ° k+1 2 (k + 2 )(k + 1) Ck ’ 


A = 1,2,3, 


Choosing Co = 1 and ci = 0 we find 


C2 = ~4 


C4 = l 6 


Cn = ; 
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and so on. For Co = 0 and c\ = 1 we obtain 


C2 = 0 


c 3- 4 


C;l = TF 
16 

c 5 = 0 


and so on. Thus, the general solution is 

y = C„ (l - ^ ^ + ••■ •) +■Ci (* - j * 3 + ^4 + ■ • •) 


and 


y' = C Q 


3 3 o 1 o 9 4 

x + -x 2 + - — X 4 + 


+ Cl (1 - ^.x 2 + -X 3 + 
4 4 


2 8 4 64 

Setting y( 0 ) = 0 and y'( 0) = 1 we find c*o = 0 and ei = 1. Therefore, the solution of the initial-value 
problem is 

1 3 1 4 
V = x~ 4 x ■ 7 ,/ 

The singular point of (1 — 2 sin x)y" + xy = 0 closest to x — 0 is tt/ 6 . Hence a lower bound is 7 r/ 6 . 
While we can find two solutions of the form 

Vi = oo[l H-] and m = c\[x + • • • ], 

the initial conditions at x = 1 give solutions for co and Ci in terms of infinite series. Letting t = x — 1 
the initial-value problem becomes 

$ +(f+1) f +y=0 - m = -6,m=s. 

Substituting y = c nt n into the differential equation, we have 

OC GO OO DC 

-I-7/ = n(n — 1 2 4- 

dt 2 v ' dt 


+ (t + !) % + y = n ( Tl ~ l ) c nt n 2 + nc n fn + £ nc »t n 1 + J2 c nt n 

n= 2 n=l n=l n=0 


71=1 


k=n —2 


k—7i 

DC 


A; = 7 ?.- -1 
DC 


k=n 


OC OC DC- OC 1 

= + 2)(fe + l)C^; + 2t fe + + l) C A.+ l^ + 

fc=0 fe=l A-=0 fc=0 


Thus 


OC' 

= 2c 2 + ci + CQ ■+■ [{k + 2)(k + l)cjk+2 + (k + l)c£+i + (A + l)ci;3t^ = 0. 


k =1 


2c 2 + ci -I- co = 0 

(A* + 2) (A; + l)c>t_j _2 + (k + l)cft-|-i + (A + l)c& = 0 
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C9 = 


Cl + C() 


CfcJ- 2 " —' 


Cfc+J + c k 

k + 2 


A: = 1.2.3. 


Choosing cq = 1 and ci = 0 we find 


C -2 = — — • C3 = — - C4 = — 
2 6 12 


and so on. For c» = 0 and ci = 1 we find 


C2 2 . cs 6 » c 4 6 > 


and so on. Thus, the general solution is 


1 .0 . 1 .3 1 .<] 


V = c o 1 - o< + + ‘ • • + c i * - -f - + F* 


6 12 


^2 , ^4 . 


6 6 


The initial conditions then imply co = —6 and ci = 3. Thus the solution of the initial-value pn 


V = -6 1 - - l) 2 + - l) 3 + ~(x - l) 4 + • • • 

+ 3 (a- - 1) - ^(x - l) 2 - |(® - l) 3 + - l) 4 + 


19. Writing the differential equation in the form 


1 — cosx\ , 


and noting that 


y + xy = 0. 


1 — cos x x ar x° 

x = 2 ~ 24 + 720 ~ 


is analytic at x = 0. we conclude that x = 0 is an ordinary point, of the differential equation. 
20. Writing the differential equation in the form 


e x — 1 — x 


y = 0 


and noting that 


x _ 2 2 x x 2 

e* - 1 - 3 ; ~ x ~ 3 + 18 + 270 


we see that x = 0 is a singular point of the differential equation. Since 

2 ( x \ 2x 2 .x 3 x 4 

X \e* — 1 — x) _ ~ X ~ ~Y + 18 " r 270 


we conclude that x = 0 is a regular singular point. 
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1 . Substituting y = c n x n into the differential equation we hv- 

OC OC OC 

if + f lj + 2xy = n(n - l)c n x n ~ 2 + ]T nc„x 7i_L1 +2 ^ c n .r’ 


77—2 


n= 1 


n=0 


k—n—2 k=n+l k=n +1 

OC OC OC 


= ( k + 2 )( /c + l)Cfc+2® fe + S (* : - + 2 ^-l-*** 

A;—0 k =2 fe=l 


oc 


= 2 c 2 + (f)C3 + 2 c 0 )x + J 2 P + 2 )( k + l ) c k -2 + (k + l)c fc _i];r A ' 

k =2 

Thus, equating coefficients of like powers of x gives 

2c 2 = 5 

6c' 3 + 2co = — 2 
12 c ‘4 + 3ci = 0 
20c5 + 4c2 = 10 

(k + 2 )(k+ 1 )c k+2 + (k + l)c fc _! = 0 , k = 4,5, 6 ,, 




and 


C2= 2 

1 1 
C 3 = -3CO - 3 


Cfc+2 


1 

4* 

1 I 

5 
1 

'k + 2 


c 4 = —d 


C5 2 5 ° 2 2 5 V2 


1 1 (5 


Cfc-l- 


T*«i 


sing the recurrence relation, we find 


C(i 6° 3 3 . 6 ( Co + 1 ) 3 2 ■2! C0+ 3 2 - 2! 

1 1 

C7 = "7 C4 = Ti* 

Cs — Cll = C 14 = • • • = 0 

1 1 


f‘9 


1 

9 Ce = 


3 3 • 3! 
1 


co - 


3 3 * 3! 


Cl ° 10 C7 4-7-10 


ci 
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1 


C12 = -12 C9 = 


Cl3 = 13 


1 1 
3 4 •4! C ° + 3 4 • 4! 
1 

4 • 7 • 10 • 13 Cl 


and so on. Thus 


V = co 


1 g In 1 19 


1 3** + &-2r 3 3 ■ 3! 


+ ci 


1 


' _I„4 , _i_ 7 _ 

; r 4 a + 4 ■ 7^ 4'7-10'" ‘ 4-7-10-13 


3 4 • 4!' 

„10 


1 


+ 


1 


1 


— r-r 4- 

2 3 + 3 2 • 2! 


x Q 


x 13 - 


1 


3 3 • 3! 


-X 9 + ---T 12 - 

o r J l-i 


3 4 - 4 !' 


22. (a) From y = 


1 du 

-— we obtain 

u dx 


dy 1 d 2 « 1 

dx u dx 2 u 2 



Then dy/dx = x 2 + y 2 becomes 


1 d 2 u J_ 
u dx 2 u 2 




d 2 u 2 . 

SO yrj + XU = 0 . 


(b) The differential equation u" + x 2 u = 0 has the form of (18) in Section 6.3 in the text wit 


1 - 2a = 0 
2c - 2 = 2 


b 2 c 2 = 1 


1 

a ~ 2 
c = 2 

b -l 


V = 


a - pc = 0 = 

Then, by (19) of Section 6.3 in the text, 

4/2 ciJi /4 Q* 2 ) +C2J-1/4 Q® 2 ) • 


U = X 
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(c) We have 


1 du 

y = -~~r. 


d 


u dx x l / 2 xo{t) dx 


x }/2 w(t) 


1 


.7.-V2 w 

1 

X 1 /' 2 iv 

1 

2 xw 


r. 1/2 


dw dt 1 


x~'~— - -—|—a;' 


—--r 


d t dx 2 


a; 


,3/2™ 


dw 


+ 


dt 2.T 1 / 2 




, dt), 1 


2rr — + u; 
dt 


2xio 


IL dw 

At ——|- U.’ 
dt 


dw 


4t — + «’ — 4t —[ci J ly ) 4 (t) + C2.7_i/4(t)] + Cl J 1/4 (t) + C'2d_]/i (t) 


dt 


= 4t 


C! 1 ^-7-3/4(t) - —Ji/ 4 (t)^ + C 2 ^ _ ^7_i/ 4 (t) - J 3/ ' 4 



+ ClJl/ 4 (0 + c 2 7-l/ 4 (t) 


= 4citJ_ 3/4 (t) - 4c 2 tJ 3/4 (t) 

= 2cirr 2 J_ 3/4 Qa; 2 ) - 2c 2 a; 2 J 3/4 Qz 2 ) , 

SO 

= 2e 1 ;r 2 ,/_, 3/4 (jx 2 ) - 2 c 2 x 2 7 3 / 4 (^x 2 ) 

2x[ci 7 i/4 (ix 2 ) + c 2 J_, /4 (|a; 2 )] 

-ci7-3/ 4 (ga; 2 ) + ca J 3/4 (^ 2 ) 

ci7i/ 4 (^ 2 ) + C27_ 1/4 (^ 2 ) 

Letting c = ci/c 2 we have 

, 7 3 / 4 (^ 2 ) ~ cJ_ 3/4 (7x 2 ) 

V 2 c7i /4 (i.r 2 ) + J_i /4 (i;c 2 ) ‘ 


a) Equations (10) and (24) of Section 6.3 in the text imply 


cos f J 1 / 2 W ~ 7_i/ 2 (g) 


/ 2 


sinf 


7_i / 2 (a;) = —\j — cos x 

' V 7TX 
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(b) Prom (15) of Section 6.3 in the text 

/, /2 (x) = r' 12 J 1/2 (ix) and I. 1/2 (x) = ! 1 / 2 ./- 1 / 2 (fo) 


SO 


and 


1 1 — W— ?———rrr :r 2n+1 = t/ —sinh.r 

' “ V ^ ^ (2n + 1)! V ra 


7 -'/ 2W = = \^ cosh1 ' 


(c) Equation (16) of Section 6.3 in the text and part (b) imply 


„ , x tt /_i/ 2 (x) - Ji/ 2 (aO 

Ai/ 2 (*)=2 _ - 


sin 


1 / — cosh x — \i — sinh x 

V 7nr V 7 


irx 



2 2 


24. (a) Using formula (5) of Section 4.2 in the text, we find that a second solution of (1 —:r?)y' 
is 

r e f 2xdx/(\-x z ) 


y 2 (x) = 1 • / 


l 2 


dx — I e 111 ^ x ^ dx 


d/x 1 fl+x 
In 


f dx _ i 

= J 1 -x 2 ” 2 


, 1 — a; / 

where partial fractions was used to obtain the last integral. 

(b) Using formula (5) of Section 4.2 in the text, we find that a second solution o 
(1 — x 2 )y" — 2 xy 1 + 2y = 0 is 


. e f 2x dx/(l—x 2 ) . 

m(x) = x ■ J -^ - dx = xj 


g— ln(l—a: 2 ) 


dx 


x* 


f dx rl /1 + XA 1 

- x / “Ttti- 97 dx = x\ - 111 

./ x 2 (l — X 1 ) 


= - 1 . 


2 v 1 — x ) xj 


2 Vl-x 

where partial fractions was used to obtain the last integral. 


-2 xy' 
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(a) By the binomial theorem we have 

'l + (i 2 - 2it)]' )/2 = 1 - i (( 2 - 2xt) + (t 2 _ 2 x() 2 

+ (—1/2)(—3/2)(—5/2)^,^)^ 

= 1 - j(< 2 - 2*t) + g(* 2 - 2 *t) 2 - yJt(< 2 - 2x() 3 -I- 

= 1 + xt + f'3x 2 — l]f 2 + t(5x 3 — 3 x)t 3 — - - - 

X-/ Li 

n—0 

(b) Letting x = 1 in (1 — 2 xt + £ 2 ) -1 / 2 , we have 

(1-2* + £ 2 ) _1/2 = (1 - £) _1 = —= 1 + t + t 2 +t 3 + ... (|*| < 1) 

X ~ if 
oo 

= £t". 

n =0 

From part (a) we have 

DC DC 

Y, Pn(l)t n = (1 - 2* + £ 2 ) -1 / 2 = £ *". 
n =0 n =0 

Equating the coefficients of corresponding terms in the two series, we see that F„(l) = 1. 
Similarly, letting x = — 1 we have 

(1 + 2* + £ 2 ) -1 / 2 = (1 +t)' 1 = —= 1 - t +1 2 - 3£ 3 + ... (lt| < 1) 

X L 

•DC OC 

= £(-!)»(“ = £P„(-I)i", 

71=0 n=Q 

so that P n (— 1) = (—l) n . 
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Exercises 7.1 


f x _, f 


1 1 

(■ J- „ q-/ 

:> 

/ e C 

ft = -e 61 

5 —e 


n 

s 

0 -9 

1 


= V’ - i - (() - !e- 

6' S V 3 


2 , 1 

-c"* - - . 5 > 0 

,9 S' ' 


^ j 2 .j 

2. 2{f(t)}= f 4 e- 8l dt = —e~ st = --(e -2 * - 1), .9 > 0 

Jo 6- o a 



rlf — 


f _ —.-A 

1 

1 

_± e -* 

a c • 

J.L — 

l 3 

s 2 " J 

! 

0 

5 


te st dt + j (i~**dt= y~~} e '' 

1 _e 1 1 \ 1 


= (“«- - ?‘i - - e "’> = ?< l -*->• 5 > 0 

4. *{/(()} = jf l (2t + l)e- ( * = (- jtc-“ - |e-“ - V") j‘ 


/ 2 2 1 

= (—e A - —e 6 - -e 6 
V s s- 8 


o -|-D = ; (i - 3e "‘ )+ l (i - e_,) ’ 


.9 > 0 


>• «^{/(*)} = J () (siu<)e *<** = (-^7Y e Sif5in<_ ]^i e ^ cost 


= ( 0 + ?TT' ! -”)-( () -?TT 


)-(°-?Tt) = 7TI (e " , + 1) ’ * >0 


6. if{/(t)} = / (cosi)e A< cft 

Ji r/2 


= 0-04- --e 

V -s 2 + 1 


s 2 + 1 


1 

e“' ,f cos £ + —-e -st sin t 

s l + 1 


e"^ 2 . s > 0 


s* + 1 


7. /(O = 


8 . /(*) = 


0, 0 < t < 1 
ft t > 1 

= f te-’> dt = [ 

0, 0 < t < 1 


^{/C)} = r te ~ St dt = (--te-* - 4 e" ,s 4 ° C = - e“* + 4 e~C 5 > 0 


l s 


2t-2. t > 1 


352 


















Exercises 7.1 


^{/(t)} = 2 fit - l)e-“dt = 2 (--(t - l)e-‘ - 4 '-*) f= 4 

7l \ S J II ,9 Z 

1 — i, 0<t<l 


&-*, s > 0 


0. t > 1 


9. The function is f(t ) = 

^{/(i)} = ^(1 - t)e~ st dt + j* 0e' 8t dt = £ (1 - t)e~ Rt dt = (-1(1 - t)e- s * + ^ e" rt ) 


— k c 8 H- k . s > 0 

s* s s- 


io. m = < 


(0, 

< c. 

0 < f < a 

a <t < b: 

x{fm= A 

ze~ st dt =--e~ st \ 

b r 

= -(e~ sa - e-* h ). 

V 

0 

sO. 

t > b 

Ja 

s 

a S 



LI. 2 {/(f)} = r e t+7 e~ st dt = e 7 f X e^-^dt = -^-e (1_s)t T= 0 - . s > 1 

XJ WJ Jo J0 1-5 10 1-55-1' 


/*OC /’OO 

2 .2{f(t)} = J e- 2t ~ 5 er st dt = e“ 5 jf e -(' +2 >*di = 


/*OC /* 0 C / 1 

13. ¥{f(t)} = te 4t e~ st dt= te^- s '> t dt=i T J—teM 
J 0 Jo \4-5 


,-5 


»-(«+2)t 


s + 2 
-s)t 


OO ZJ-O 


(4 - ,,) 2 


o .s + 2 

(4—6’)^ 


. 5 > -2 


— 

o 


so > s > 4 


(4 - s) 2 

14. #{/(*)} = j™ t 2 e~ 2t e- st dt = j™ t 2 e~^ f 'dt 

= _ _J_ te -(s+ 2 )t _ _J_,-(«+2)A r = 2 


(.9 + 2 ) 2 ^ (.9 + 2)3 

15. J£{f(t)} = j e _ *(sin t)e~ s1 dt = I (smt)e~^ s+l ^ t dt 
Jo Jo 

= fy—- — e~( iS + 1 ) f sin t — -1-y—-e-^^cos^ 

\ (5 + l) 2 + 1 (.9 + l) 2 + l y 


0 (<? + 2)3 


7 > s > 2 


, s > —1 


(S+1)2 + 1 .9 2 + 2.9 + 2 

16. 4^{/(t)} = ^ e t (cost)e~ st dt= (cos tjeS^^dt 


1-5 


t (l-s) 2 + l 

1 — .9 


;(! COS t + 


S — 1 


(1 — s) 2 + 1 


1 

e( 1-,s )* sint 


CC 


(1 - .9) 2 + 1 .9 2 — 2,9 + 2 


. s > 1 
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17. if{/(t)} = I t(cost)e *' 


st 


~ sl dt 
s 2 - 1 


S 2 + l (s 2 + l)\ 


(cost)e st +(-^— -t -——^ (sint)e st 

K ; V* 2 + i {s 2 + i) 2 J ; 


oc 


s 2 -l 


s > 0 


(, 2 + l ) 2 ’ 

18. if{/(<)} = t(sint)e~ st dt 


2s 


(cosf)e st — 


S 2 + 1 ( S 2 + 1)' 


st -S 2 - 1 


+ 


s 2 + i (s 2 + iyj 


\ (si 


(sin t)e 


—st 


oo 


Jo 


2 3 


(s 2 +1 y 

.4! 


, 8 > 0 


19. Z{2f 4 } = 2j 

4 10 

21. if {4t - 10} = j 2 - 

23. if{f 2 + 6t-3} = ^r + -^ — - 

<s ,J s 


20 . i"{£ 5 } = 


5! 


22 . if{7f 4 3} = 4 + 3 


s* s 


2 lfi 

24. if{—4f 2 + 16£ + 9} = -4^ + 

& K & 


25. if{t 2 4 3 1" 4 St T 1} — -t T 3~o 4 ~k H— 26. — 12f“ 46 t—1} — 8—7 —12 


3! „ 2 3 1 


V/o+3 


3! 


S' 


s% s 2 s 


27. if{l 4 e 4t } = - -h 


1 1 


1 


s s — 4 

29. if{l 4 2e 2f 4 e 4t } = - 4 - -4 -— 

s s — 2 s — 4 

31. if{4f 2 — 5 sin 3t} = A~ — 5 ^ 2 ~— 

33. if{sinh/et} = ^if{e fc ‘ - e~ kt } = ^ 
z z 


28. if{t 2 — e 4 5} = -=•-- 4 

L 1 s 3 s 4 9 

30. if{e 2f - 2 + e“ 2 *} = —- -4 

5 — 2 s 


32. ifjcos 5 1 4 sin2f} = ~t ,—— 4 — 
1 s 2 + 2o s‘ 


1 


is — k s + k 


s 2 — k 2 


34. if {cosh Ai} - - if{e fct 4 e kt } = 

35. ^{ e ‘smht} =if |e< ^-} = * {^ 2 ‘ - 5 } = ^ 

36. if{e-‘cosh t } =y {^‘4^1} = 2 {j + = i + 
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37. 


35. 


if{sin 2f cos 2 f} = if j ^ sin 4f 
i?{cos 2 f} = if + ^cos2f j 


_ 2 

s 2 +16 

1 1 s 

2s + 2 s 2 + 4 


39. From the addition formula for the sine function, sin(4t + 5) = (sin 4f )(cos 5 i — cu~ 4: sir. 

if{sin(4f + 5)} = (cos 5) if {sin 4f) + (sin 5) if{cos 4 1 } 

4 s 

= (cos 5) — — + (sin 5) —~— 

+ 16 s A + 16 

4 cos 5 + (sin 5)s 

= s 2 +16 ' 

40. From the addition formula for the cosine function, 

( 7T\ 7T , . 7T \/3 1 . 

cos If — — I = cos t cos — + sm t sm — = —y- cos 1 4- - sin t 


if | cos (t — ^ | = ~ {cos t} + ^ if {sin f) 

_ V3 s 11 __ 1 \/3 s 4-1 

2 ,?2 + 1 + 2 s 2 + 1 “ 2 s 2 “r 1 


41. (a) Using integration by parts for a. > 0. 

r(o: + 1 ) — t a e~ t dt = — t n e~ t + a- j dt = aF(a). 

(b) Let u = st so that du = sdt. Then 

rOQ fOC /u\ a 1 1 

if{f a ’} = j! e -’*t«df = j e ~ u (jj i du = -jT(« + 1), a > -1. 


,, w 

(»> w = T -W=S 

( c ) ¥tt ?,/2 \ ~ I ^ 5//2 ' > - 3v ^ 

W x il * ~~ />/2 “ 4 5 5/2 

-5. Let F(f) = f 1 / 3 . Then F(f) is of exponential order, but /(f) - F'(f) = gf -2 '' 3 is unbouii 
f = 0 and hence is not of exponential order. Let 

/(f) = 2fe* cose* = ~ sine* 2 . 

J w dt 
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This function is not of exponential order, but we can show that its Laplace transform exists. Usi: 
integration by parts we have 

.2 f -2 f / d . r ... .2 ia r a „. .2.1 

3?-12 te cose* \= e * — sine' 


V / + ( L1 4^ \ _ -.4 4 - Ct 

;e cose r }= / e"' sr —sine 1 rit = lim e ' sine , + s 

i Jo \ dt ) l o 


f a e~ st sin cf dt 

Jo J 


= — sin 1+sj e st sin e* dt — sJ £{sin e*' } — sin 1. 

Since sine* is continuous and of exponential order, if-{sine* } exists, and therefore 3?{2te* cose 
exists. 

The relation will be valid when s is greater than the maximum of c\ and o>. 

Since e* is an increasing function and t 2 > In M + ct for M > 0 we have ef > e ln M+ct = Me ct 
r sufficiently large and for any c. Thus, e* is not of exponential order. 

Assuming that (c) of Theorem 7.1.1 is applicable with a complex exponent, we have 

1 - 1 (s-a) + ib_ s-a + ib 


s — (a-r ib ) (s — a) — ib (s — a) + ib (s — a) 2 + b 2 


By Euler’s formula, e ie = cos 0 + i sin 9, so 


^f{ e (®+'^)*} = 3f {e al e tbt } = J£ {e a *(cos bt + i sin bt)} 
= 3f {e ai cos bt } + i J£ {e a * sin bt} 


(s — a ) 2 + b 2 (s — a) 2 + b 2 ’ 

Equating real and imaginary parts we get 

Jf {e! d cos bt} = -— . ,/* —-k and {e ai sin bt} = -^— -r. 

(.s — a) z + tr (s — ay + tr 

We want f(ax + fly) — af(x) + flf(y) or 

rn(ax + fly) + b — a(mx + b) + flflny T b) = m(ax + fly) + (a + fl)b 

for all real numbers a and 6. Taking a = 8 = 1 we see that b = 2b, so 6 = 0. Thus, f(x) = m. 
will be a. linear transformation when 6 = 0. 

Assume that 3?{t n_1 } = (n — l)!/,s n . Then, using the definition of the Laplace transform 
integration by parts, we have 

/oc "I i -v /Vi r oc 

e~ st t n dt = --e~ sl t n L + - / erW 11 - 1 dt 


= 0 + - 
s 


_L 

ioc n f 00 

= - € t 

' . +- / 

s 

O 

o 

Ll _ 71 ( U ~ 
* s d 

1)! _ n\ 

i ~ s n ~-1 • 
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Exercises 7.2 






i. if- 




W-i 

la 4 J 6 \a 4 j 6 



. f I 4 3! 1 5! 

■Z- L ' 


- . .. 2 ., 1 

a 2 6 a 4 + 


1 0! , Z Q 

120Vr 4i '3 i ' + 


= if-M- + 3 


3 120 

3 




1 3 2 1 3 !} 1 n 3,9 1 3 

^ + 2 '^ + 6 ‘ F /- 1 + 3 * + 2 * + 6 f 


^ J {^}=^ 1 {j +4 '? +2 i} = 1+4t+2 ‘ 2 


Wi-I + _U =( _ 1 + e a 

l a 2 a a — 2 1 
1 


10 . 


la a 5 a + 8j \ a 4 a 5 a + 8j 

= s e_1/4 

-fe} . 


:4+ L 4 _ e -8* 

4 


if- 

if 




^5 s — 2/5 J 5° 
Sf_1 {?Tl9} = ^' I {r?T49} = ? Si 


sin 7t 


.3. if 


14. 


1 


prflel = 10cos4f 

^'{i?Tl} = i, "‘ {^TTTi) =ooe §* 

i?- 1 ! 1 


1 1 r ,_, f 1 1/2 1 1.1 

4tt} = *~'{rttfi) = 2 Wl 2 t 
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15. 


16. 


IS. 


19. if 


20 . 


2s — 61 


s 2 + 9J 


s + ll 


s 2 + 2 J 


1 


s 2 + 3s 

/" 

s + 1 

\_ 

s 2 — 4s 

/" 

s 


s 2 + 2 s 

-3 

1 


s 2 + s - 

-20 


4 -2 3 


s 2 + 9 s 2 + 9 

,? 1 y/2 I 


«2 


+ 


+ 2 y/2 s 2 + 2 


|=2 cos 3t — 2 sin 3t 


\/2 

= cos y/2t + sin V2 t 

Zd 


•11 1 1 \ _ 1 1 _ 3f 
.3 ' s ~ 3 ' J+3J _ 3 ~~ 3 C 


if" 1 / * + 1 } = if -1 (-- • - + - • -2_\ =-- + -e 
X s 2 — 4s J X 4 s 4 5-4/ 4 4 

l-s" 


1 1 


s — 4 


21 . if 


-l 


0.9s 


( 8 -0.1)(Iv + 0.2) 1 - {< a3 >' jiol+ <°' 6 >' = ll - 3e °' 1 ' + 0 - fc -°- 2 ‘ 


4 

s + 3 

1 

1 

9 

S + 0 


1 


e < -i- -e~ 3t 
4 


-5 1 


1 1 


22 if- 1 /_-_ 

\(s->$)(* 


3 ] ^ /, _ i f 5 /x \/3 


s + V3)J ^ 


-V3- 


* 2 -3 


= cosh \/31 — V3 sinh \/3 £ 


v-i. 


23. if 


24. Jf _1 


(s — 2)(s — 3)(s — 6) 
' s 2 + 1 


s(s — l)(s + 1)( 


\ = (I — - - —1_ I - X 

J 12 5 - 2 5-3 2 5-6/ 

s — 2) J 12 5 s-1 


= -e 2t - e M -l - e 61 
2 ' ' 2 ' 


115 1 

+ t: 


3 s -\- 1 6 5 — 2 


1 f 1 _f 0 o f 

= 2- e ~r + r 


25. 


* _1 {; 


1 ^ = if 1 " 1 


3 + 5s J 


1 


f ._.fl 1 1 S 1 1 1 r: 

~ { 5 s _ 5 s^+li } = 5 5 C0S 


s(s 2 + 5) ( ^ 15 s 5 


26. if 


v-i. 


2 ( 


r. if 


"I 


(s 2 + 4)(s + 2) 
2s - 4 


1 0,-1 f ls 12 1 1 1 1 ^ 1 . . 

J 14 s 2 + 4 4 s 2 + 4 4 s + 2 J 4 4 


= if 


v-i 


2s - 4 


(s 2 + s)(s 2 + l)J \s(s+l)(s 2 -l) 

= —4 + 3e -t + cos t + 3 sin t 


= if" 1 


4 3 5 3 

-1-—7 H- o ~.—7 + 


S S -f 1 S 2 rl S 2 + 1 


‘{^-g} ^ l { 6v ^' s 2 ^-3 6V5 's 2 '+3}“6v / 3 Sinll ' /5< 6/ 
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^ l(s 2 + l)( 


1_l = *-i Jl._i_I._i_ 

) (s 2 + 4) J 13 9 2 + l 3 s'- — 4. 


£ 


-l 


6.9 + 3 


(s 2 + l)(s 2 


v-if 1 1 12) 

13 S 2 + 1 6 S 2 -r 4 

1 . 1 . n 
= - smt — - sin 2f 
3 6 

r4}} = ^ l { 2 -?TT + ?TI- 2 


} 


.9 1 2 


s 2 +4 2 9 2 + 4 


— 2 cos t + sin t — 2 cos 2i — - sin 2t 

z 

The Laplace transform of the initial-value problem is 


Solving for £{y} we obtain 


*•*{»} - v(o) - ^{y} = - • 

A 




IllUS 


y = -1 + e* 


_ he Laplace transform of the initial-value problem is 

2 s£{y) - 2y(0) + £{y} = 0. 

r living for £{y} we obtain 


ny} = 


6 


2 s + l s + .1/2 


-HUS 


y = 3e * /2 . 

The Laplace transform of the initial-value problem is 


s£{y] - y(0 ) + 6^{t/} = 


1 


Lving for £{y} we obtain 


1 2 
+ 


9 — 4 

1 1 19 1 


+ tt: 


(9 — 4)(s + 6) 9 + 6 10 9 -4 10 9 + 6 

v : J+> 4t — e~ 6t 

y 10 ' 10 ‘ 

. Laplace transform of the initial-value problem is 

29 


s£{y}-£{y} = 


•s 2 + 25 ' 
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^ living for we obtain 


2s 1 1 1 s 5 5 

(s - l)(s 2 + 25) “ 13 ' s-l _ 13 s 2 + 25 + 13 ‘ ,s 2 + 25 


11 0 

! ' = i3 e '“l3 COs5< + 4 sin5t ' 


•35. _ be Laplace transform of tlic initial-value problem is 


s 2 *{y} - sy(0) - y\ 0) + 5 [s X{y} - y(0)j + 4iP{y> = 0. 


^ living for izff?./} we obtain 


5 + 5 _ 4 1_1 1 

s 1 + 5s + 4 3 5 + 1 3 5 + 4 ' 


oo. _.ie 


4 — t 1 —4# 

y = - o e • 

o o 

> Laplace transform of the initial-value problem is 


s 2 2{,j] - sy(0) - y'(0) - 4!» y {y} - y(0)] = 


S living for Z£{y} we obtain 


s — 3 s + 1 


s — 5 


(s — 3)(s 2 — 4s) (s + l)(s 2 — 4s) s 2 — 4s 

5 1 2 3 1 11 1 

2*5 5- 3 5 5 + 1 10 5 — 4 ’ 


5 n At 3 — + 11 4/ 

V=2~ 2e + W e - 


lie Laplace transform of the initial-value problem is 

s 2 X{y} - sy(0) + ¥{y} = 


s' 2 + 2 


5 jiving for .1 £ {y} we obtain 


XUj} = 


Thus 


2 , 103 _ 10s 2 _2_ 

(s 2 + l)(s 2 + 2) ' s 2 + 1 5 - 2 + l + s 2 + 1 s 2 + 2 


= 10 cos t + 2 sin t — V2 sin \/2 t. 


i he Laplace transform of the initial-value problem is 


s 2 X{y} + 9Z{y} = 


s — 1 
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Solving for we obtain 


1 1 


1 1 


Thus 


(s - 1)0 2 + 9) 10 s — 1 10 s 2 + 9 10 s 2 + 9 


39. 


is 


2 - +(0) - V(0) - /(0)j+3U- 2 if{ !/ }- S s/(0)- ! /'(0)j-3! S if{! / }-5/(0)]-2if{ ! ,} 


Solving for Jzf{y} we obtain 


=^{y} = 


2s T 3 


11 5 18 1 11 

+ 77:-:-r —- + 


(s + l)(s — l)(2s T l)(s t 2) 2 s T 1 18 s — 1 9 s + 1/2 9 s — _ 


Thus 


1 _/ 5 t 8 —i/2 I _ 2t 

V= 2 e + I5 e -9 e + 9 e 


40. The Laplace transform of the initial-value problem is 

s 3 &{y} - s 2 (0) - sy'(0 ) - y"(0) + 2[s 2 ¥{y) - sy(0 ) - </(0)] - [s X{y] - y(0)] - 2{y} = 
Solving for ( £ {y} we obtain 

s 2 + 12 


(s - l)(s + l)(s + 2)(s 2 + 9) 
13 1 13 1 16 1 


3 


1 3 


Thus 


60 s - 1 20 s + 1 ‘ 39 a + 2 130 s 2 + 9 65 s 2 + 9 ' 


13 , 13 16 _ 2 , 3 „ 1 . , 

S= 60 e “20 e + 39 e + IS C ° S3i '65 Sm3t ' 


IS 


82{y} + X {y\ =-z 


s + 3 


s 2 + 6s + 13 


Solving for .if {y} we obtain 

¥{y} = 


s + 3 


s 4“ 1 


(s + l)(s 2 + 6s + 13) 4 s + 1 4 s 2 + 6s + 13 


s + 3 


. hus 


11 1 / 

4* s + 1 ~~ 4 V(s + 3) 2 + 4 (s + 3) 2 + 4y/' 


y = \e f — \e 31 cos 2t + \e 3t sin 2 1. 
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42. The Laplace transform of the initial-value problem is 

s 2 X{y} - s ■ 1 - 3 - 2[s X {y} - 1] + 5 X{y} - (s 2 - 2s + 5) X{y} -s- 1=0. 


Solving for X{y} we obtain 

s + 1 


s - 1 + 2 


+ 


s 2 -2s + o (s — l) 2 + 2 2 (s — l) 2 + 2 2 (,9-1)2 + 22 


Thus 


y = e f cos 2 1 + e 1 sin 2 1. 

43. (a) Differentiating f(t) = te at wc get f(t) - ate at + e at so X{ate at + e at } = sX{te at }, where ' 
have used /(C)) = 0. Writing the equation as 

aX{te at } + X {e rt *} = sX{te ai } 

and solving for X{te at \ wc get 

z{te M } = — = r 2__. 

s — a (s — a) 1 


(b) Starting with f(t) = t sin kt we have 


fit) — kt cos kt + sin kt 
f"(t ) = —k?t sin kt + 2k cos kt. 


Then 

X{—k 2 t sin t + 2k cos kt] = s 2 X {t sin kt} 
where we have used /(()) = 0 and f(0) = 0. Writing the above equation as 


— k 2 X {t sin kt} + 2k X {cos kt} = s 2 X{t sin kt.} 


and solving for X{ts'mkt} gives 


( r. r . 'i 2k ere ii 2k 

X{tsinkt} = — -y X (cos kt} = — 


2ks 


44. Let f\(t) = 1 and f- 2 (t) = 


s 2 + k 2 
1 . t > 0, t / 1 


s 2 + k 2 s 2 + k 2 (s 2 + k 2 ) 2 


■ Then X{f\(t)} =X{f 2 (t)} = 1/s, but /i(t) ^ 


.0, t = 1 

45. For y" — 4 y' = 6e a * — 3e~ l the transfer function is W’(s’) = l/(s 2 — 4s). The zero-input respon- 
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and the zero-state response is 

l/i (t) = 4£ -1 - 

= 2~ 1 - 


6 


(.s-3)(s 2 
'27 1 


.20 s — 4 


— — - 2e 3t - 1 - - 

“ 20 ' 4 


_1_l 

4s) (s + l)(s 2 - 4s) J 

2 5 13 1 ) 

s - 3 + 4 ‘ s 5 ‘ s + 1J 


From Theorem 7.2.2, if / and f arc continuous and of exponential order. J£{f'(t)} = sF(s) — f 
From Theorem 7.1.3, lim,,.^^ !£= 0 so 

Urn [sF(s) - /(0)] = 0 and lim F(s) = /(0). 

o *\JC o • 

For f(t ) = cos , 

mn sF(s) = Mm a = 1 = /(()). 



. '£{te m }-. 

1 

“ (» - 10) 2 


1 

“ (S + G) 2 

. i+V 2 '] 

3! 

' “ (»■ + 2) 4 

y/,10,-7( 

1 10! 

si ) // c 

J (s + 7) 11 

. ^{t(e'+e 2 *) 2 }=if{(e 2 ' 

. ^{e 2 *(t- 

i) 2 } =y{tV‘- 


sin 3/; | = —— 


(s - l) 2 + 9 
s + 2 


2 *cos4t} = -——^—— 
L J (s + 2) 2 + 16 


(s - 2)2 (s - 3)2 (s - 4)2 

2 2 1 
(s - 2) 3 ~~ (s - 2)2 + s - 2 
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=/{(l — + 3e 4f ) cos5#} - X {cos5 1 — el' cos5 1 + 3e 4t cos 5 1} 

__ s s — 1 | 3(,s 4- 4) 

= s 2 + 25 “ (s -1 ) 2 + 25 + (s + 4)2 + 25 


c J 'll 


9 - 4t + 10 sin l H = X \ 9e 3 * - 4te 3t + 10c 


■it . t) 9 4 5 

sin — >=-1- 

■ 2 J 5-3 (s - 3) 2 (5 - 3) 2 + 1/ 


(5 + 2)2 


1 2 


-> = -re 

2 (s + 2 ) 3 J 2 


2„—2l, 


_ _!—1 = lif-i/_ - _1 = -t 3 e ‘ 

[s - l) 4 J 6 \ (6* - l) 4 J 6 


l s 2 — 6s + 10 J ^ {(5 — 3) 2 + l 2 


= e 3/ sin t 


J *{s* + 2s + o} * 1 {2 (5 + 1)2 + 22 } 2 e 


^- 1 /_£_\ = _£±^_ 2 —_-_ 

l s 2 + 4s + 5 J ((s + 2) 2 + l 2 (s + 2) 2 + l 2 


= e 2f cos t — 2e 2f sin t 


jf-l f 2,9 + 5 } — <£~1 fo ( S + 3 ) _ 1 5 

s 2 + 6s + 34 J { (s + 3) 2 + 5 2 5 (s + 3) 2 + 5 2 


= 2e ' u cos ot — \e 3t sino t 


{s + l) 2 


= jy- 1 \ s + 1 H = x~ l 
l («+1) 2 j 


6 ‘ + 1 {s + 1 ) 


1 — 




v _, ( 2s - i 1 f 5 1 5 4 3 2 ) r r , 3 

* \s 2 (s + l) 3 J - ^ {s 5 2 s + 1 (5+1)2 2 (s + 1) 3 / _J ‘ 5e l,: '~2 


W =r‘p_L_ + I_1L_ 

" 1 (5 + 2) 4 j | (s + 2)2 (s + 2) 3 + 6 (5 + 2) 4 


^ + l = te- 21 - *2 e -2« + I( 3 , r 2< 


The Laplace transform of the differential equation is 


8%{y} - 2/(0) + 


s + 4 


Solving for ^{y} we obtain 


Thus 


(s + 4) 2 s + 4 


= te~ u + 2e- 1 ‘. 
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22. The Laplace transform of the differential equation is 

»*{»}-*{»} = !+(7^5- 

Solving for if{y} we obtain 

yr i 1 , 1 1 , 1 1 

^ s(s — 1) ' (s — l) 3 s ' s — 1 + (s — l) 3 ’ 

Thus 

y = -1 + e l + -tV. 


23. The Laplace transform of the differential equation is 

■i 2 X{y] - sy( 0 ) - 5 /( 0 ) + 2[sX{y} - »( 0 )j + X{y] = 0 . 
Solving for if {y} we obtain 

vf ! S + 3 1 , 2 

M = , ^ + 


(s + l) 2 s + 1 (s + l) 2 ’ 


Thus 


y = e t + 2 te i . 

24. The Laplace transform of the differential equation is 

* 2 X{y) - MO) - m - 4 [»■$?{»} - 1/(0)] + 4X{y} = 

Solving for X{y} we obtain X[y} = 4 _ . Thus, y = 

25. The Laplace transform of the differential equation is 

„2 <:, 


(a - 2) 


4 * 


s 2 2{y} ~ sy( 0) - </(0) - 6 [a if{y} - y(0)] + 9 if{y} = 4 . 


Solving for if{y} we obtain 


, 1 + s 2 2 111 2 1 10 1 

^{VS - 7277 777 -777 + 772 _ T7 7 7 + 


Thus 


s 2 (s - 3) 2 27 s 9 s 2 27 5 - 3 9 (s - 3) 2 ' 


2 1 2 o, 10 o, 

y = -1- -t - e 3t H- ter. 

y 27 9 27 9 


2d. The Laplace transform of the differential equation is 


6 


s if{y} — •sy(O) — y 7 (0) — 4 [s if{y} — y(0)] + 4if{y} = -j . 
Solving for if{y} we obtain 

,s 5 - 4s 4 + 6 3 1 9 1 3 2 1 3! 11 13 1 


*{?} = 


« 4 (,$ - 2) 2 4 s ' 8 -s 3 ' 4 s 3 ' 4 s 4 " 4 a - 2 8 (s - 2) 2 ' 


O t O H - . A . 
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Thus 


3 9 3 9 1 o 1 2f 13 

!/ = 4 + 8 t+ 4 ( ' + 4 i ‘ + 4 C -^ 


te 2t . 


27. The Laplace transform of the differential equation is 

s 2 2{y} - sy( 0) - 2/(0) - 6 [s^ {y} - 2/(0)] + 13 = 0. 

Solving for we obtain 




3 


Thus 


s 2 - 6s +13 2 (s - 3) 2 + 2 2 ‘ 


3 

y = —-e sin 2t. 


2 S. The Laplace transform of the differential equation is 

tfZfy} - sy( 0)] + 20[ S ^{ ! /} - »(0)! + 51 ^{j,} = 0. 
Solving for if{y} we obtain 

2(s + 5) , 


</>r. i _ 4s- + 40 _ 2s+ 20 _ 2(s + 5) 10 

' V * ~ 2 s 2 + 20s + 51 “ (s + 5) 2 + 1/2 ~ (s + 5) 2 + 1/2 + (s + 5) 2 + 1/2 ' 


Thus 


y = 2e ot cos (t/y/2 ) + 10V2 e ot sin(t/\/2). 
29. The Laplace transform of the differential equation is 


s 2 X{y} - sy( 0) - j/(0) - [s X{y} - 2/(0)] = 


5-1 


(s - l) 2 + 1 ' 


Solving for ^{y} we obtain 


*{v} = 


111 5-1 1 1 

+ 


Thus 


s(s 2 - 2s + 2) 2 s 2 (s - l) 2 + 1 2 (s - l) 2 + 1 

11 1 

y = - — -e* cos £ + -e 4 sin 

Z Z Z 


30. The Laplace transform of the differential equation is 


1 1 


s z %{y} - sy( 0) - y'( 0) - 2 [s2f {y} - y(0)] + 5 y{y} = 7 + ^ . 


s s 


Solving for Jzf {;{/} we obtain 


4s 2 + s + 1 7 1 11, —7s/25 — 109/25 


nr" 1 - .0 


s 2 (s 2 — 2s + 5) 25 s 5 s 2 s 2 — 2s + 5 

2 


_ 7 1 11 7 s-1 51 

~ — + r- O ^ \ O 4" ^ 


25 s 5 s 2 25 (s - l) 2 + 2 2 25 (s - l) 2 + 2 2 ' 
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Exercises ".3 


7 l : . :: 

V = 25 + t 'To 53' 


31. Taking the 
obtain 


Tercunai equatiu:; a:;:: 

W)+^{V}+^{»} = o 

*' 2 if{y} - sy( 0) - y'(O) 4- 2s if{y} - 2y(0) 4- ^{y} = 0 
,9 2 if{y} — cs — 2 + 2,9 if{y} — 2c + if{y} : 0 

(s 2 + 2,9 + l)if{y} = cs + 2c + 2 

cs 2c — 2 

if{y} " 7— :to + 


(.9+1)2 (-9 T 1 '2 

_^s_+l-l . 2c — 2 


(s + 1)2 (s — 1 
c c + 2 


.9 + 1 (,9 + 1) 2 ’ 


Therefore. 


y(t) = cX 1 {j^T[} + ( c + 2 )^ 1 { (7+i)a } = ce * + ( c + 2 ) te l - 

To find c we let y(l) = 2. Then 2 = cc _1 + (c + 2)e _1 = 2(c + l)e -1 and c = e — 1. Thus 

y(t) = (e - l)e - ' + (e + l)te“*. 


32. Taking the Laplace transform of both sides of the differential equation and letting c = 
obtain 

if{y w } +^f{8y / } + if{20y} — 0 
s 2 2{y} - y\ 0) + 8,9 if{y} + 20 if {y} = 0 
s 2 if{y} — c + 8,9 if {y} + 20 if {y} = 0 
(s 2 -i- 8.9 + 20 J if {y} — c 

c c 

= 9 2 + 89 + 20 = (<9 + 4)2 + 4 ■ 

Therefore. 

y(t)=X~ l = ( 2 ( '~' 4t *™ 2t = de~ u sm2t. 


367 




Exercises 7.3 Operational Properties 1 


To find c we let y'(n) — 0. Then 0 = yfi'x) = ce~ 4ir and c = 0. Thus, y{t) = 0. (Since ' 
differential equation is homogeneous and both boundary conditions arc 0, wc can see immedia - 
that y(t) = 0 is a solution. Wc have shown that it is the only solution.) 

33. Recall from Section 5.1 that mx" = —kx — fix'. Now m = W/g — 4/32 = | slug, and 4 = 2. : 
that k = 2 lb/ft. Thus, the differential equation is x" + lx! + 16.x = 0. The initial conditions 
,r(0) = —3/2 and a/(0) = 0. The Laplace transform of the differential equation is 

,s 2 if {x} + ^s + 7s2{x} + ^ + 16 2{x} = 0. 

Solving for !£{x) we obtain 

. = -3s/2 - 21/2 = _3_ s + 7/2 _ 7/L5 yfib/2 _ 

^ “ s 2 + 7s + 16 2 ( s + 7/2) 2 + (VT5/2) 2 10 (s + 7/2) 2 + (\/l5/2) 2 ‘ 


Thus 


x 





COS 



7\/l5 

10 


e -7#/2 s in 


a/15 ^ 

2 1 


34. The differential equation is 


^ + 20^ + 2003 = 150, 3(0) = r/(0) = 0. 


The Laplace transform of this equation is 


150 


s 2 X{q} + 20 sX{q} + 200 ^%} = — . 


Solving for !£ {<y} we obtain 


!£{q} = 


150 


3 1 3 s + 10 


10 


Thus 


and 


s( s ' 2 + 20s + 200) 4 s 4 (s + 10 ) 2 + 10 2 4 (s + 10 ) 2 + 10 2 ' 


q(t) = 7 — 76 ~ wt cos lOi — 7 c 104 sin lOt 
4 4 4 


■fit) = q'(L) = 15c" 104 sin lOt 


35. The differential equation is 

is, , 

dt 2 dt 

The Laplace transform of this equation is 


Eo 
L ; 


+ + J 2 q = g( 0 ) — </( 0 ) — 0 . 


or 


s 2 Z{q} + 2\s!£{q} + J 2 !£{q} = - 

L/ 8 

(a 2 + 2Aa + uj 2 ^!£'{q} = ~J~~ ■ 
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Solving for if{q} and using partial fractions we obtain 

_ Eo fl/u 2 (1 /u, 2 )s + 2\/u‘ 2 \ _ E 0 ( 1 s + 2A 


L y s s 2 2 As + a? 2 J Ljj^ y# s 2 H- 2 As -f- u^ 2 / 

For A > u> we norite .s' 2 + 2A-s + u> 2 = (s + A) 2 — (A 2 — u/ 2 ), so (recalling that a; 2 — 1/LC 

/1 s + A 


if{<?} = EoC 

Thus for A > uj. 

q(t) = EaC 


A 


\s (s + A) 2 - (A 2 - uj 2 ) (s + A) 2 - (A 2 —a; 2 ) / 


1 — e Xt (cosh \J A 2 — ui 2 t — 


A 


vA 2 —c? 


: sinh \j A 2 — to 2 1 


For X < id we write s 2 + 2As + a/ 2 = (s + A) 2 + (u; 2 — A 2 ), 


so 


I?oC'( s (s + A) 2 + {u} 2 — A 2 ) (s + A) 2 + (u 2 — A 2 ) ; 


Thus for A < u>. 


q{t) = E 0 C 


1 - e 


-At 


(- W - A2 ‘ - A 2 Sin W - A2 <) 


For A = w, s 2 + 2A + uj 2 = (s + A) 2 and 

%la\ = — , 1 _ = — (= A>(- - - - 


A 


L s(s + A) 2 L y s s + A (s + A) 2 y LA 2 \^s s + A (s + A ~ 


Thus for X = u>, 


q(t ) = E 0 C{l - e~ Xt - Xte~ xt ) . 


o. The differential equation is 

The Laplace transform of this equation is 


R % + h q=Eoe ~ u ’ « (0)=a 


RsX{q} + ±X{q} = Eo 7 ±j 


E 0 C 


E 0 /R 


Solving for if {q} we obtain 

= (a + k){RCs + 1) “ (s + k)(s + l/RC) ' 
When 1 / R.C 7 ^ k we have by partial fractions 

^ {(?} = ^ -A 1/(1 IRC-E)\ _ E 0 1 


1 


1 


<9 + k 


Thus 


«(*) = 


R 1/RC7 — A- H- k s -H 1/R(T / 


•S + l/i?C 
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When 1 / RC = k we have 


Thus 


37. ^f{(t — l)°U(t — 1)} = 


X{q\ = -_- 

m R(s + k) 2 ' 

g(t) = f ta-“=f te-' /RC 


e~' 2s 


38. ^{e 2 “* c U{t- 2)} = % {e- (t ~V (t - 2)} = —- 


-2.s 


■25 


39 . ^{t c U (t - 2)} = 2{(t- 2) : U (t- 2) + 2% (i - 2)} = ^ 

Alternatively, (16) of this section in the text could be used: 

X{t -U {t - 2)} = e~ 2s X{t + 2} = e~ 2s (^ + ;) ■ 

40. X{(3t + 1) % (t - 1)} = 3 X{{t - 1 )m (t - 1)} + 41)} = ^ + — 
Alternatively, (16) of this section in the text could be used: 

X{(31 +1) (t - 1)} = e~ B if{3 1 + 4} = e" s (^ ;) • 


~7T6‘ 


s 2 + 4 ’ 


41. ^?{cOs2f ^ (t — 7T)} = X {cOs2(t — 7T ) C U(t — 7f)} = ' 2 J_ 4 
Alternatively, (16) of this section in the text could be used: 

if{cos2t °U (t — 7r)} = e _,r '' ! i?{cos2(t + tt)} = e~ xs hf{cos2t} — e 

42. If {sin* ‘U (t - |) } = If (cos (t - |) % (t - \) } = 

Alternatively, (16) of this section in the text could be used: 

^|sin t ^ (t - |) } = e-™/' 2 <£ {sin (t + 1 = e~^ 2 X{cos t} = e~^ 2 

43 ' = ^• I 4 ' 2 *} 2 ) 

= e- 2t +2e- 2 ^m (t-2)+e~ 2 W 


44. if 


i / ( 1 + e ‘‘ S ) 2 1 _ <£-\ I 1 


s -\- 2 


2e -24 ' e~ 4s 
s + 2 a’4~2 s A 2 


45. X 


.p— l. 


* 2 + l 


= sin (t — Tv)~U(t — tt) = — sin t°U(t — tt) 
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46 ’ ^ 1 { T 2 + 4 } ^ cos2 ( t ~ |) % (* ~ 0 = ~ cos2 ^ (* ~ \ 


47. if' 


*(« + 1) J 


= %-H- - 




,9 5+1 






= -M (t-2)-(t- 2 )°U (t - 2) + e t ~ 26 U (t - 2) 


49. (c) 


50. (e) 


51. (f) 


52. (b) 


53. (a) 


54. (d) 


■55. if{2 — 4 s ?i (i — 3)} = - — -e~ :is 

s s 

1 —4,9 . —5),S 

56. 2{1-W (t - 4) (t- 5)} = - - -— + — 

s s s 


57. %{t 2c U(t-l)} = if{[(t-l) 2 + 2t-l] c 7/ (t- 1)} = %{[{t- l) 2 + 2(£- l) + l] 5 W (£-1)} 


2 2 1 \ 
-o + ~2 + - J e 

s z s J 


Alternatively, by (16) of this section in the text. 


X{t 2 *U(t - 1)} = e~ s £{t 2 + 2t + 1} = e-* | + J) . 


55. if|sint ,J U (t — | = if j— cos (t ~ (t — 


>e~ 37rg / 2 
s 2 + 1 


59. if{£ -t°U(t-2)} = %{t-(t- 2) % (£ - 2) - 2°)l (£ - 2)} = - 


1 e 


2e _2,s> 


S 2 5 2 


60. if {sin £ - sin£ °tL{t — 2?r)} = if {sin £ - sin(£ - 2ir) c U(t — 2w)} = 


1 e~ 27rs 

•9 2 + 1 S 2 + 1 


p -as p bb 

51. «Sf{/(£)} — (t — a) — °U (t — b )} =- : — 

52. tf{/(f)} = i^(£-l) + ^(t-2)+ ^(£-3)+ ■■•} = — + — + — + 

6' S <9 


1 e 8 
s 1 — e - 


2/(0) + if{;t/} — -e *. 

s 


Solving for if {y} we obtain 


++,=5e-+- + 


S(.9 + 1) 


s s + 1. 
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Thus 

y = 5 ’ll (t — 1) — 5e - ^" 

64. The Laplace transform of the differential equation is 


'»(«-!)■ 


s¥{y} -|/(0) + {,!/} = -- ~e 

s & 


Solving for ¥{y} we obtain 


x{y} = 


2e~ H 


s(s + 1) s(s + 1) s s + 1 


— 2e~ 


S 5 + 1. 


Thus 


y = l-e~ i - 2 [l - _ i). 

65. The Laplace transform of the differential equation is 


s^{y} ~y(0) + 2^{y} = 


( £_4_1 

«2 


Solving for Z£{y} we obtain 


= 

Thus 


1 


— e 


5 + 1 

,S 2 (,S + 2) ' ,8 2 (.S + 2) 

1 1 1 


11 11 11 


4 5 2 s 2 ’ 4 s + 2 


11 1 _1 
l4! + 2f 


!/ = -j + jf+ j<4" a - [j + i(t - 1) " - 1). 


66 . The Laplace transform of the differential equation is 


s 2 2{y} - sy{0 ) - t/(0) + 4^f{ ?/ } = 


1 e 


Solving for J£'{y} we obtain 
1 — s _ 


Ills 


1 2 


s(s 2 + 4) 


s(s 2 + 4) 4 5 4 s 2 + 4 2 s 2 + 4 


1 1 

4 5 


Thus 


11 1 . 

V= ^ - ^cos2t- - sm 2t — 


J-^cos2(t-l) %(t-l). 


6 7. The Laplace transform of the differential equation is 

** 2{v) - *v(0) - v'(0) + 4X{y} = «-*•*- 2 

Solving for Z£{y} we obtain 


in = 


8 + e~ 2 ™ 


s 2 + 4 


1 1 


s 2 + 1 

1 2 


L3 s 2 + 1 6 s 2 + 4 


Thus 


y — c;os 2 1 — 


1 1 
- sin(£ — 27r) — - sin 2(t — 2 tt) 


%(f-27T). 


1 1 1 
4 .8 + 2. 


1 5 ~ 

4 5 2 + 4. 
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The Laplace transform of the differential equation is 


s 2 %{y} - *y( 0) - y'( 0) -o[s&{y} - y(o)] + 6if{y} = 


Solving for if {y} we obtain 


y \ — e 


= e 


—s 


+ 


s(s — 2)(s — 3) (s — 2)(s — 3) 

1111 11 


6 s 2 s — 2 ' 3 s — 3 


1 1 
+ 


Thus 


y 


F I _ I p 2(t-1) , 1 3(t-l)' 

6 2' 3' 


s — 2 s-3 


' , U(t — 1) — e 2t -f- e 3 * 


IS 


s 1 %{y) - sy(0) - y'(0) + k£{y} = 


e ~iris e - 27 rs 


Solving for if {y} we obtain 


TVS 

■1 

S 

_ —2~s 

ri s l 


.8 

s 2 + 1. 

— r> 

[s S 2 + lJ 


+ 


s 2 + 1 


Thus 


y = [ 1 — cos(t — ?r)] — 7r) — [1 — cos (t — 2n)]‘ J U(t — 2tt) + sinf. 

is 

1 e~ 2s e _/1s 


s' 2 %{y} - sy(0) - y'(0) + 4[»if{y} - y(0)] - 3if{y} = 


S 5 


S 


+ 


Solving for if {y } wc obtain 

ny}= 11 1 1 


i i 


-2a 


3 s 2 s -|-1 6 s -\~ 3 

„-4a 


1111 11 

4- 


3 s 2 a — 1 6 s -f 3 


1111 11 

+ * 


3 s 2 s + 1 6 s + 3 


6s 


11 11 


1 1 


3 s 2 s + 1 6 s + 3 


L I1US 


1 1 _ t 1 
®=3-2 e + 6 C “ 


1 _ L-6-2) . * -3(i-2)' 

L3 2 + 6 




I _ 4) . 1^-30—1) 

L3 2 6 


-V (t — 4) + 


1 1 


-(*- 6 ) 


+ ^ 


-3(«—6) 


Q 2 6 


lO 




7 -call from Section 5.1 that mx" = —kx + /(/:). Now m = Myy = 32/32 - 1 slug, and 32 = 2 
r: that k = 16 lb/ft. Thus, the differential equation is x" -+- 16:r = f(t). The initial conditions 
v i = 0, a/(0) = 0. Also, since 

f 20 1, 0 <t< 5 

/( Ho, t >" 5 
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and 20 1 = 20 (t — 5) + 100 we can write 

f(t) = 20 t - 20 t : U(t - 5) = 20f - 20 (t - 5 ) c V(t - 5) - 100^(t - 5). 
The Laplace transform of the differential equation is 

.2 <:f 


s 2 X{x} + 16 if {a:} = ^ - ^e- 5s - —e” 5 *. 

s 2 $- s 


Solving for we obtain 

20 


*{*} = 


20 


e~°* - 


100 


,s 2 (s 2 + 16) s 2 (.s 2 + 16) s(s 2 + 16) 


5 1 5 


4 s 2 16 s- + 16 


(1 - - ( ? • 7 ^ " 


,-5* 


4 s 4 s 2 +16, 


Thus 


z(t) = ^t- ^sin4f- 


K K -| rot; os: 

-(t — 5) — — sin4(t — 5) 4/ (t — 5) — —— cos 4(t — 5) c U(t - b 

,4 lb J L 4 4 J 


= 7 * — 77 sin4f — 7*4/ (t — 5) + 77 sin 4(t — 5) 4/(t — 5) + ^ co»4(< — 5)4/(t — 5). 

4 16 4 16 4 \ / \ / 

72. Recall from Section 5.1 that mx" = — fcs + /(£). Now m = W/# = 32/32 = 1 slug, and 32 = - 
so that k = 16 lb/ft. Thus, the differential equation is x" + 16:r = fit). The initial conditions 
,i'(0) = 0, a4(0) = 0. Also, since 

/ f sin t, 0 < t < 2ir 

'M®, ' t>2x 

and sin t. = sin(t — 2tt) we can write 

f(t) = sint — sin(t — 2 t r)4/(t — 2 tt). 

The Laplace transform of the differential equation is 


.s 2 if{;r} 4- l§f£{x} = 


1 


1 


-27TS 


Solving for f£{x} we obtain 

X{x} = 


s 2 + 1 s 2 + 1 

1 


(s 2 + 16) (s 2 + 1) (s 2 + 16) (s 2 + 1) 


-1/15 1/15 


S 2 — 16 .s 2 + 1 


-1/15 j_/ib 
4” o 


s 2 + 16 s 2 + 1 


-27T6' 


2tt\s 


Thus 


111 1 

x(t) = — 7-sin4f + 7-sint + — sin4ff- 2n)fi(t - 2i r) - —sin(t - 2 7r)°U(t - 2^) 

60 15 60 15 

— ^5 sin 4t + yg sin t. 0 < t < 2 tt 

0, t > 2tt. 
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3. The differential equation is 


2.5 ~ + 12.5# = 5 (f — 3). 

LLL 


The Laplace transform of this equation is 


Solving for ¥{q} we obtain 

Thus 


s^{q} + 5^{q} = -e- Zs . 

s 


2 g -3* = (i I _ 2 1 


s(s + 5) 


5 s 5 s + 




4. The differential equation is 


q(t) = \ — 3) — J U(t — 3). 

O 0 


10 ^ + 10? = 30c/ - 30e n li(f - 1.5). 
at 


The Laplace transform of this equation is 


3 3e 15 


Solving for ^{q} we obtain 


1.5.s 


*{«}=«- 


3 \ 1 , 3 1 0-1.8 f-V 5 ■ 2/5 \ ^ 

,3 + 1 s-1.5 ' 


_l___ ‘Ip 

2) s + 1 2 3-1 


Thus 


g(i) = ^go - ^ (r ' f + + ^e 1 " 0 (e Lo ^ - e Lw ^ 1-5 ^ °U (t - 1.5). 


5. (a) The differential equation is 

^ + lOi = sin t + cos (t - ~ ~ 7 pj i 'i(O) = 0. 

The Laplace transform of this equation is 

1 „„-37rs/2 

rf W + l(Wf { i}- ?TT + ^ Tr . 

Solving for <¥{i} we obtain 

vm = _-_I--- e -3«/2 

Xt (s 2 + l)(s + 10) + (s 2 + l)(s+10) 

1 / 1 s 10 \ 1 / -10 10s 1 \ _ ;1 . 

_ 101 Vs + 10 s 2 + 1 + s 2 + l) + 101 Vs + 10 1 s 2 + l + s 2 + 1 / e 
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Thus 


i(t) 


1 

101 


(e _10f -cost + 10 sini) 



—lOe 10 ^ + 10 cos (t 



+ sin 




(b) i 


0.2 



- 0 . 21 - 

The maximum value of i(t) is approximately 0.1 at t = 1.7, the minimum is approximately - 
at 4.7. [Using Mathematical see that the maximum value is i(t ) is 0.0995037 at. t = 1.67C- 
and the mininum value is ?( 37 r/ 2 ) ~ —0.0990099 at t = 3tt/2.] 


76. (a) The differential equation is 

50 Jt + oil q = Eo[ ‘ U{t -V-W- 3)]. 9 ( 0 ) = 0 

or 

50 ^ + 100c? = E {) [ J U{t - 1 )- c U{t- 3)], ^( 0 ) = 0 . 

The Laplace transform of this equation is 


505 if{5} + 100 %{q} = 




Solving for if { 5 } we obtain 


Thus 


Eo 

C S C 

_ E ° 

[I (l_ 

\ c ~* 1 \ f - 3 s 

50 

5(5 + 2 ) 5(5 + 2 ) 

50 

.2 \s 

s + 2 J 2 \s s + 2 / 


«(*) = W) K 1 _ - !) - 0 - (t - 3)]. 


(b) <3 



Assuming Eq — 100 , the maximum value of q(t) is approximately 1 at t = 3. [Using M 
matica we see that the maximum value of q{t) is 0.981684 at t = 3.] 
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The differential equation is 


EI^ = w 0 [l- c U{x-L/2)]. 


Taking the Laplace transform of both sides and using y(0) = y'( 0) =0 we obtain 

s^{y} - sy"(0 ) - y"'(0) = H i (i - e ~ L *' 2 ) . 

Letting y"{ 0) = ci and y'"( 0) = C 2 we have 

Ol , C 2 , wo 1 




so that 


, . 1 9 1 s 1 W’o 

y(x) = -cix + -c 2 x‘ + — gj 


2 ’ i ~ ' 6 

To find ci and C 2 we compute 


[/-( 

T\ 4 

( L \1 

a; -1 iJ 



2) 

V 2 ^ 


//, . 1 Wo 

y (®) = Cl + C2X + - — 


X 




and 


wo 


y"'(x)=c 2 + f I 


X 


L\„.( L 
x — — Hq x — — 

2 / V 2 


Then y"{L) = y'"{L ) = 0 yields the system 


r 1 w 0 

Cl+C2L+ 2El 


1 -(f) 

-I 

u-o /L\ 1 W 0 L 

C2 + El ( 2 J “ ^ + 2 S7 


, r , 3 wo i 2 „ 

= oi+c 2 i^g- gr = 0 


= 0 . 


Solving for ci and C 2 we obtain ci = %wqL‘ 2 /EI and C 2 = — |wo L/EI. Thus 


1 r 9 9 

1,0 1 

1 

/ M J 

L\‘ 

—L 2 x 2 

— —Lx* + —x 

- 7 

x — — 1 ii (r 

c — — ) 

16 

12 24 

24 

1 2j l 

2jJ 


/ \ wo 

viz) - s 


_ he differential equation is 

El 0 - w 0 [^(x - T/3) - 2L/3)]. 

Taking the Laplace transform of both sides and using y(0) = y'{ 0) = 0 we obtain 

3*X{V } - 0/(0) - /'(0) = i (e--^ 3 - e - 2i »/3) . 
letting y"(0 ) = ci and y'"(0 ) = c *2 we have 

y « = ? + ? + 17?( e ’ t ’ /3 - e_2is/3 ) 


377 



Exercises 7.3 Operational Properties I 


so that 


/ \ 1 2,1 3,1 u ’o 

!/(x) = jc,* + -C2X + - — 


X 


L\ 4 


2L 




2 i 


To find ci and C 2 we compute 


n/ \ . .1 Wo 

y (x) = ci + c 2 x + 2 


and 


x 


3 


£ % - x^~) II x 


2 L\ 


2 


Wq 


Iff ( \ . u 

y (a:) = c 2 + — 


* - ~:\^( x ~ - (x - ^ M s 


Then y"(L) = y"\L) = 0 yields the system 

r 1 w 0 |72L\ 2 

Cl + C 2 L+ 2^7 (t) - 


z\ 2n 


3 ) 
2L 


_ 1 tt-’oL 2 

= ci + c 2 T + - — _ — = 0 


2L\ 

TJ 


C‘2 


u’o [21 L 


El L 3 


'A-7T — c 2 + X 


6 £1 
1 WqL 


3 El 


= 0 . 


Solving for ci and c 2 we obtain ci = g woL 2 /EI and c 2 = —^iuqL/EI. Thus 


y^) = ^(^ LV -Ys Lx3+ ^ 


El \12 

79. The differential equation is 


El 


24 


T \ 4 


x — 


«*- f 


_ 2LV 
3 / 


W( ,z' — 


2 L 


jV _ 2 wo 
dx± ~ L 




2wp 

ETL 


A_J_ i_ 

L 2 i _ i 2+ ? e 


W 2 


Taking the Laplace transform of both sides and using y(0) = r/(0) = 0 we obtain 

s 4 if{s}-V'( 0 )-/'( 0 ) = 

Letting y"{ 0) = ci and y w (0) = c 2 we have 

<r., i ci c 2 2zc 0 


jL _ i + J_ f -W 2 

2 s 5 + S G 


so that 


2 u ' 0 


!/(x) = jqx- + g®* + m 


±j A i K 1 

48 * ' 120 * + 120 


:£ — 


s ?/ 


(—i) 


1 2 1 3 

= 2 c i x + -gve 

To find ci and c 2 we compute 


WQ 


WEIL 




l-l) 


y"(x) = Ci + C-2X + 


U’o 


60 EIL 


30 Lx 2 - 20:r 3 + 20 (x - V (x - 


378 



Exercises 7.3 Operational Proper 


and 


y'"(x) = a + 


wo 


60 EIL 

Then y"{L) = y'"(L ) = 0 yields the system 

wo 


60 Lx - 60x 2 + 60 (x - 




C\ T C9 L + 


60 EIL 


30L 3 - 20L 3 + ^L 3 

WQ 


. , , om 0 T ' 2 _ 

(-1+C.2 ■ + 24£1/ 0 

a-'o T 


<* + ^kt 60L2 - 60L2 + ^ = < 2 + Sr = °- 


60£7L J 4£I 

Solving for c\ and C 2 we obtain c,\ = wqL 2 /24EI and C 2 = —wqL/IEI. Thus 


wqL 2 2 '«’()£ 3 

__ ■v’ __ / r' J 


WQ 


48EI X 24 EI X + 60 EIL 


5 L 4 5 ( L\ r> ( L 

—X 4 - x° + (x - -J % (a: - - 


The differential equation is 


J370=tt. o [l-K(i-i/2)]. 


Taking the Laplace transform of both sides and using y(0) = ?/(0) = 0 we obtain 

{,} - V'(0) - /'(0) - H i (l - e~ L ‘ 12 ) . 

Letting y"( 0) = c\ and y’"{ 0) = C 2 wc have 




so that 


**> - V + #*** + s H P - ( x -1) c “ (* - f) 


To find C] and C 2 we compute 


/// \ 1 w 0 

V (®) = (; i + + 2 I 

Then y(L) = y"{L) = 0 yields the system 


x 2 — 


41 


L 


x 


'll 


L 

X ~2 


— VJ 

24 in 

r - u. 


= 2 ClI ‘ 

+ 6 ° lL + 12875/ 

. T , 1 WQ 

Cl + C2i + 2 17 

M §)1 

. T 3wq 
~ C l + t2L + SEI 


L* = 0 


: L 2 - 0 . 


Solving for ci and <?2 we obtain c\ = wqTJ/EI and ^ woL/EI. Thus 

4 ' L 


( \ w ° 

^ x = 17 


9 

256 


19 


1 


1 


L 2 x 2 - Lx 6 + ~x 4 -~(x-~) 


256 


24 


24 
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51. (a) The temperature T of the cake inside the oven is modeled by 

dT 


dt 


= k(T — T m ) 


where T m is the ambient temperature of the oven. For 0 < t < 4, we have 


T m = 70 + 3 ° — t = 70 + 57.5i. 


Hence for t > 0. 


T„ = 


■ 1-0 

70 + 57.5t, 0 < t < 4 
300, t > 4. 


In terms of the unit step function, 

T m = (70 + 57.5£)[1 - 7/ (f - 4)] + 300 (t - 4) = 70 + 57.5* + (230 - 57.5 1) ,J U (t - 4). 
The initial-value problem is then 

jrp 

— = k[T - 70 - 57.5 1 - (230 - 57.5 1) -7/ (t - 4)1. T( 0) = 70. 

dt 

(b) Let t(s) = k£ {T(t)}. Transforming the equation, using 230 — 57.5* = — 57.5(£ — 4) and 
Theorem 7.3.2, gives 

70 57.5 57.5 _ 4 , 


or 


st(s) - 70 = k \ t(s) ——-^ 

70 k 


t(s) = 


70 


e 2 


57.0 A: 


57.5 A 


.—4s 


.s-A s(s - A) s 2 (s-k) s 2 (s — A) 

After using partial functions, the inverse transform is then 

T(f) = 70 + 57.5 (i + i - i - 57.5 +1 - 4 - j- % (t - 4). 

Of course, the obvious question is: What is A? If the cake is supposed to bake for, sa; 
minutes, then T(20) = 300. That is, 


300 = 70 + 57.5 ( r + 20 - i e 20k 


, , - , _ . -57.5 (\ + I 6-7 e 16fc 

,A A / VA A 

But this equation has no physically meaningful solution. This should be no surprise sinc= 

model predicts the. asymptotic behavior T(t) —>■ 300 as t increases. Using T(20) = 299 ins' 

we find, with the help of a CAS, that A ss —0.3. 

82. We use the fact that Theorem 7 . 3.2 can be written as 




(a) Indcntifying a = 1 we have 


(2 i + 1) -1)}=X {[2{t - 1) + 3] £ H(* - 1)} = e“ s 2{21 + 3} = e~* ( 4 + ■ 

s, S S / 
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Using (16) in the text we have 

if{(2 1 + 1) %t - 1)} = e~ s if{2(t + 1) + 1} = e _s if{2f + 3} = e' 6 ' (^ + ;) • 

(b) Indentifying o = 5 we have 

%{e t6 U(t - 5)} = if {e t-5+5; M(t _ 5) j. = e 5y{ e i-5 cn( t _ , 5 )| = e 5 e~ 5s if {e*} = e 
Using (16) in the text we have 

if {e t3 \L(t - 5 )} = e“ 5s if{e* +5 } = e“ 5s e 5 i*{e*} = 

(c) Indentifying a = tt we have 


s — J. 


e _5( s _l) 
8 — 1 


if{cos t°W(t — tt)} = — if{cos(t — tt) ~ 1 /(f — tt)} = —e 7rs if{cosf} = 
Using (16) in the text we have 


se 


—7T5 


s 2 + 1 


if {cos t c 1 2 /(t — 7 r)} = e ns if {cosfy + ?r)} = —e irs if{cos t} = 


se 


s 2 + 1 ’ 

(d) Indentifying a i = 2 we have 

if{(t 2 - 3 t)%t - 2)} = if {[(t - 2) 2 + 4t - 4 - 3£] °U(t - 2)} 

= if {[(t - 2) 2 + (f - 2) - 2] %t - 2)} 

+ (£ + £-§). 

Using (16) in the text, we have 

if {(t 2 - St) m.(t - 2)} = e~ 2s &{(t + 2) 2 - 3(i + 2)} 

-e-fxP + t- 2} = e-(i + ^-?). 

l a) From Theorem 7.3.1 we have if{te**} = l/(-s — ki) 2 . Then, using Euler’s formula. 

^£{te ku } = i? {t cos kt + it sin kt} = if {t cos kt} + i if {t sin kt} 


1 


(s + ki ) s 


s 2 — k 2 2 ks 


( s-ki ) 2 (a 2 + A; 2 ) 2 (s 2 + A; 2 ) 2 +1 (s 2 + A: 2 ) 2 • 

Equating real and imaginary parts we have 

° 2 - k‘ 2 , 2fcs 


if {t cos A:£} = 


(s 2 + A; 2 ) 2 


and if{tsinfc£} = 


(s 2 + A; 2 ) 2 
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(b) The Laplace transform of the differential equation is 

a 2 %{x}+u 2 %{x} = ^ r ^. 

s z + ■ab¬ 
solving for ( ~£{x) we obtain ^{x} = s/ (s 2 + a; 2 ) 2 . Thus x = (l/2a> sin ut. 



d / 1 


i- ^- 101 } = -i(: 

2. if{tV} = (-l) 3 

3. i?{tcos2t} = 


1 


ds Vs + 10/ (s + 10) 2 
d 3 / 1 \ 6 


ds 3 Vs — 1/ (s — l) 4 
d ( s \ s 2 — 4 


dsVs 2 + 4/ (s 2 + 4)^ 


4. if{tsinh3*} = (-J_ 


6s 


d? 

5. ^f{t 2 sinht} = —-jj 


(S 2 - + 

6s 2 + 2 


ds 2 Vs 2 — 1/ (,s 2 - l) 


6. Z£{t 2 cost) =-^ 


d ( 1 — s 2 


7. X{te*AnU) = -4 (_ 

8. y{te- t| ‘co83i} = -^- 


ds 2 Vs 2 + 1/ ds \> 2 + l) 2 
6 \ 


^ 2s (s 2 - 3) 

/ (s 2 + l) 3 

12(s - 2) 


2) 2 + 36; [(s — 2) 2 + 36] 2 

s + 3 \ (s + 3) 2 - 9 


(s + 3) 2 + 9; [(s + 3) 2 + 9J 2 

9. The Laplace transform of the differential equation is 


s%{y} + #{y} = 


2,s 


(s 2 + l) 2 


Solving for 2?{y} we obtain 

2s 


2{y} = 


11 11 Is 

+ - 


+ 


+ 


(s + l)(s 2 + 1) 2 2 s + 1 2 s 2 + 1 2 s 2 + 1 (s 2 + 1)2 ( 



s 

S2 +T)2 ' 
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Thus 


, v l _, l . 1 1 , . ,1 

y[t) = —-e — - smt + - cost + ~(smf — tcost) + -tsinf 
z z 

1.1 1 1 . 

= —-e +- cost — -tcost + -t smt. 
z z z z 


0. The Laplace transform of the differential equation is 


Solving for i?{y} we obtain 


Thus 


sx{ y }-x{ V } = 


*{»} = 


2(5 - 1) 


((* - 1 ) 2 + 1) 2 ' 
2 


((* - 1)2 + 1)2 • 


y ~ e l sin t — te * cos f. 

1. The Laplace transform of the differential equation is 

s 2 £{y} - sy{ 0) - y'(0) + 9 i?{y} = 

Letting y(0) = 2 and z/(0) = 5 and solving for if {y} we obtain 
, r ( . 2s 3 + 5 a 2 + 19s + 45 2s 5 

“M = - / O . M, - = — - ^ + - 


s 2 + 9 


(s 2 + 9) 2 


+ 


s 2 + 9 s 2 + 9 (a 2 + 9) 2 


Thus 


5 1 

y = 2 cos 31 + - sin 3t + -t sin 3t. 
3 6 


2. The Laplace transform of the differential equation is 

s 2 £'{y} - *y{ o) - y'( o) +i?M = 

Solving for i?{y} we obtain 

Thus 


s 2 + 1 


s 3 — a 2 + s 


1 1 
+ 


(a 2 + l) 2 A 2 + 1 A 2 + l 1 (a 2 + l) 2 

y = cost — sint + 0- sint — ^tcosA = cost — 1 sint — ^t cost. 

. The Laplace transform of the differential equation is 

s 2 i?{y} - sy(0) - */(0) + 16 if{y) = if {cos4t - cos 4t°U(t - 7r)} 
or bj' (16) of Section 7.3, 


(a 2 + 16) ¥{y} = 1 + 
= 1 + 
= 1 + 


a 2 + 16 

A 

A 2 + 16 

A 


e-™i?{cos4(t + 7r)} 
e~ 7rs if {cos 4t} 


—7T.S> 


s 2 + 16 s 2 + 16 
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Thus 


1 s s 

s 2 + 16 (s 2 T 16) 2 (s 2 + 16) 20 


111 

y = -sin4t + — t sin — -{t — 7r) sin 4(£ — 7r)^(t — n). 
4 8 8 


14 . The Laplace transform of the differential equation is 


Thus 


15. y 


s 2 %{y} - sy{ 0) - y'( 0) =% \ 1 -%[t - ^ ) + sin£ c 'i/(f 


( 5 2 + l)^{y} = * + - 

if 


—- s H— 

$ 


= s H- 


_ i e -™/2 + g-w/2 ^ | sin ^ + 5 

rs / 2 + e - 7 r,s / 2 if{ CO sf} 

rs/2 _i_ g p -va/2 


*{v} = 


j _____ e -™/ 2 -I ___ P 


s 2 + 1 s(s 2 + 1) s(.s 2 + 1) 


0 s 2 + l) 2 


-tt.s/2 


£ +1 _£_ fl _ e - W 2 + _£_ c -«/2 

s 2 + 1 S S 2 + 1 V<S .S 2 T 1 / (.9 2 + l) 2 ' 


1 /I 


S \S S“ 


g—7rs/2 _|_ 


_£__ 0 -ns/2 


(•S 2 + l ) 2 


= i - (i - sinf K‘ - i) - 5 (‘" f) cost< “(‘- f) ■ 
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From (7) of Section 7.2 in the text along with Theorem 7.4.1. 

■W} = ~fs X{y “ } = “S |s2y(s) “ sy{0] ~ ^ = “* 2 ^ - 2sy + »(°)' 

so that the transform of the given second-order differential equation is the linear first-order differ¬ 
ential equation in Y (.s): 


s 2 y' + 3.sK = -4 


or Y' + ~Y= — 
s s 


The solution of the latter equation is Y (,s) = 4/s 4 + c/s'K so 

!,(t) = if- 1 {y w} = | * 3 +1 ( 2 . 

From Theorem 7.4.1 in the text 

if W) = -4 if{j/'} = -4[ s r( s ) - y(o)] = ^ - y 

so that the transform of the given second-order differential equation is the linear first-order differ¬ 
ential equation in Y(s): 

y,+ (!- 2s ) y =-f- 

o _ 2 

Using the integrating factor s a e * , the last equation yields 

,,, . 5 c s 2 

y(s) = ? + ? c ' • 

But if Y(s) is the Laplace transform of a piecewise-continuous function of exponential order, we 
must have, in view of Theorem 7.1.3, lim^oc Y (s) = 0. In order to obtain this condition we require 
c = 0. Hence 

s/W = ^- 1 {^} = 5* 2 - 

1 -> S s 4 s° 


X U * fe ‘} = , ; 3 (,, 2 _ t)2 

* e* cost} = -r—-; 


.9—1 


( S + 1) ((.9 - 1)2 + lj 
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22. %\e 2t *smt) = 7 - * 9 - - ~ 

1 J (s — 2)(s 2 + 1) 


23. 


24. 


*{/o erdT } = ^ {e ‘ } = ^T) 

(ft 1 ] 5 1 

if< / cosrdr > =-ifjcost} =-r-s—-r = -s—- 
[Jo J s s(s 2 + 1) s l +1 

^{/Vcosrdr} = j X {e-‘oos(} = \ (; + *^ = 


s + 1 


26. 


28. 


29. 


30. 


31 . 


s (s 2 + 2.9 + 2) 

%{ f'rsmrdr) = - if{tsin*} = - (-£- = -- ~ 2s 9 = 5 

[Jo J * s \ dss 2 + ly/ s(s 2 + l) 2 (s 2 + l) 

*{Jo Te ‘~ TiT } = y{t}if{e ‘ } = ?(7=Tj 

if{ [ sinr cos(t — r) cZrl = if {sin t} if {cos £} 


/() 


(s 2 + 1)' 


2U f sinrdr| = /*sinrrfr} = (- + 1 , 

/o J <2s [Jo J G?S VS S 2 + 1/ , 9 2 (. 9 2 + l) 


if \t I re T dr\ = —^ifj^re T ^ r ^ = 


J ds \ s (s + 


\ 3s + 1 

+ 1) 2 / s 2 (s + l) 3 


1 


>-i / V( g - 1 ) I _ f\ 


^ 1 {^) = ^ I i“) = /o CT<ir = e ‘- 1 


32. if 


Cfi—l \ 1 1 _ Cfi-l / V 5 ( g ■*■) 


s 2 (s-l)J ^ \ s 


33. 




- j = f Q (e r — l)dr = e t — t — l 
] j=f‘(e T -r-l)dT = e t -^-t-l 


34. Using if 


-i 


1 


— te af \ (8) in the text gives 


(s — a) 2 


if 1 {~r ——To 1 = [ re aT dr = \{ate at - e at + 1). 
[s(s-a) 2 J Jo a 2 


35. (a) The result in (4) in the text is if 1 {F(s)G(s)} = / * g, so identify 

2 /e 3 4 s 

F w = (?TPp aud G(s) = ?+F' 
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Then 


so 


f(t) = sin kt — kt cos kt and g(t) = 4 cos kt 
^ _1 { (^2^2)3 } {F{s)G{s)} = = f{r)g{t-r)dt 


= 4 (sin kr — kr cos kr) cos k(t — r)d 
Using a CAS to evaluate the integral we get 

' Sk 3 s ' 


■T. 


V —1. 


X 


cy 

= t sin kt — kt cos kt. 


8k*s 


\(s 2 + fc 2 ) 3 

(b) Observe from part (a) that 

i?{t(sin kt - At cos kt)} = . 

and from Theorem 7.4.1 that X{tf(t)} = —F'(s). We saw in (5) in the text that 

lz?{sin kt — kt cos kt} = 2k 3 /(s 2 + A* 2 ) 2 , 
so 

d 2 k 6 8k?-s 

kt -««»«)} = • 

The Laplace transform of the differential equation is 


1 


s^{y} + X{y} = T + 


2s 


(s 2 + l) ' (s 2 + l) 2 ‘ 


Thus 


vr i 1 , 2,s ' 

— ~o — ,To + 


(,,2 + 1)2 ( S 2 + 1)3 

and, using Problem 35 with k — 1, 



1 1 

y = -(sint — tcost) 4- -(tsint — t 2 cost). 


The Laplace transform of the given equation is 

Solving for X {/} we obtain X {/} = ^ . Thus, f(t) = sin t. 

't - i- 

The Laplace transform of the given equation is 

X{f} = J 2 ?{ 2 t} - 4 Jzf {sint} <$?{/}. 
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Solving for if{/} we obtain 




Thus 


s 2 (s 2 + 5) 5 s 2 5\/5 s 2 + 5 

2 8 

/(f) = -t + —?= sin \/5 f. 
o 5\/5 


39. The Laplace transform of the given equation is 

if {/} = y{te*}+y{t}^{/}. 

Solving for ^{/} we obtain 


^{/} = 


c.2 


113 1 12 

+ - 


Thus 


(s — l) 3 (s + 1) 8 s — 1 4 (s — l) 2 ' 4 (s — l) 3 




40. The Laplace transform of the given equation is 

if{/} + 2if{cost}if{/} = 4 if {e"*} + if {sin t}. 
Solving for if{/} we obtain 

^{/} = - f -- !S - 5 = —h-7-^+4 2 


Thus 


(s + l) 3 s + 1 (s + l) 2 (s + l) 3 
/(f) = 4e _ * - Iter 1 + 4f 2 e _t . 


41. The Laplace transform of the given equation is 

if{/}+if{i}if{/} = y{i}. 

Solving for if{/} we obtain if{/} = —. Thus. f(t) = e~ l . 

s T 1 

42. The Laplace transform of the given equation is 

if{/} = if {cost} + if{e'*}if{/}. 

Solving for if{/} we obtain 


Thus 


^> = ?TT + ?TT 


f{t) = cost + sinf. 


1 1 
8 8 + 1 ' 
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43. The Laplace transform of the given equation is 


X {/} = ^{1} + *{t} ~ * 1 1 ( t - r) 3 /(r) dr 


1 1 1 i 1 h 






Solving for if{/} we obtain 


Thus 


s 2 (.s + 1) _ 1 1 3 1 12 Is 

s 4 - 16 “ 8 s + 2 + 8 s-2 + 4 s 2 + 4 + 2 s 2 + 4 


/(f) = 2< + ^e 2 * + i sin 2t + ^ cos 2t. 


44. The Laplace transform of the given equation is 


Solving for if {/} we obtain 


Thus 




ym ^-1 11 13 ! 

2s* ~ 2 s 2 12 s*' 




4-5. The Laplace transform of the given equation is 


sZ{y} -y(0) = if{l} - if {sint} -if{l}if{y}. 


Solving for if {/} we obtain 


Thus 


_ s 2 - s + 1 _ 1 1 2 ,s 

m ~ ( S 2 + 1)2 “ ?+T ~ 2 (s2 + l)2 • 


y = sin t — -1 sin t. 


-=■5. The Laplace transform of the given equation is 


•siffy} - y(0) + 6i*{y} + 9if{l}if{y} = if{l}. 


Solving for if{/} we obtain if{y} = ^ . Thus, y = te 3t . 

\ s + 3 ) 
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47. The differential equation is 
di _ 1 t f ' 


or 


°' 1 ^ + 3? ” + 0 05 L i ^ dT = 10 °^ - 1) - ° u {t ~ 2)] 

(jj ft 

— + 30z + 200 / z(r)dr = 1000[ J M(t — 1) — 9/ (t — 2)] ? 
at Jo 


30; 

20 

10 


-10 


0.5 1 1.5 


where z(0) = 0. The Laplace transform of the differential equation is - 20 ] 

-30 

s%{i) - y{ 0) + 30 ^{i} + = ^(e“ s - e“ 2 *). 

Solving for i?{i} we obtain 

1000e _s — 1000e~ 2s ( 100 100 


*{*} = 


s 2 + 30s + 200 Vs+ 10 s + 20 


(e~ s - e~ 2s ). 


Thus 


i(t) = 100(e _10( * _1) - e -20 ^" 1 )) - 1) - 100(e _10(f_2) - e ~ 20(t-2) ) °U.(t - 2 


48. The differential equation is 
.di . 1 ft 


ni r l 

0 - 005 — + * + 00 ? Jo ^^ ^ 100 ^ ~ ^ 


X 

2 r 


or 


(jj rt 

- + 200 i + 10,000 / i{r)dr = 20,000[t - (t - 1) °U(t - 1)], 
dt Jo 

where i(0) = 0. The Laplace transform of the differential equation is 

10,000 . (\ 1 


1.5; 

1 

0.5 


0.5 1 


8%{i] + 200 2{i} + = 20,000^ - 


Solving for if {i} we obtain 


y/ji =_ 20,000 _(i _ e ~ s ) - 

W s(s +100) 21 ] 


200 


Ls s + 100 (s + 100) 2 J 


(i-O. 


Thus 


i(t) = 2- 2e~ im - 200te~ im -2°U(t-l)+ 2e- 100{t_1 ) °U{t - 1) + 200(t - l)e~ 100( *" 


49. if{/(t)} 


1 - e _2as 


[ a e~ st dt - f 2a e~ st dt 

J0 Ja 


(1 — e a,s ) 2 1 — e 


as 


s( l-e~ 2as ) s(l + e~ as ) 


50. 2{f(t)} = -1-5- [ a e~ st dt = 1_ , 

\j \ jf 1 _ e -2a.s J Q , s (1 + e~ as ) 



1.5 


H(t~. 
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Using integration by parts. 


W(t)} = 


- ] — r [ b jte~ al dt = - 

1 — e -6s Jo b s 




ZW)} = Si te ~ Xdt + 1! {2 ~ t)e "‘ >dt 


1 - e~ s 
,s 2 (l - e' 2s ) 


*W)} = T /; e SfsinUZf 


1 e 7rs/2 + e _7rs ' /2 


■^{/(*)> = e ”‘ sint,ft = ^2 


+ 1 1 - e- 


The differential equation is Ldijdt + Ri = E(t), where i(0) = 0. The Laplace transform c: 
equation is 


L»2{i}+RZ{i} = &{E{t)}. 


From Problem 49 we have ^£{E(t)} = (1 — e 8 )/s( 1 + e s ). Thus 


(Ls + R)X{i} 


1 - e~ 3 
s(l + e~ s ) 


and 


i herefore, 


1 

U = -r 


1 — e 


—a 


1 1 -e - 


T .s(s T I?/L)(l + e 3 ) L s(s + /?/L) 1 T e 

1 


= 1(1 _ 

R\s s + R/L 

1 A 1 

i? V .s s T i?./ L 


- e- 9 )(l - e“* + e~ 2s - e~ Zs + e~ 4s -) 

- 2e~ s + 2e~ 2s - 2e~ 3 * + 2e _4 *-). 


m = ~ (l - e ~ Rt ' L ) - | (l - e-w-wq n (t - 1) 

+ (l - e - R, ‘-' 2 > ,L 'j 'll (f - 2) - (l - e --R(<-s)/q % (t - 3) + 


1 9 00 

= i (i - e-® 4 ^) + | £(-l)" (l - ‘U (f - n). 

1 n=l 
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The graph of i(t) with L = 1 and R = 1 is shown below. 



56. The differential equation is Ldi/dt + Ri = E(t), where i(0) = 0. The Laplace transform of 


ecmation is 


From Problem 51 we have 


LsZ{i} + R£{i] = if 




Thus 


(Ls + R)%{i} 


1 ^ _ 1 1 

s 2 g e s _ Y 


£{i\ — 1 _ - __ 1 - 1 -... - - 

1 ' L s 2 (s + R/L) L s(s + R/L) e s - 1 


1/1 LI L 1 


Therefore 


RW Rs Rs + R/LJ R\s s + R/L 


m = i (t - \ + le-^) - 1 (1 - e-w-wq * (t - 1) 

- I (l - e -£(*~ 2 )/q ^ (t _ 2) - I (l - c -fiC-3)/q <K (t _3) 


£J _L £> 2 s ^ 


The graph of i(t) with L = 1 and R— 1 is shown below. 
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. The differential equation is x" + 2x f + 10a; = 20/(f). where f(t) is the meander function in Probier.. 
49 with a — tt. Using the initial conditions zc(0) — a/(0) = 0 and taking the Laplace transform we 
obtain 

on i 

(s 2 + 2 s + 10) 2{x(t)} = T (1 - 

on 

= — (1 - e"”)(l - e~" s + e~ 2r ' s - e" 37rs + • • •) 
s 

90 

= — (1 - 2e“™ + 2e~ 2ns - 2e~ 3ws + • • •) 
s 


20 40 00 

= ^ + ^ E (_ 1 )n e -n, 
s s 

n=1 


Then 


= 


20 


+ 


40 


00 


s(s 2 + 2,9 + 10) s(s 2 + 2 s + 10) 


j2(-iy i e- n ™ 


25 + 4 + g(_l)n r4 


s s 2 + 2s + 10 
2 2(s + 1) + 2 


72 “1 
OC 


4s+ 8 


. (. + D» + 9^S ( - ir 


[5 s 2 + 2s + 10. 
1 (.9 + 1) + 1 


[s (s + l) 2 + 9 


-rms 


and 


/ 1 \ 00 f 

x(t) = 2(1 — e~ l cos 3 1 — -e _t sin 3t j + 4 ^ (—l) n 1 — e _ ( t_rwr ) C os 3(£ — ? 2 tt) 
' 3 / n _ t 


— -e ^ sin3(£ — nn) ^/(t —7wr). 

o 

Ihe graph of x(t) on the interval [0,2?r) is shown below. 



. he differential equation is x" + 2x’ + x = 5/(t), where /(f) is the square wave function with a — tt. 
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Using the initial conditions x(0) = x'(0) = 0 and taking the Laplace transform, we obtain 


(, 2 + 2 S + 1) y{x(t)} = 5 j-i— = | (1 - e-” + e 


tvs i 2 ?vs _ 3tt6‘ 4=tts 


= - V(-I) n c“ ft,r u 

S n=0 


Then 


= 


DC 


TTif n-'r'~ - 5 S ( - ir (i - ITT - (TPIP, 


- 7 ITT S 


and 


a:(t) = 5 £(-l) n (l - e“< t_TMr > - (t - mT)e~^- nir) ) °U(t - m r). 

Ti=0 

The graph of x(i) on the interval [0,47r) is shown below. 



59. f t) = - 3) - H> + 1)]} = -^-'{^3 - JTT} = U‘ - O 


60. The transform of Bessel’s equation is 


d 


d 


--[ S 2 y« - sy(0) - y'(0)] + sY(s) - y(0) - - V(«) = 0 


ds 


or. e 


. after simplifying and using the initial condition, (s 2 + 1 )Y' + sY = 0. This equation : 


separable and linear. Solving gives U(s) = c/V s 1 + 1. Now Y (s) If { Jo(t)}, where Jr 
derivative that is continuous and of exponential order, implies by Problem 46 of Exercises 7 


1 — Jo(0) = lim sy(s) = c lim 


s-oo yj ^2 + k 2 


- c. 


so c = 1 and 


I'M = ~r^ or y{Jo(t)} = 1 


Vs 2 + 1 


Vs 2 + 1 
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1. (a) Using Theorem 7.4.1. the Laplace transform of the differential equation is 


d 


d 


-- [s 2 F - sy( 0) - i/(0)] + sY - y{ 0) + — [sY - y{ 0)] + nY 


ds 

= ~iL [ *‘ Y]+sY+ i lsY]+HY 




2sY + sY + s( d ^-'j + Y + nY 


= (s - s 2 ) (^-) +(!+»- s)i' = 0. 


Separating variables, we find 

d,Y 1 + n — s 


ds — 


n 


1 + n 


Y s 2 — s " Vs — 1 s 
In y = n ln(s — 1) — (1 + n) In s + c 

(«-1)° 


ds 


y = ci 


Q 1 +71 


Since the differential equation is homogeneous, any constant multiple of a solution 
be a solution, so for convenience we take ci = 1. The following polynomials are sok. 
Laguerre’s differential equation: 


n■ = 0 : 

L 0 (t) =X~ x = 1 


. f s — 11 

n = 1 : 

ilW =^{ s2 }. 

n = 2 : 

z s («)=.s?- 1 { (4 a5 1) 

n = 3 : 


n = 4 : 

£ 4 (t)=^-d (6 /) 1) 


1 1 




9 2 o 1 . 

= l-4t. + 3t 2 - -t s + — t 4 . 

3 24 


lb) Letting fit) = t n e 1 we note that f( k \ 0) = 0 for k = 0, 1, 2, ..., n — 1 and f- n 
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Now, by the first translation theorem. 

= b x{etf{n){t)} = u-i 

- i[s“ - s n -’/( 0 ) - s"- 2 /'( 0 )-/<”~ 1 ) ( 0 )L < _ 1 

_ 1 Ln ^ } _ (* ~ If _ Y 

nil (s + l) n+] J 5 —>.s—i a n+1 

where Y {L n (t)}. Thus 

L " (t) ” n\ n - 0 - 1 ' 2 --' 

62. The output for the first three lines of the program are 


6 y'[t] + y [t\ —— t sin[t] 


1 - 2 s + 9Y + s 2 Y + 6(—2 + sY) == 


2 S 


Y-+- 


(1 + s 2 ) 2 

-11 - 4s - 22s 2 - 4s 3 - 11s 4 - 2 s 5 \ 


(1 + s' 2 ) 2 (9 + 6 s + s 2 ) J 
The fourth line is the same as the third line with Y —> removed. The final line of output, shov- 
solution involving complex coefficients of e u and e~ %t . To get the solution in more standard : 
write the last line as two lines: 


euler={E~(It)->Cos[t] + I Sin[t], E~(-It)->Cos[t] - I Sin[t]} 
InverseLaplaceTransform[Y, s, t]/.euler//Expand 

We see that the solution is 

e -3 * + xpx (13cost — lS^cost — 9sint -f 20t sin t ). 

63. The solution is 

y(t.) = — \e~ t - 2 cos n/15 t — e~ t/2 sin Vl5t. 

yw 6 6 6 

64. The solution is 

q(t) = 1 — cos t + (6 — 6 cosi) 4/ (t — 3tt) — (4 + 4cos t ) °ll (t — n). 
q 

5} 

71 

-S\ 
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Exercises 7.5 




1. The Laplace transform of the differential equation yields 


% M = 


-2s 


s — 3 


so that 


y = - 2). 


2. The Laplace transform of the differential equation yields 


,,, , 2 e~ s 

* {v} “ ITT + 7+1 


so that 


y = 2e t + e ^ (t — 1). 

3. The Laplace transform of the differential equation yields 

^w = ^i( 1 +«“ 2 ’' s ) 

so that 

y = sin t + sin t : 'U (t — 2n). 

4. The Laplace transform of the differential equation yields 


1 4 


Vi = - 


-2 7TS 


4 s 2 + 16 


so that 


y = ^ sin4(t — 2n)°U(t — 27t) = ^ sin 4t <J U (t — 2i r). 


:. The Laplace transform of the differential equation yields 

(<T ” /2 +e.-W l ) 

S I 1 

so that 


y = sm[t--] 5 ll 


= — cos t (t — + cos t S U. (t- ■ 

The Laplace transform of the differential equation yields 

.S' 1 


37T' 
1 
3tt \ 

~2j‘ 


+ +e > 
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so that 


y = cost -|- sintf^t — 2tt) +°U(t — 4tt)]. 


The Laplace transform of the differential equation yields 


^M = TT ^( 1 + ^ s ) = r11 1 1 


so that 


s 2 + 2 s 

1 1 —2 1 
V=2~2 e + 


.2 2 

5. The Laplace transform of the differential equation yields 


L2 s 2 s + 2J 

c U{t- 1). 


(1 + e~‘) 


I _ I e -2(t-l) 


<£Sy\ - 3 + 1 +- I -p-2* 

W s 2 (s - 2) + 5(5 - 2) 


31 3 1 1 1 ri 1 

+ 


so that 


3 2, 3 1 

y =l e -4“2 i + 


L2 2J 

9. The Laplace transform of the differential equation yields 


11 

4 s - 2 4 s 2 a 2 ' [2 s — 2 " 2 «J 

^ (t - 2). 


I e 2(<-2) _ I 




l 


(a + 2) 2 + l 


—2tts 


so that 


y = e -2(t-27r) sin ^( i _ 27 r). 


10. The Laplace transform of the differential equation yields 


%{y} = 


1 


(a +1) 2 


so that 


= (t — l)e _ ^ _1 ^(t — 1). 


11. The Laplace transform of the differential equation yields 


= o 4 + 5 ■■ + 


e~ vs + e -3 ™ 


a 2 + 4s+ 13 s 2 + 4s + 13 
2 3 s + 2 


"TTo + 


1 

+ X 


_( e -~ + c -3™) 


so that 


3 (s + 2) 2 + 3 2 (s + 2) 2 + 3 2 3 (s + 2) 2 + 

y = ^e _2t sin3i + e -2 * cos3t + ie _2 ( t_7r ) sin3(t — 7r) J U(t — -a) 

O O 

+ i e - 2 ^- 37r ) sin3(t - 3 t r)°U(t - 3tt). 

O 


—2s 
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2. The Laplace transform of the differential equation yields 

1 


%{y} = 


+ 


e~ 2s + e~ 4s 


(s — l) 2 (s — 6) (*-!)(*-6) 


1 1 1 

^ + 


25 s — 1 5 ($ — l) 2 25 s — 6 


1 1 


+ 


1 1 


5 s - 1 5 a - 6J 


(e 2s + e 


so that 


^-r‘-^ ,+ r 6I+ 


J-2 


+ 


--e l ~ 4 + -e 6(f_4) 


-re" - " + -e' 
h o 


°U(t- 4). 


6(i—2) 


^(t-2) 


5 5 

3. The Laplace transform of the differential equation yields 




so that 


«/ = j!/"(0)* 2 + 1 «"'( o)x 3 + g § (* - f) «( x -1)' 

Using y"(P) = 0 and y'"(L) = 0 we obtain 

1 Poi ^£^§M) 3 *H) 
), 0< 


y= 4 PI* 


= < 


f (-X 2 - -t* 

EI\ 4' 6' 


L 

X< 2 


— < r < L 

l 4PI V2 12/ ’ 2 “ “ ’ 


4. From Problem 13 we know that 

V = \y"(0)J + g/W + i § («■- -1). 

Using y(L) = 0 and y'(L) = 0 we obtain 


y = 7Z. 


1 P 0 L 2 1 Po 3 1 Po 


16 El X 12 EI X + 6 El 


•T-W U-W 


= < 


( ft (L 2 1 ! 

El Vl6 12 * 


Po ( L 2 1 


l PI \16 


—P' - -r + - 


12 


1 Po 


6 PI 


L 

x — — 


0 < x < 


^ < x < L. 
2 ~ - 


You should disagree. Although formal manipulations of the Laplace transform lead to yii 
|e _< sin 3f in both cases, this function does not satisfy the initial condition y'{ 0) = 0 of the sect 
initial-value problem. 
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Exercises 7.6 





1. Taking the Laplace transform of the system gives 

sJ£{x} = -£{x} + % {y} 

sZ£{y} — 1 = 2^£{x} 


so that 


and 


Then 


= 


1 


11 11 


(s — l)(s + 2) 3 s - 1 3 s + 2 


y ( . _ 1 2 = 2 _1_ 1 1 
s s(s — l)(s + 2) 3 8-1 "^3 s + 2 


1 f 1 t i 2*1 _o+ 

x = -e l - -e and y = -e f + -e 


2. Taking the Laplace transform of the system gives 

s %{x} - 1 = 22{y} + 


sX{y}-l = 8X{x}- 2 


■s — 1 
1 


so that 


and 


Then 


„ f , s 3 + 7 s 2 -s + 1 11 8 1 173 1 

j / 7"w o Z /.\ .« , - "+ 


53 1 


s(s - l)(s 2 - 16) 16 s 15 8-1 96 8-4 160 s + 4 

1 8 t 173 4t 53 _ 4f 

» = 16 “ I5 C + ^ “l60 e '• 


1 , 1 1 1 , 173 4t 53 . 

x ~s v+ s t ~s t ~T5 e + m e ' + 3M e 

3. Taking the Laplace transform of the system gives 

sX{x} + l = 2{x}-22{y} 

82{y}-2 = 52{x}-2{y} 

so that 


■*{*} = 


and 


—s — 5 
a 2 + 9 


o 3 


s 2 + 9 3 .s 2 + 9 
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Then 


x = — cos 3t — - sin 3 1,. 


11 7 

y = -x — -x' = 2 cos 3t — - sin 3f. 
2 2 3 


4. Taking the Laplace transform of the system gives 


so that 


and 


Then 


%{y} = 


(s + 3) if {*} + sif {</} = - 

s 

(5-l)tf{*} + (.-l)*M= 

5s - 1 11114 1 


1111 4 

= --- + --r + x 


3s(s - l) 2 3 s 3 -s - 1 3 {s - l) 2 

1 - 2s _ 1 1 11 1 1 

3s(s - l) 2 “ 3 s ” 3 s- 1 “ 3 (s - 1)2 ■ 


1 =$ - r ~ 3 te 


. 1 1 l 4, ( 

and + + 3* e ' 


5. Taking the Laplace transform of the system gives 


so that 


and 


Then 


if M = 


(2s — 2) if {a;} + s^£{y) = - 

5 

(s — 3) if {.t} + (s — 3) ifO/} = - 


—s - 3 


3s- 1 


s{s — 2)(s — 3) 


11 

-- 

2 s 

5 

1 


2 

2 s — 2 

s 

-3 

1 1 

5 

1 

8 

+ 3 

1 

6 s 

2 s — 2 

s — 3 


x - - 2e 3t 


, 1 5 2 1 8 3<: 

and y = ~-~ ~e 2t + -e 3 \ 


6. Taking the Laplace transform of the system gives 

(s + 1) if {a;} - (s - l)if {y} = -1 

sif{x} + (s + 2) if {y} = 1 

so that 

s H-1 /2 s “H 1/2 


2{y} = 


and 


s 2 + s + l (s + 1 / 2) 2 + ( a / 3 / 2) 2 
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%{*} = 


-3/2 
s 2 + s + 1 


= —Vz 


x/3/2 


(s + 1/2)2 + (x/3/2) 2 ' 


:ien 


V 


= e t ' 2 cos ~-t and x — —VSe ^ 2 sin 

Taking the Laplace transform of the system gives 

( s 2 + =-2 

so that 

-2s 2 -1 11 3 1 


*{*} = 


and 


Then 


s 4 + 2s 2 


2 s 2 2 s 2 + 2 


1 3 . /- 

X = --t - 7 = Sill v 2 t. 

2 2\/2 


„ 13 

y = x + * = -5* + ^ 


sin \/2t. 


Taking the Laplace transform of the system gives 

(8 + l)X{x} + X{y} = l 

42{x}-(s + l)2{y} = l 


so that. 


and 


Then 


#{*} = 
* M = 


s + 2 


5+1 


1 

+ 7t 


s 2 + 2s + 5 (s + l) 2 + 2 2 2 (s + l) 2 + 2 2 

—s + 3 s +1 „ 2 


+ 2 - 


a? = e t cos2£ + ~e r sin2i and y — — e l cos2t + 2e c sin2t. 


s 2 + 2.s + 5 (s + l) 2 + 2 2 (s + l) 2 + 2 2 ’ 
1 




-t. 


.-t. 


9. Adding the equations and then subtracting them gives 

d 2 x _ 1 
dt 2 ~ 2 


— — t 2 ~r 2 1 


d 2 y 1 2 
dt 2 2 


Taking the Laplace transform of the system gives 

il+ 

s 24 -s 5 3 5 

and 


, „1 14 ! 13 ! 

^{x}-S- +— —^ + 
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so that 


1 41 l 31 

*“=247-3? 


„ 1 4 1 , , 1 , 1 , 
X = 8+ a‘ + 3 f and »=24 r -3 f ' 


0. Taking the Laplace transform of the system gives 


so that 


Then 


,-nd 


(*-4 )Z{x} + s 3 Z{y} = 


6 


■S ' 2 + 1 


so that 

H£{x} = 

and 

x{y] = 

Then 


and 



(s + 2) %{x} - 2 s 3 X{y} = 0 
4 4 14s 81 


(s — 2)(s 2 + 1) 5 s-2 5 s 2 + 1 5 s 2 + 1 

2s+ 4 12 2 11 6 s 

2^7+ r 


s 3 (s - 2)(s 2 +1) s s 2 s 3 5 s-2 5 s 2 + 1 


4 2 f 4 8 

x — -e — - cos t — - sm t 

5 5 


5 


9 1 9 . 6 8 

y = 1 — 2t — 2tr + -e 2t — - cos t + - sin t. 

5 5 5 


gives 

s 2 X{x} + 3 (s + l)^{y} = 2 
s 2 if{:r} + 3^M = 


1 


*{*} = 


(s +1) 2 

2s+ 1 11 12 1 


s 3 (s+l) s s 2 ' 2 s 3 s +1 


£ — 1 T 1 T — e ^ 


1. 1 „ 1 


y = -te f — ^x" = ~te * + \e f — \ 
3 3 3 3 3 


faking the Laplace transform of the system gives 

(s-4)X{x}+Ve{y} = 


2e s 


■3^}+(j + P{!,}T + ^ 
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so that 


and 


Then 

and 


13. The system is 


2{x\ = 7-7TT“ 717 + <=- 


1 


(8 - 1 )(* - 2 ) 
11 11 


(s - 1 )(s - 2 ) 


2 s — 1 2 s — 2 


+ e' 


1 1 
+ 


= — + 


s/4 - 1 


•5 (s-l)(s-2) 

3 1 11 


+ e 


4 s — 1 2 s — 2 


+ e 


s — 1 s — 2 

-s/2 + 2 
(s-l)(s-2) 

13 1 1 


— 5 


Ls 2s-l 5 — 


x = l -e f - ^e 2t + [—e t_1 + e 2 ^ 1 )] % (t - 1) 

y = — le 2i + il — ^e t_1 + e 2 ^ -1 ^ °U(t — 1). 

*x Z L Z 



x" = -3xi + 2 (x 2 - x\) 
A = -2(X2 - Xi) 
x ) (0) = 0 
x i (o) = 1 


£2(0) = 1 

4(0) = 0. 

Taking the Laplace transform of the system gives 

(s 2 + 5) J 2 f{xi} - 2J2f{xa} = 1 


so that 

and 

Then 

and 


—2 Jz?{:ri} + (s 2 -f 2) %{X 2 } = s 

s 2 -)- 2s T 2 2 s 11 2s 4 \/6 

Xl s 4 + 7s 2 + 6 5 s 2 + 1 5 s 2 + 1 5 s 2 + 6 5-\/6 s 2 + 6 

s 3 + 5s + 2 _ 4 s 2 1 1 s _ _2_ y/6 

(s 2 + l)(s 2 + 6) 5 s 2 + 1 5 s 2 + 1 5 s 2 + 6 5\/6 s 2 + 6 ’ 

2 1 2 /- 4 n 

x-i = - cos t + - sin i — - cos v 6 t-\ -7= sin v 61 

5 5 5 5\/6 


404 



Exercises 7.6 


4 2 1 — 

xo = - cos t + - sin t + - cos y/61 -~m ■; •. 

o o 5 5\ 


4. In this system x\ and X2 represent displacements of masses mi and m -2 from y. 

positions. Since the net forces acting on mi and m 2 are 

—kixi + k‘ 2 ,{x 2 — x\) and — £ 2(22 — 24 ) - £ 32 * 9 . 

respectively, Newton’s second law of motion gives 

mix'l = — k\Xi + k-2 (X2 — Xi) 
m 2 2-2 = -k-2(x 2 — Xi) - kzX2- 

Using k\ = k -2 = A:$ = 1 . m\ = m 2 = 1 , 24 (0) = 0, 21 ( 0 ) = — 1 , 2 * 2 ( 0 ) = 0. and 2*0 0 - 
taking the Laplace transform of the system, we obtain 

(2 + s 2 ) - t£{x 2 ) = -1 

^{ 2 i }-(2 + s 2 )^{ 2 - 2 } = -1 

so that 


s 2 + 3 


and =2?{.'r 2 } = 


1 


s 2 + 3 ‘ 


Then 


X\ = — y= sin \/3 1 
v3 


and 2*2 = —7= sin VZt. 
V3 


(a) By Kirchhoff’s first law we have i\ = i 2 + * 3 . By Kirchhoff’s second law. on each loop 
E(t) = Ri] +Lii ' 2 and E(t ) = Rii+L^i'i or Lii^+Ri^+Ris = E(t ) and Lii’s+Rh+Rh 

(b) Taking the Laplace transform of the system 

0.01*2 + 5*2 + 5*3 = 100 
0.0125^3 + 5*2 + 5*3 = 100 


so that 


Then 


(s T 500) T 500i^{z3} — 
400if{*2} + (s + 400)^{*3} = 


10,000 

s 

8,000 


2W = 


8.000 


80 1 80 


80 80 
* 3 = T-¥ e 


s 2 + 900s 9 s 9 s + 900 

90(W and ta = 20 - O.OO 257/3 - i 3 = ^ 


100 100 _ 900 * 


9 


9 
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(c) *i = i -2 + *3 = 20 — 20 e 9004 

16. (a) Taking the Laplace transform of the system 

% 2 + ^ + 10*2 = 120 - 120 *U(t - 2) 

—10*2 T 5 ? '3 T 5*3 — 0 


gives 


(s + 10) ¥{h} + s¥{k} = — (l - e~ 2 *) 
-10s¥{i 2 } + 5 (s + 1) ¥{i 3 } - 0 


so that 


and 


Then 


and 


120 (a + 1) 


v/,\a — 


(3s 2 + lls + 10).s 
240 


(l - e~ 2 *) = 


48 


_ 60_ 12 

s + 5/3 s + 2 + s 


(1 


3s 2 ~t~ lls H~ 10 




240 240 


[s + 5/3 s + 2\ 




i 2 12 + 48e _5 *' /3 - 60e" 2i - [l2 + 48e _5( *" 2)/3 - 60e~ 2(<_2) ] °U(t 


* 3 = 240e _5t/3 - 240e -2 '- - [240e -5( * _2)/3 - 240e~ 2(t_2) ]%(t - 2 ). 
(b) ii = %2 + *3 = 12 + 288 e -5 ^ 3 - 300e“ 2t - [l2 + 288e _5( * _2)/3 - 300e _2(i_2) 

L 

17. Taking the Laplace transform of the system 

%' 2 + 11*2 + 6*3 = 50 sin t 

*3 + 6*2 + 6*3 = 50 sin t 


gives 


50 


(s + 11 ) ¥ {*2 } + 6 cSf{* 3 } — 2,1 

S r JL 

50 


6 ^* 2 } + (. 9 + 6 ) if {* 3 } = 


s 2 4 - 1 


$0 that 
¥ 

Then 

and 


50s 


20 1 375 1 145 s 

— — ~ - - ” + TT7T7T - ITZ" + 


(-S + 2)(s + 15) (a 2 + 1) 13 .9 + 2 1469 s + 15 113 a 2 + 1 


20 _ 2i 375 _ l3t 145 t 85 . 

i2 = -13 e + 1469 fi + U3 C0St+ 113 Sin// 


e- 2 ») 

- 2 ) 

°U- (t — 2) 

85 1 

~ 113 s 2 + 1 
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25 . 1 , 11. 30 _ 2f 250 15f 280 810 

?-3 = — sin t - - —ii = — e 2t + T-7zr, " 15t 


s' 2 ” T‘ 2 = I? " + 1469 e ' J -n3 COS ‘ + Tl3 Si “ ( ' 


>. Taking the Laplace transform of the system 

0.5?; + 50?: 2 = 60 

0.005?; + i-2 — ?i = 0 


gives 


a } + 10()Jz?{i2} — 


120 


-200^{n} + (a + 200) ¥{i 2 } = 0 


so that 


* « = 


24,000 


6 1 6 s +100 


100 


s(s 2 + 200s + 20,000) 5 s 5 (s + 100) 2 + 100 2 5 (s + 100) 2 + 100^ 


2 ' 


Then 


and 


ia = 7 - cos loot - ?e- 10 " sin 100* 

5 5 o 

c c 

*1 = 0-0054 + *2 = r - -e" i00f cos lOOt. 

5 5 


Taking the Laplace transform of the system 


2 4 + 50?; 2 = 60 


0.0054 + h — ii = 0 


gives 


so that 


Then 


and 


2si?{ti} + 50 %{i 2 } = — 
—200^f{ii} + (s + 200) = 0 


yr- , 6,000 

■ W s(s 2 + 200s + 5,000) 

_ 6 1 6 s + 100 6\/2 50\/2 

_ 5 s 5 ( s + 100) 2 - (50\/2 ) 2 ~~ T" (s + 100) 2 - (50\/2 ) 2 * 


>2 = % - cosh50\/2/ - ^e- 100 ' S mh50V2t 

5 5 5 

?i = 0.0054 + *2 = jr — ^g-ioo? cosh50v/2t — ^^e -100i sinh50\/2t. 
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20. (a) Using KirchhofFs first law we write i\ = 12 + 13 . Since 12 = dq/dt we have i\ — 13 - dq 
Using Kirchhoff’s second law and summing the voltage drops across the shorter loop give.- 


so that 


Then 


and 


E(t) — iR\ + — q, 




dq 1 M 1 

- =tl -, 3 = Wi E(t)-— q -z 3 


Ri + gi + ^ 1*3 = 

Summing the voltage drops across the longer loop gives 

E(t)=iiR 1 + L^ + R 2 h. 

Combining this with (1) we obtain 

„ di -3 ^ „ 1 

ziRi + L— + R 213 = i\R\ + 

or 

(b) Using L = R\ = R 2 = C = 1, E(t) = 5Qe~ t3 U(t - 1) = SQcr 1 e~( t - 1 '> - 1), 5 ( 0 ) = * 3 (0 = 

and taking the Laplace transform of the system we obtain 


(s + 1) Z{q} + 2 {i 3 } = 


50e 


-1 


S “h 1 


so that 


and 


(s + l)X{i 3 }-X{<l}= 0 , 
50e _1 e _s 


¥{q} = 


(s + 1) 2 + 1 


q(t) = oOe 1 e ^ ^ sin(i — 1)°U(t — 1) = 50e t sin(t — l)°U(t — 1). 

21. (a) Taking the Laplace transform of the system 

46" + + 80i = 0 

9 " + 0 % + 202 = 0 
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Mass m 2 has extreme displacements of greater magnitude. Mass m\ first passes th.vuT. :> 
equilibrium position at about t. = 0.87. and mass m 2 first passes through its equil: ; 
position at about t = 0.66. The motion of the pendulums is not periodic since cos(2/ \ 0 
period cos 2 1 has period tt. and the ratio of these periods is y/3, which is not a rl": ' 

number. 

(c) The Lissajous curve is plotted for 0 < t < 30. 02 
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t 

0i 

02 

1 

-0♦2111 

0.8263 

2 

-0.6585 

0.6438 

3 

0.4830 

-1.9145 

4 

-0.1325 

0.1715 

5 

-0.4111 

1.6951 

6 

0.8327 

-0.8662 

7 

0.0458 

-0.3186 

8 

-0.9639 

0.9452 

9 

0.3534 

-1.2741 

10 

0.4370 

-0.3502 




(e) Using a CAS to solve 9\(t) = 62 (t) we see that 6 \ = $2 (so that the double 
pendulum is straight out) when t is about 0.75 seconds. 



f) To make a movie of the pendulum it is necessary to locate the mass in the plane as a func 
of time. Suppose that the upper arm is attached to the origin and that the equilibrium posi'. 
lies along the negative y-axis. Then mass mi is at (x, (t),yi(t)) and mass m 2 is at (x 2 (£), yz ' 
where 

x\(t) — 1.6sin0i(t) and Vi(t) = — 16cos0i(t) 

and 

X 2 (t) = Xi(t) + 16 sin 62 (t) and 1/2 (t) = yi(t) — 16 cos 0200 • 


A reasonable movie can be constructed by letting t range from 0 to 10 in increments c: 
seconds. 
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Chapter 7 in Review 


oe 


«2 


Chapter 7 in Review 


— I te st dt + (2 — t)e st dt — 

= t e~ st dt = - (e~ 2s - e~ As ) 

False; consider f(t)= 

False, since f(t) = (e*) 10 = e 10i . 

True, since lim s _>oo F(s) = 1^0. (See Theorem 7.1.3 in the text.) 


3. 

4. 


False; consider f(t) = 1 and g(t) = 1. 
1 


s + 7 


%{e~ n } = 

- Sl? { te_7t } = (JTtP 

y { sin2t > = ^4 

if{e -3 * sin2ij = —- 

*• J (s + 3) 2 + 4 



2 1 

4s 

f ds 

_.s 2 + 4. 

' (s 2 + 4) 2 


- 0 


i?{sin2t”i!/(t — 7 r)} = C X {sin 2(t — ir)°U(t ~ tt)} = 


s 2 + 4 




1 1 


s —1/3 


= re*/ 3 


if- 


—_— -\ _ I if -1 /_-_- 

(« “ 5) 3 J 2 | (s - 5) 3 _ 


= rtV* 


if-l(-1 —\ = £~L /-----1-----l = _L 

l s 2 — 5 J \ 2\/d s + VE 2\/5 s — a/5 J 2-^5 




e ^i + J_ e y = ot 


2\[h 
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17. 2 




IS. 

19. 

20 . 

21 . 

22 . 

23. 

24. 


,s 2 - 10,9 + 29 
1 


}=*"{ (, -5)4 2 2 + I ( 7 -5> + 2 2 } “ C0S2! + ¥* Si " 2( 


^ -1 {^2 e “ 58 } = (t-5)°tl(t-5) 


5 c . 7T 

o C-* + 


S 2 + 7T 2 S 2 + 7T 2 

= cos 7r(f — l) J l/(i — 1) +sin.7r(i 


y-l f 1 \ _ 1 1 op-1 f 

' + n 2 7T 2 J L 1 im I S 2 + (n 2 7T 2 


lL 2 s 2 + 

ex * s ^ s ^ or 5 > — 5- 


1) 

1 n-Tr 
sin — t 


| s 2 + (n 2 7r 2 ) / If 2 j Ln7r " Z 


ir{te 8( /w} = -^n5-8). 

- k )} = (~ ks Z{< Mt+k) f{t)} ~ e~ k *e ak 2 {e al f(t)} = e~ k i s -^F{s - a) 
At e aT f{r) dr\ = - 2 {e at f(t)} = EiUJLUl , whereas 


4‘7o‘ 


/M* = j ] {1 f(r)dT 


F(s) 

s-^s-a S 


F(s - a) 


s^-s—a S Cl 


26- 


fit) ~ 1 () ) 

f{t-to) 2 U,(t-to) 

fit) - f{t) ,J il{t - to) + f(t) s U(t - ti) 

f ; t) =t-[{t- 1) + 1 mt - 1) +°ll(t - 1) -°U(t -4 ) = t-(t- 1 yit{t - 1) -%t - 4) 
1 1 1 


turn = j2 - 


-4,9 


-{ e ' /(t) }= _ 


-(*-1) _ 1 p —ip-1) 


S — 1 


30. ; t) = sin — 7r) — sin t ^ {t — 3tt) = — sin(f — tt) s U (t — 7r) + sin(£ — 3 tt) - 3tt) 


zum 


'U 


- e~^ s A - e 

S 2 + l + ,2 + 1 C 

-tt(s-I) 


-37TA- 


+ 




(.9 - 1) 2 + 1 (s - 1) 2 + 1 

■' t) = 2 - m(t - 2) + [7 - 2) + 2]^(t - 2) = 2 + (i - 2)^(£ - 2) 
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*{/(*» = T + 72 e 


- 2.5 




+ 


=>—2(.s—1) 


1 (,-lp' 

32. f(t) = t - t^(t - 1) + (2 - tyu(t - 1) - (2 - tyu(t -2 )=t- 2 (t - l) c ?/(t - 1) + (t - 2 )-'/ f - _ 


=£ - y -‘+^- 2 - 

1 2 


(s — l ) 2 (5 — lp 6 ' (s — l ) 2 

33. Taking the Laplace transform of the differential equation we obtain 

5 1 2 

+ 


-(«—!) 


+ 




so that 


(s — l) 2 2 (<9 — l) 3 

y = 5 te t + \t 2 e f . 
z 


34. Taking the Laplace transform of the differential equation we obtain 

1 


2 {y} = 


(s - l) 2 (s 2 - 8s + 20) 
1 


6 1 1 

+ 777 


a-4 


+ 


5 


so that 


169 s - 1 13 (s - l) 2 169 (s - 4) 2 - 2 2 338 (a - 4) 2 + 2 2 


£§***■ 


j- 5. Taking the Laplace transform of the given differential equation we obtain 




s 3 + 6s 2 + 1 1 

s 2 (.s + l)(s + 5) s 2 (s+l)(s + 5) 


e _2,s - 


2,s 


s(s + l)(s + 5) 


6 111 


r- + ^ o 1 


1 


13 1 


25 s 5 s 2 2 s +1 50 s + 5 

6 1 1 .1 1 1 1 
+ - 


1 


25 s 5 s 2 4 s + l 100 s + 5 


-2s 


2 1 


1 


1 

+ 777 


1 


5 s 2 .9 + 1 10 s + 5 


,-2s 


so that 


*=--Jr + s* • + k' - ir l ~ Jf^ - 2 > - & ~ ~ 2 > 

+ ^e~ (t_2) °U(t -2) - ^ e -o(t-2) o\i(f _ 2) 
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36. Taking the Laplace transform of the differential equation we obtain 
* 3 + 2 2 + 2s + s 2 _ s 




5 3 (.s-5) s 3 (s — 5) 


so that 

y = 


2 1 2 1 _ 1 2 127 1 

125 s ~ 25 s 3 “ 5 ^3 + 125 7^5 


37 1 12 1 1 2 37 

. 125 s _ 25 s 2 ”5s 3 ”*” 125 


2 2 1 o 127 , 

-— “— t — —+-e 

125 25 5 125 


5 1 


37 12 


1 


37 


125 25 ^ ^ 5^ ^ + 125 


At- 1) 


Taking the Laplace transform of the integral equation we obtain 

1 ^ JL_ . 1 _2_ 

S ' s 2 + 2 s 3 

i’j that 

y(t) — 1 + t + -t 2 . 



•6. Taking the Laplace transform of the integral equation we obtain 

( i ?{/}) 2 = 6 + or ^{/} = ±6 + 

<5 5 

that f(t ) = ±6t. 

69. Taking the Laplace transform of the system gives 

sJif-fx} + J2?{y} = —« + 1 
s* 


4&{x} + st£{y} = 2 

: i that 


vr , _ s 2 - 2s +1 _ 11,1 1 9 1 

^ “ s(s - 2)(s + 2) ~ 4 s + 8 s-2 + 8 s + 2‘ 

r::on 

1 1 Of ® —2/ i / 9 _o/ 1 Of 

x = —- + -e 2t + -e 21 and y = -x + t = -e 21 - -e 2t + 1. 
4 8 8 4 4 

4C. Taking the Laplace transform of the system gives 

s 2 x{x) + s 2 x{v) = T-j 

1s^{x} + S 2 i£{y} = -~ 

¥{x\ = _-_ = - - - - — _I_ - _ 

Xt s(s- 2) 2 2 s 2 s-2 (.9-2)2 


%t- 1). 
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*{v} = 


-s- 2 


3 1 11 3 1 

+ T 


s 2 (s - 2) 2 4 s- 2 s 2 4 s - 2 (s - 2) 


2 ' 


Then 


1 1 o t ‘?.t i 3 13 ‘)j 9+ 

x — - — -e. + ter 1 and y = — - — -£ + -e"* — te . 

2 2 4 2 4 


The integral equation is 


lOi + 2 / t(r) dr = 2t 2 + 2t. 

•f 0 

bt 

^ G + S 2 ) 10s 4- 2 s 2 (3s + 2) s ' s 2 5s + 1 s ' s 2 ' s + l/o 

z(t) = -9 + 2t + 9e~ t/5 . 


Taking the Laplace transform we obtain 

_ 4 2 \ s _ 5+2 

Is 3 s 2 /10s + 2 s 2 

Thus 


9 2 45 92 

—-b + t:— rr —-b “o + 


The differential equation is 


i§ H - 10 f + 1009=10 - 10 ‘" ( ‘- 5) - 


Taking the Laplace transform we obtain 

20 


2{q} = 


s(s 2 + 20s + 200) 


(l-e- 5 «) 


1 1 1 


s + 10 


10 


10 s 10 (s + 10) 2 + 10 2 10 (s + 10) 2 + 10 2 J 


0-«■”•) 


so that 


q(t) = ^ lot cos lOt - ltw sin lOt 

^ - i e - 10 ^- 5 ) cos 10(t - 5) - ^e- 10(< - 5 ) sin 10(t - 5) 
Taking the Laplace transform of the given differential equation we obtain 


+ (t — 5). 


Wy} = f — . — _L . _|_ _L_ . e -sL /2 

EIL\ 48 s 5 120 s 6 120 s 6 


so that 


y 


2wo 

EIL 


L 4 1 5 1 

y - —+ 


, Cl 2!^C2 3! 
+ 2 * s 3 ' 6 s 4 




[48 120 120 

where y"( 0) = ci and y"'( 0) = <> 2 , Using y"(L) = 0 and y"'{L) = 0 we find 

c\ = wqL?/24EI. C 2 = —wq L/AEI. 

Hence 


V = 


U'o 


' 1 5 L 4 I- 2 o L 3 2 1 / LX 5 ,, / L 
-~x° + —x 4 ——or + —ar + - (x - — ) 4/ (x - — 


12 EIL |5 2 2 4 ~ ' 5 V~ 2 
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44 . 


(a) In this case the boundary conditions are y(0) = y"( 0) — 0 and y( tt) = y"{n) = 0. If we 
ci = y'(0) and C 2 = y'"{ 0) then 

s 4 {y} - s 3 y(0) - sV(0) - sy(0) - y'"(0) +4 £{y} = £ {w 0 /EI} 

and 

</>/. i = £i 2 * 2 £2 4 J£o_ /2 _ s -1 _ s_+l \ 

W 2 ' s 4 + 4 + 4 ’ -s 4 + 4 8£7 \s (s - l) 2 + 1 (g + l) 2 + 1 / ’ 

From the table of transforms we get 

V — (sin x cosh x + cos x sinh x) + ~ (sin x cosh x — cos x sinh x) + (1 — cos x cosh x 


Using y(jr) = 0 and y"(-7r) = 0 we find 


ci 


4 El 


(1 + cosh 7r) csch tt. C 2 = 


■U’o 


2 El 


(1 + cosIitt) csch 7T. 


Hence 

y = 


■Wo 

8EI 


(1 + cosh tt) csch 7 r(sin x cosh x + cos x sinh x) 

— -^-(1 + cosh tt) csch tt (sin x cosh x — cos x sinh x) + —~(1 — cos x cosh x). 

8 El AE1 

(b) In this case the boundary conditions arc y(0) = y'(0) - 0 and y(ir) = y'( tt) = 0. If we 

c i = y"(0) and C2 = y"'(0 ) then 

s 4 £{y} - S 3 y(0) - sV(0) - sy(0) - y"'(0) +4 £{y) = £ {5(t - tt/2)} 

and 

<£S V \ = £ 1 . 2s - + ^. A + _i_ P -W 2 

m 2 s' 4 + 4 ^ 4 ,s 4 + 4 AEI s 4 + 4 
From the table of transforms we get 

y sin x sinh x + — (sin x cosh x — cos x sinh x) 

£ “t 

+ m [ sin ( x - f) cosh ( x - i) - cos (* -1) sinh (* -1 )]' v ( x ~ I) 

Using y(7r) =0 and y'( tt) = 0 we find 


wq sinh | wo cosh | 

Cl El sinh7r 5 ° 2 El sinli7r 


Hence 


wo sinh f . wo cosh £ , . . , 

y — —— . ■ r sm x smh x — —— ——- sin x cosh x — cos x sinh x) 

y 2EI sinh7r 4£Ismh7r v ’ 

+ m [ siE (* ~ f) cosh (* - f) - cos ( x - 1) 8inh (* - 1)]* ( x ~ I) ■ 
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45 . 


(a) With a 2 = g(l and K = k/m the system of differential equations is 

+ u) 2 6\ = —K{6\ — 0 2 ) 

d^+u 2 e 2 = K(di-e 2 ). 

Denoting the Laplace transform of 0(t) by 0(s) we have that the Laplace transform of the 
system is 

(s 2 +a 2 )©i(s) = — A r 0i(s) + KG 2 (s) + sOo 

{s 2 + a 2 )© 2 (s) = A'©i(.s) - A'© 2 (s) + # 0 - 
If we add the two equations, we get 

61 (3) + 62(a) = ( 0 o + 0 o)- 


S 2 + Ul 2 

which implies 

0i(t) + 0 2 (t) = (0 O + 0o) cos at. 

This enables us to solve for first, say, 9i(t) and then find 0 2 (t) from 

0 2 (t) = —0i(t) + (0 O + '0o) cos at. 

Now solving 

(s 2 + a; 2 + AT)©i(s) - A'6 2 (.s) = s0 0 
-kQi(s) + (s 2 + a 2 + A')0 2 (s) - afro 

gives 

[(.s' 2 + a 2 + K f - A' 2 ]©I (,9) = s{s 2 + a 2 + K)0q + Ksipt). 

Factoring the difference of two squares and using partial fractions we get 

s(s 2 + a 2 + AT)0 q + Ksxbp _ 0p + -0Q s 0p ~ 0Q s 
~ 1 S (s 2 + a 2 )(s 2 + a 2 4- 2 K ) 2 s 2 + a 2 2 s 2 + a 2 + 2 K ’ 

so 

01 (t) = — cos at -4- — — cos \J a? 2 + 2K t. 

Then from 0 2 (t) = — 0i(t) + (0o + 0o)cosat we get 

a /.x 00 + 00 . 00 - 00 / 9 

0 2 (t) = — -cos at---cos y a- + 2 A t. 

(b) With the initial conditions 0i(O) = 0o, 9[ (0) = 0, 0 2 (O) = 0o, 0- 2 (O) — 0 we have 

01 (t) = 0o cos at, 0 2 (t) = 0 q cos at. 

Physically this means that both pendulums swing in the same direction as if they were free 
since the spring exerts no influence on the motion (0i(t) and 0 2 (t) are free of K). 
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With the initial conditions 0i(O) = 6 q, ^(0) = 0. 02(0) = —00, 02(0) = 0 we have 

01 (t) = 0o cos y'u 2 + 2 K t. 02 (t) = — 0 q cos \/lj 2 + 2 K t. 

Physically this means that both pendulums swing in the opposite directions, stretching 
compressing the spring. The amplitude of both displacements is |0o|- Moreover, 0i(f) = 0 q : : 
02 (t) = —0o at precisely the same times. At these times the spring is stretched to its maxim. 
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O Systems of Linear First-Order 
Differential Equations 


Exercises 8.1 


Let X = 


2 . Let X = 


Then X' = 


Then X' = 


3 -5 

4 8 

4 -7 

5 0 


-3 4 -9 


3. Let X = y . Then X' = 6-1 O X. 

W V 10 4 3/ 

x \ /l -1 0\ 

4 . Let X = y . Then X' = 1 0 2 X. 

W V-l 0 l) 

/x\ (l -1 1 \ / 0 

!, Let X = \ y . Then X' = 2 1 -1 X + -3 1 2 


Let X = y . Then X' - 


1 1 1 
-3 4 0 


0 + 0 


0 1 6 


e *sin 2 i 


9 0 X + 4e t cos 2 1 . 


• — = Ax + 2 y + e L : = -x + Sy - e 

v = 7x + by — 9z — 8e~ 2t : ^ = 4 x + y + z + 2e 5f ; ~ = —2y + 3 z + e 5t — 3<f 
at ' at at 

>. ^ 7 - = x — y + 2 z + e~ f ' — 3 1: ^ = 3x — 4 y + z + 2e~ f + t: = —2x + by + Qz 

clt at at 


+ 2 e -r -1 


L = 3x — 7y + 4 sin t + (t — 4)h lf ; -y- = x + y + 8 sin t+ (2t + l)e‘ 
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11 . Since 


X' = 


-5 

-10 


-o t 


and. 


'3 -4' 
4 -7. 


X = 


,- 5 1 


-10 


we see that 


X' = 


'3 -4' 
4 -7. 


X. 


12. Since 


t / 5 cos t — 5 sin t 
\ 2 cos t — 4 sin t J 


X' = 


e and 


-2 5 ' 
-2 4 


X = 


/ 5 cos t — 5 sin t\ t 
\ 2 cos t — 4 sin t J 


we see that 


13. Since 


X = 


'3/2' 

-3 


we see that 


14. Since 


X' = 



e* + 


we see that 


X' = 


e it ' 2 and 


X' = 


te l and 


X' 


-2 5' 
-2 4 


X 


-1 1/4' 

1 -1 


X = 


'3/2' 

-3 





-1 1/4' 

1 -1 ; 

' 2 1 ' 
-1 0 


X. 


x = 








-4 


te l 


2 1 ' 
-1 0 


X. 


15. Since 



/0\ 


1 

2 

1\ 


/ox 

X' = 

0 

and 

6 

-1 

0 

X = 

0 


\0) 


l-l 

-2 

-1 ) 


U/ 


we see that 


/ 1 


X' = 




6-10 
V-l -2 -1 ) 


X. 


16. Since 



/ cos t \ 


/ 1 

0 

n 

j 

/ cos t \ 

x' = 

^ sin t — j cos t 

and 

1 

1 

0 

x = 

| sin i — ^ cos t 


\ — cos t — sin t J 


1-2 

0 

-1 J 


\ — cos t — sin t J 


we see that 


X' = 


1 0 1\ 

1 1 0 

—2 0 - 1 / 


X. 
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17. Yes, since W(Xi,X2) = —2e -8 * ^ 0 the set Xi, X2 is linearly independent on —00 < t < oc. 

IS. Yes, since iT(Xi,X2) = 8e 2t 7^ 0 the set. Xi, X2 is linearly independent on —oc <t< oc. 

19. No, since W(Xi,X2,X3) = 0 the set X] , X2, X3 is linearly dependent on —00 <t< 00 . 

10. Yes, since VV(Xi, X 2 ,X3) = —84e -t 7^ 0 the set Xi, X2, X3 is linearly independent or. 


—00 < t < 00 . 

11. Since 

x; 

we see that 



and 




22. Since 



14. Since 



/ 3 cos 3 1 \ 


/ 1 2 3\ 


(-1) 


3 cos 3 1 \ 

x; = 

0 

and 

-4 2 0 

x p + 

4 

sin 3 1 — 

0 


^ —3sin3t J 


1-6 1 0/ 


l 3j 


y — 3sin3£ / 


we see that 


i 

1 

2 

co 


1 

1—* 

II 

-4 

2 

0 

X p + 

4 

! 

V -6 

1 



CO 


sin 3 1. 


Let 


Xi = 

/ 6 \ 

-1 

j 

e- f , X 2 = 

/-3\ 

1 

e- 2f , X 3 = 

/2\ 

1 

e At , and A = 

/() 6 0\ 

1 0 1 


1-5 J 


V U 




U 1 0 / 
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Then 


Xi = 1 e~* = AXi, 


X' 0 = -2 e~ 2t = AXo 


Xo = 3 e 3t = AXi 


and IP (Xi, X 2 , X 3 ) = 20 ^ 0 so that Xj, X 2 , and X 3 form a fundamental set for X' = AX 


-00 < t < 00 . 


26. Let 


X, = 


X 2 = 


-1 - V2 


-1 + V2 


0 r 




Then 


-1 -1 

-1 1 


X ' 1 = 


y/ 2 - 

-2 - \/2 

-V 2 
—2 + V2 


e ^ = AXi 


e -V2t = AX2; 


^"Ur+l 4j- AXp+ UJ^ + (- 6 J' + ( 5> 

and VP(Xi,X 2 ) = 2v / 2^0 so that X p is a particular solution and Xi and X 2 form a fund an.- 
set on —00 < t < 00 . 
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1. The system is 


X' = 


'1 2 ' 
4 3 


and det(A — AI) = (A — 5)(A + 1) = 0. For Ai — 5 we obtain 


f —4 2 

V 4 -2 

For A 2 = — 1 we obtain 

/ 2 2 
\4 4 

Then 


2. The system is 


O' 

0. 

0^ 
0 ) 


'1 - 1/2 
,0 0 


'1 1 
>0 0 


so that Ki 


so that K -2 = 


X = ci [ ] e Bt + C 2 







X' = 


'2 2 ' 
1 3 


and det(A - AI) = (A - 1)(A - 4) = 0. For A] = 1 we obtain 

O' 


c 

2 

1 

°) =4. 1 

f 1 

2 

Vi 

2 

oj 


0 


0. 


so that Ki 


For A 2 = 4 we obtain 


Then 


r 

2 

°)-( 

'-1 

1 1 

V 1 

-1 

Oj ' 

v 0 

0 


X = ci 



3. The system is 


X' = 


0 


e + C2 


-4 2 


so that K 2 


e u . 


-5/2 2) 

and det(A - AI) = (A - 1)(A + 3) = 0. For Ai = 1 we obtain 


-5 2 


O' 


,-5/2 1 j 0. 


-5 2 
0 0 


0 


so that Ki 
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r r Xo = — 3 we obtain 

f" 1 2 

V —5/2 5 


O' 

0. 


-1 2 

0 0 


so that K 2 


system is 




x' = ( 5/2 2 X 

V 3/4 — 2 / 


det(A — AI) = ^(A + 1)(2A 4 - 7) = 0. For Ai — — 7/2 we obtain 


/1 2 : o' 

V 3/4 3/2 j 0, 

r:r Ao = — 1 we obtain 


1 2 
0 0 


O' 

0, 


-3/2 2 

3/4 -1 


-3 4 | 0 


_ neii 


x =M"i e 


0 0 
7t/2 


0. 


so that Ki = 


so that K 2 


+ C2 I 3 I e 


-t 


system is 


x' = ( 10 5 ) X 

V 8 — 12 / 

r.r.i det(A — AI) = (A — 8 ) (A + 10) = 0. For Ai = 8 we obtain 


/ 2 -5 

\8 -20 

A 9 — —10 we obtain 


20 -5 [ O' 


8 -2 


'1 -5/2 

,0 0 

'1 -1/4 

0 0 


0, 

O' 

0, 


so that K] 


so that K 2 




X=ci| 2 j e « + C 2 ^| e -M‘ 


:e system is 


D x 


■.--lid det(A — AI) = A(A + 5) = 0. For Ai = 0 we obtain 


-6 2 
-3 1 


1 -1/3 
0 0 


0 


so that Ki 
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For A 2 = — 5 we obtain 


-1 


-3 


2 

6 



-2 


0 i 0. 


so that K 2 


Then 




The system is 


X' = 


( 1 1 M 

02 0 


X 


\0 1 -1 / 


and det(A — AI) = (A — 1)(2 — A)(A + 1) = 0. For Ai = 1, A 2 = 2 . and A 3 = —1 we obtain 



f 1 ) 


/ 2 \ 


/IN 

Ki = 

01 

, k 2 = 

3 

, and K 3 = 

0 


W 


W 


U/ 


so that 


1 - 1 

0 

II 

X! 

/IN 

0 

e L + C 2 

/ 2 \ 

3 

e 2t + os 


1 

\o) 


uJ 


I2/ 


The system is 


and det(A — AI) 


X' = 


2 -7 0\ 
5 10 4 

\0 5 2/ 


X 


(2 - A) (A - 5)(A - 7) = 0. For Ai = 2, A 2 = 5, and A 3 = 7 we obtain 


K, = 

f 4N 
0 

, K 2 = 

/ — 7 \ 

3 

, and K 3 = 

/ —7 \ 

5 


1 -sJ 


V 5; 


•V 


so that 



( 4N 


(-7\ 


/ — 7 \ 

x = Cl 

0 

e 2! + a 

3 

e 5< + c 3 

5 


V- 5 J 


V 5/ 


V 5/ 


"Ae have det(A — AI) = —(A + 1 )(A — 3)(A + 2) = 0. For Ai = —1. A 2 = 3, and A 3 = —2 we obta 


(~l\ 


/n 


i\ 

0 

, K 2 = 

4 

, and K 3 = 

-1 



UJ 


3/ 
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so that 


>4 

II 

Cb 
>— 1 

R 

e~ l + c 2 

(l ) 

4 

e 3i + c 3 

( M 

-1 

1 

V 1 J 


w 


l 3 / 


.— 2 1 


10. We have det(A — AI) = —A(A — 1)(A — 2) = 0. For Ai = 0 . A 2 = 1 , and A3 - 2 we obtain 



/ 1\ 


Ri 

/1 \ 

Ki = 

0 

: K 2 = 

1 , and K 3 = 

0 


V-iJ 


W 

U/ 


=0 that 


1A 


/0\ 


/1\ 

0 

+ C ‘2 

1 

e* + c 3 

0 

1-1/ 


U/ 


U/ 


We have det(A 
~-e obtain 


X = Cl I n I 1 I 1 I J 1 I n I „2i 

AI) = -(A + 1)(A + 1 / 2 )(A + 3 / 2 ) = 0. For A x = -1, A 2 = -1/2, and A 3 = 

K, = 


5?' that 


X = ci 


4 \ 


/— 12> 

1 

t 

0 

a 

LO 

II 

6 

, and K 3 -= 

1-1/ 


5/ 

1 


/ 4> 


/— 12\ 


( M 

0 

e t + c 2 

6 

e -t/2 + c 3 

2 

V-i> 


^ 5 / 


1-1/ 


-■M/2 


We have det(A - AI) = (A — 3 )(A + 5)(6 — A) = 0 . For Ai = 3 , A 2 = — 5 , and A3 = 6 we obta: 


Ki = 


i-j that 




n 


( 2 ^1 

1 

, k 2 = 

-1 

, and K 3 = 

-2 

\°/ 


oj 


111 / 


X = ci 

fi) 

e 3t + c 2 

—1 + C 3 

( 2\ 
-2 


\o J 


l 0/ 

111/ 


e Qt . 


13 . We have det(A — AI) = (A + 1 / 2 )(A — 1/2) = 0 . For Ai = —1/2 and A 2 = 1/2 we obtain 

/ 0 \ / 1 \ 
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If 


X( 0 ) = 


'3' 

5 


then ci = 2 and 02 = 3. 

4. We have det(A — AI) = (2 — A) (A — 3) (A 4- 1 ) = 0. For Ai = 2, A 2 = 3, and A 3 


-1 we ob‘ 



5 A 


2\ 


/ — 2 \ 

Ki = 

-3 

: Kj = 

0 

, and K 3 = 

0 


2j 


{lj 


v 1 / 


so that 



( 

1 

f 2 \ 


/ — 2 \ 

X = Cl 

-3 

e 2( + 

0 

e Ht + c 3 

0 


l 2) 


\l) 


1 / 




If 


X(0) = 


/ 1 \ 

3 

W 


then ci = —1. C 2 = 5/2, and C 3 = —1/2. 


X = ci 


0.382175 \ 
0.851161 
0.359815 / 


8.58979t , . 
e + C 2 


0.405188 \ 
-0.676043 
V 0.615458 / 


e 2.25684* + C3 


/-0.923562 \ 
-0.132174 
V 0.35995 / 


-0.046632 If 


i. X = d 

0.949058 

0.239535 

g5.05452f + C2 

-0.836611 

-0.275304 

e 4.0956if + C;} 

r J-i/ 1 

-0.162664 

-0.826218 


0.195825 


0.176045 


-0.346439 


0.0508861 j 


0.338775 ) 


0.31957 / 


—2.92362f 


+C4 


( 0.313235 \ 
0.64181 
0.31754 
0.173787 
V -0.599108 ) 


e 2.02882f + C5 


/-0.301294 \ 
0.466599 
0.222136 
0.0534311 
V -0.799567 / 


-0.15S338t 
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(b) Letting ci = 1 and Ci = 0 we get x = 5e 8< , y = 2 e 8t . Eliminating the parameter we r. 

y = |x, x > 0. When c\ = — 1 and cv — 0 we find y = |x. x < 0. Letting ci = 0 and C 2 = 1 ' 

get x = e -10t , y = 4e -10< . Eliminating the parameter we find y = 4x, x > 0. Letting c\ = 

and C 2 = —1 we find y ~ 4x, x < 0. 

(c) The eigenvectors Ki = (5, 2 ) and K 2 = (1,4) are shown in the figure in part (a). 

18. In Problem 2, letting c\ = 1 and 01 — 0 we get x = — 2e*, 

y — e t . Eliminating the parameter we find y = —^x, x < 0. 

When ci — —1 and C2 = 0 we find y — — 5X, x > 0. Letting 
cj = 0 and C 2 = 1 we get x = e 4< , y = e 4t . Eliminating the 
parameter we find y = x, x > 0 . When ci = 0 and C 2 = — 1 we 
find y = x, x < 0 . 



In Problem 4, letting ci = 1 and C 2 = 0 we get x = — 2e -7< / 2 , 
y = e -7< / 2 . Eliminating the parameter we find y = —|x, x < 0. 
When ci = — 1 and C 2 = 0 we find y = — ^x, x > 0. Letting 
Ci = 0 and c% = 1 we get x = 4e~ f \ y = 3e~ f . Eliminating the 
parameter we find y = |x, x > 0. When ci = 0 and C 2 = — 1 we 
find y = |x, x < 0 . 

19. We have det(A — AI) = A 2 = 0. For Ai = 0 we obtain 




A solution of (A — AiI)P = K is 
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We have det(A — AI) = (A + l ) 2 = 0. For Ai = — 1 we obtain 


A solution of (A — AiI)P = K is 


K = 


P = 


1 , 

0 ’ 

.1/5, 


so that 


X = c, ( ' ]<;-'+« 


te~‘ + 


-t 


,1/5. 


We have det(A — AI) = (A — 2) 2 = 0. For Ai = 2 we obtain 

1 


K = 


A solution of (A — AiI)P = K is 


P = 


1 

-1/3' 


so that 


X = ci| “ | e 2t +c 2 


We have det(A — AI) = (A — 6) 2 = 0. For Ai = 6 w r e obtain 


0 

te zl + 


2 1 , I 1/5 \ 2t 


A solution of (A — AiI)P = K is 


K = 


P = 


so that 


X = C![ 2 )e* + C2 


2 / 

1 / 2 ' 

0 


,te- + ( 1 / 2 )e- 

2 ) VO/ 


'vVe have dot (A - AI) = (1 - A) (A - 2) 2 = 0 . For Ai = 1 we obtain 

/ 1 \ 


Ki = 


1 

VI/ 


r :»r A 2 = 2 we obtain 



(l) 


/ 1 \ 

k 2 = 

0 

l 1 1 

and K 3 = 

1 

l n 1 
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Then 


X = ci 

/i\ 

1 

e ^ + C 2 

( l ) 

0 

e 2t + c 3 

/ 1 \ 

1 


U ) 




U/ 


e 2 *. 


24. We have det(A — AI) = (A — 8 ) (A + l ) 2 = 0. For Ai = 8 we obtain 

/ 2 \ 


Ki = 


1 

\*J 


For A 2 = — 1 we obtain 


Then 


i 

( o\ 


1\ 

10 

II 

-2 

and K 3 = 

-2 

1 

l 1 J 


0 ) 

to 


{ °\ 

/ 


X = d 


1 

\2j 


e 8 * + C 2 


-2 

V 1/ 


e 1 + C 3 


V 0 ; 


25. We have det(A — AI) = — A(5 — A ) 2 = 0. For Ai = 0 we obtain 


Ki = 


For A 2 = 5 wc obtain 


K = 


A solution of (A — A 2 l)P = K is 


P = 


/-4\ 

-5 

2 / 

/— 2 \ 

0 . 

1 / 

5 / 2 \ 

1/2 

0 / 


so that 



/ ~4\ 


—2 \ 



/— 2\ 


/5/2\ 

X = ci 

-5 

+ C2 

0 

e 5t + C3 


0 

te 5t + 

1/2 


l 2) 


l 1) 





0/ 




26. We have det(A — AI) = (1 — A)(A — 2 ) 2 = 0. For Ai = 1 we obtain 


K, = 


/1 \ 
0 

W 
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For A 2 = 2 we obtain 


K = 


A solution of (A — A‘ 2 l)P = K is 


P = 


°\ 

-1 

1 / 

0 \ 

-1 

0 / 


so that 


X = c'i 

0 

6* + C-2 


e 2t + C 3 


0\ 

-1 

t.e 2t + 


e 2t 


W 


ij 



l l) 


l 0 j 



. We have det(A — AI) = — (A — l ) 3 = 0. For Ai = 1 we obtain 

W) 

Solutions of (A — AiI)P = K and (A — A]I)Q = P are 

P = 

so that 


/ 0 \ 


/i/ 2 \ 

1 

and Q _ 

0 

\°/ 


l 0 / 



(°\ 



(o\ 


(°) 




/ON 

t 2 t 

2 C + 

( 0 ) 


(l/2\ 


X = ci 

1 

e* + C 2 


1 


1 

e * 

+ C 3 


1 

1 

tct + 

0 

e* 


llj 



\l) 


\oj 




llj 


w 


l oj 



We have det(A — AI) = (A — 4 ) 3 = 0. For Ai = 4 we obtain 

fl\ 


K = 


0 

VO/ 


Solutions of (A — AiI)P = K and (A — Ai.I)Q = P are 

/0\ /0\ 


P = 


1 

Vo/ 


and Q = 


0 

Vi/ 


-: that 

X = a 


( 1\ 


(1) 


/ON 




(1\ 

±2 

(o\ 


/ 0 \ 


0 

e 4t + C 2 


0 

te u + 

1 

e 4 * 

+ C3 


0 

2 et,+ 

1 

fe 4,; + 

0 

e 4t 

\oJ 



^oj 


W 




W 


w 


uJ 
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29. We have det(A — AI) = (A — 4 ) 2 = 0. For Ai = 4 we obtain 



A solution of (A — AiI)P = K is 



30. We have det(A — AI) = —(A + 1 )(A — l ) 2 — 0. For Ai = —1 we obtain 



For A 2 = 1 we obtain 



then ci = 2 ; C 2 = 3, and C 3 = 2 . 


31. In this case det(A — AI) = (2 — A) 5 , and Ai = 2 is an eigenvalue of multiplicity 0 . Lb. 
independent eigenvectors are 
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32. In Problem 20 letting c\ = 1 and — 0 we get x = y = e t . Eliminating the parameter we fin 

y = x, x > 0. When c\ = — 1 and c 2 = 0 we find y = x, x < 0. 

In Problem 21 letting ci = 1 and c 2 = 0 we get x = e 2t . y = e 2 *. Eliminating the parameter we fin 

y = on a? > 0. When ci = —1 and = 0 we find y = x, x < 0. 


/ 

// 

/ /V / 
/ // / 
/ /// / ,• 
' / // / / 

y / 

/ _^ 

/ / / 

/ / / j 

/ / / /\ 

/ / a 

/ - 4 / / i 

A*/ X 

\ \ 

\ x 
\ 


_____ 

Phase portrait for Problem 20 



Phase portrait for Problem 21 


Problems 33-46 the form of the answer will vary according to the choice of eigenvector. For exam:, h 
Problem 33, if Kj is chosen to be ( the solution has the form 


X = ci 


cos t 

2 cos t + sin t, 


e At + 02 


sin t 

2 sin t — cos t 


A t 


3. We have det(A — AI) = A 2 — 8 A 4 - 17 = 0. For Ai = 4 + i we obtain 

-m 

so that 


Xi = 


Then 


2 4 -i 


X = ci 


( 4+ .) f / 2 cos t — sin t ^ 4t ^ cos t + 2 sin t' 


5 cos t 


2 cos t — sin f' 
5 cos t 


X + c 2 


e t*. 

\ o sm t 
/ cos £ 4-2 sin £ 


,4f 


5 sin £ 


We have det(A — AI) = A 2 4-1 = 0. For Ai = i we obtain 


At 


so that 


Xi = 


—1 — i' 


e* = 


’ sin £ — cos £' 
2 cos t 


+ i 


— cos £ — sin t' 
2 sin £ 
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"'hen 


( sin t — cos t\ ( — cos t — sin t 
X ~ Cl f , ] + C2 


2 COS; 


2 sin t. 


35. We have det(A — AI) — A 2 — 8A + IT = 0. For Ai = 4 + i we obtain 


V 2 


so that 


Then 


/-l- A 

V 2 ) 


Xi = [ ' 1 = ( 


( sin i — cos t' 


\ 2 cos t 


e 4i + i 


— sin t — cos t' 


At 


( sin t — cos t \ ,, 

X = c-, \e J + c 2 

\ 2 cos t / 


2 sin t 

sin t — cos t 


2 sin t 


e 


4 1 


36. We have det(A — AI) = A 2 — 10A — 34 = 0. For Aj = 5 + 3 % we obtain 


Ki= | 


( 


1 -3*' 


so that 


Then 


Xi = 


' 1 — 3*' 


J5^r3i)t _ 


V 2 


' cos 3 1 + 3 sin 3£ \ / sin 3£ — 3 cos 3 t' 


X = ci 


\ 2 cos 3 1 

' cos 3t + 3 sin 3 1 


2 cos 3£ 


e 5t + C 2 


e + i , 

V 2 sin 3 1 

sin -it — 3 cos ‘it 




2 sin 3 1 


e 5t . 


37. We have det(A — AI) = A 2 + 9 = 0. For Ai — 3 i we obtaiu 

k '-(T) 

so that 


Xi = 


Then 


' 4 + ii A 3it / 4 cos it — 3 sin it 
5 I 6 ~ { 5 cos it 


( 4 cos 3i — 3 sin it \ 
X_C1 ( 5 cos it ) + ° 2 


+ i 


4 sin 3t + 3 cos it' 


5 sin 3£ 

4 sin it + i cos it \ 
5 sin 3£ ) 


38. We have det(A — AI) = A 2 + 2A + 5 = 0. For Ai = — 1 + 2% we obtain 

'2 + 2i\ 


Ki = 
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so that 


Xl = ^ 2 + 2 ^ e (-l+2i)t 

( 2 cos 2t — 2 sin 2t \ 
cos 2 1 ) 


\ 


6 -j- i 


( 2 cos 2 1, + 2 sin 2 1 \ 


-f 


V 


sin 2 1 




Then 


^ 2 cos 2 t — 2 sin 2 t ^ ^ ^2 cos 2t + 2 sin 2 £ ^ 




cos 2t 


) 




sin 2 1 


) 


Wc have det(A — AI) = —A (A 2 + lj =0. For Ai = 0 we obtain 

/ 1 \ 


Ki = 


For A 2 = i we obtain 


K 2 = 


0 

Vo/ 

/-A 

i 

l) 


so that 


Then 





( sin t \ 


( — COS t \ 

x 2 = 

i 

e lt = 

— sin t 

+ i 

COS t 


l 1> 


\ cos t j 


\ sin t ) 


I 1 ) 

( 

sin t \ 


/ — COS t \ 

X = ci 

0 

+ C2 

— sin t, 

+ C3 

cost 


Vo/ 


\ COS tJ 


\ sin t / 


We have det(A — AI) = — (A + 3) (A 2 — 2A + 5) = 0. For Ai = —3 we obtain 

( o\ 


K, = 


ror A 2 = 1 + 2% we obtain 


K 2 = 


-2 

V 1/ 

/-2-A 

—3* 


'■:> that 


X 2 = 



V 2 

/ 

/— 2 cos 2 t + sin 2 t\ 


/ — cos 2t — 2 sin 2 1 \ 

3 sin 2 1- 

e { + i 

—3 cos 2 1 

\ 2 cos 2 1 ) 


\ 2 sin 2 1 J 


e K 
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Then 



/ 0\ 


/ —2cos2t + sin2t \ 


/ — cos 2t — 2 sin 2t ^ 

X = cj. 

-2 

e 3t + o 2 

3 sin 2t 

e* + c 3 

—3 cos 21 




^ 2 cos 21 / 


^ 2 sin 21 ) 


41. We have det(A - AI) = (1 - A) (A 2 - 2A + 2) = 0. For Ai = 1 we obtain 

/ 0 \ 


Ki = 


For A 2 = 1 + i we obtain 


K 2 = 


2 

viy 

/ 1 \ 

i 

VA 


so that 


X 2 = 


/1\ 

i 

VA 




Then 


X = c'i 


/0\ 

2 

W 


e + c 2 


/ cos t \ 
— sint 
\ — sin t) 

cos t \ 

— sin t 

— sin t) 


e l + -i 


C + C'3 


sint \ 
cost 
cos t} 

sin f \ 
cost 
\ cos t J 


42. We have det(A - AI) = -(A - 6)(A 2 — 8A + 20) - 0. For Ai = 6 we obtain 

/0\ 


Ki = 


For A 2 = 4 + 2 i we obtain 


K 2 = 


1 

Vo J 


/-A 

o 

2 ) 


so that 



f-A 


/ sin 2t V 


/ — cos 21 \ 

X 2 = 

o 

e (4+2i)t = 

0 

e 4< +1 

0 


l 2 J 


^ 2 cos 2t j 


^ 2sin2t y 


At 


Then 


X = ci 


/0\ 

1 

W 


e GL + c 2 


sin 21 ^ 
0 

^ 2 cos 21 ) 


e At + c 3 


( — cos 21 \ 
0 

V 2sin2t J 


At 


e*. 
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43. We have clet(A — AI) = (2 — A) (A 2 + 4A + 13) = 0. For Ai = 2 we obtain 

( 28 \ 


Ki = 


For Xo. = — 2 -f 3 % we obtain 


K 2 = 


-5 

V2oy 

( 4 + 30 

-5 

V o 


so that 


X 2 = 

/ 4 + 3 A 

-5 

e (“2 +3i)t __ 

( 4 cos 3t — 3 sin 3 1 ^ 

—5 cos 3t 

e~ 2{ + i 

( 4 sin 3t + 3 cos 3 1 N 

—5 sin 3 1 


o J 


l o j 


{ o / 


,-2t 


Then 



/ 28 \ 


/ 4 cos 3t — 3 sin 3 1 \ 


( 4 sin 3t. + 3 cos 3 1 \ 

X = ci 

-5 

l 25 j 

e 2t + c 2 

—5 cos 3 1 

{ 0 J 

e" 2 ' + c 3 

—5 sin 3 1 

o y 


,-2 1 


44. We have det(A — AI) = — (A + 2) (A 2 + 4) = 0. For Ai = —2 we obtain 

( o\ 


Ki = 


-1 

V 1 ) 


For X ‘2 = 2 i we obtain 


Ko = 


/- 2 - 21 \ 
1 

V 1 J 


so that 



/ — 2 — 2i \ 


/ —2 cos 2t + 2 sin 2t \ 


( —2 cos 2t — 2 sin 2t ^ 

x 2 = 

1 

e m = 

cos 2 1 

+ i 

sin 2t, 


V i J 


\ cos 2 1 j 


\ sin 2t / 


Then 



°\ 

( —2 cos 2t + 2 sin 2i \ 


( —2 cos 2t — 2 sin 2t 

X = ci 

—1 1 e 2 ^ + c 2 

cos 2 1 

+ c 3 

sin 2t 


l 1/ 

\ cos 2/, y 


\ sin 2t / 


. We have (let.(A — AI) = (1 — A) (A 2 + 25) = 0. For Ai = 1 we obtain 

/ 25 \ 


K, = 


-7 

V 6/ 
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For A 2 = 5 i we obtain 


so that 


Then 


If 


K 2 = 


1 + 5 i > 

1 

1 / 


/1 + of \ 


X 2 = 


e 5it = 


( cos ht- — 5 sin 5 1 \ 
cos 5 1 


+ i 


( sin 5t + 5 cos 5 1 \ 
sin 5 1 


V 

1 

! 

\ cos 5 1 

! 1 

V sin 5 1 ) 


25 \ 


/ cos 5f — 5 sin 5 1 \ 


sin of 4- 5 cos 5 1 \ 

X = d 

-7, 

e t + c 2 

cos 5 1 

+ c 3 

sin 5 1 




\ cos 5 1 J 


\ sin 5 1 J 


X(0) = 


6 

1-7/ 


then ci = C ‘2 = — 1 and C 3 - 6 . 

t 6 . We have det(A — AI) = A 2 — 10 A + 29 = 0. For Ai = 5 + 2i we obtain 


K, = 


1 ' 
1 - 2 * 


so that 


Xl =( 1 U 42<), =( cosK W4 sin2t 

V 1 — 2 i) \ cos 2 1 + 2 sin 2 1) \ sin 2t — 2 cos 2 1 ., 


and 


/ cos2f \ ( sin2t 

X = d e oi + C 3 I e 

\ cos 2t + 2 sin 2t) V sin 2t — 2 cos 2 1 


\>t 


If X(0) = f g j . then ci = —2 and 02 = 5. 
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s-'"' *** 

y y' y -''\ 

_-•••• • 




Phase portrait for Problem 38 


45 . (a) Letting x\ = jft, A. = in, x - 2 = yz, and *2 - ^ we have 

y' = x'l = -lOrci -r 4a'2 = — 10t/i 4- 4ya 

j 4 = ®2 = 4®i - = 4 yi“ 4 »3- 

The corresponding linear system is 

y\ = 1/2 

1/2 = -10yi + 4y3 

y .3 = ?/t 

t/4 = 4 yi - 4 j/3 


or 


Y' 


0 1 0 ON 

-10 0 4 ° Y 
0 0 0 1 
4 0 -4 0/ 


Using a 


we find eigenv 


/a lues ±y/2i and ±2 VSi with corresponding eigenvectors 


{ i/4\ 0 \ /+'/2/ 4 ^ 

1/2 _ 1/2 . 7 0 

q=V / 2i/2 ” 0 + * Tv/2/2 

1 / \ 1 / 0 
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Thus 



' 

/ 0 \ 


/-V 2 / 4 N 


k! 

II 

0 


1/2 

0 

cos y /21 — 

0 

-a/2/2 

sill V2t 



l 1 J 


\ 0 J 





/-v / 2/4'| 


( 0 ) 


+ C2 


1 

^1 0 
to 

COS V 2 1 + 

1/2 

0 

sin a/2i t 



0 ) 


1 J 





0 \ 


( a/3/3 \ 


+ C 3 


-2 

0 

cos 2V3t — 

0 

-a/3/6 

sin 2 a/3 t 



J 


0 J 




( a/3/3 \ 


/ o\ 

1 


0 

cos 2 a/ 3 t + 

-2 

P 

CO 


-a/3/6 

0 


l 0 J 


l 1/ 

J 


+ C 4 


The initial conditions yi( 0 ) = 0 , 1/2(0) = 1 , 2/3(0) = 0 , and 1/4(0) = —1 imply c\ = 
C3 = — |, and C4 = 0 . Thus, 

ley /o 

#l(t) ~ 2/1 (t) = —777 sin \Fit + — sin 2 \/ 3 1 


10 


5 


ny at 

x-2(t) = 2/3(t) - —— sin a/2 1 - — sin 2 a/3 1 . 


(b) The second-order system is 


— —10m 4 + Ax ‘2 
X-2 = 4^1 — 4 .T 2 


or 


X" = 


X. 


-10 4' 

4 —4 , 

We assume solutions of the form X = V cos a )t and X = V sin ait. Since the eigenvalues al¬ 
and —12, ui] = y/—(—2) = a/2 and uo = \J—{— 12) = 2\/3. The corresponding eigeuv-.- 
are 


Vi = 


T' 

2 


and V2 = 


- 2 ' 

1 
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Then, the general solution of the system is 


X = ci 


T 


cos 


V%t + 


T 


C2 


sin V21 + C 3 


cos 2V31 + C 4 


sin 2\/3 1. 


The initial conditions 


X( 0 )=f°l and X'(0) = ( M 

imply ci = 0, C 2 = — \/2/10. C 3 = 0, and C 4 = — \/3/10. Thus 

/2 /3 

xi (t) = —— sin \/2t 4- — sin 2 

/2 \/3 

X 2 (£) = —— sin \/ 2 t —— sin 2\/3£. 

5 10 

(a) From det(A — AI) = A(A — 2) = 0 we get Ai = 0 and A 2 = 2 . For Ai = 0 wc obtain 


r 

1 

°1 

=> f 1 

1 

u 


0) 

Vo 

0 


For A 2 = 2 we obtain 

/-I 1 


1 


-1 I 0 , 


Then 


X = cj 


-1 1 
0 0 

- 1 ' 


so that Ki = 


-T 

1 


O' 

0, 


so that K 2 = 


+ C 2 




The line y = —x is not a trajectory of the system. 
Trajectories are x = —c\ + C 2 e 2t . y = c 1 4- C 2 e 2 * or 
y = x + 2ci. This is a family of lines perpendicular 
to the line y - —x. All of the constant solutions 
of the system do, however, lie on the line y = —x. 


(b) From dct(A — AI) = A 2 = 0 we get Ai = 0 and 



/X / 

/ X 

/ /\' 
_■ _.. 

/ 

/ / 

/ 

/ / 

X. N 

\ 

\ 

\ \ 

\ 

\ ! 

X /" ■ / ■ 

\ / 
lx/ 

/ \ 

> \ 


A solution of (A — AiI)P = K is 


so that 


X = ci 


-1 

1 
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All trajectories are parallel to y — —x. but 
y = —x is not a trajectory. There are constant 
solutions of the system, however, that do lie 
on the line y — —ar. 

50 . The system of differential equations is 


l\\\ ' 

\\ V\ \ 

\ 

l\\\ 

\ V\ \ 

\ \ \\ 

// 

/// 
/ / / / 

' \V\ 

\ \W\ 

, \ \N\\ 

\ \ \ vo 

\ \\ \ V 

b \ \ V V x 


x'i = 2a; i + X2 
4 = 2 x 2 
4 = 2*3 
4 = 2a: 4 + x$ 

4 = 2*5 • 

We see immediately that X2 = C2e 2t , X3 - c-3e 2t , and £5 = c$e 2t . Then 


and 


4 = 2a; 1 + C2e 2< so 


*1 = C2te 2t + c\e 2t , 


A = 2ar 4 + cse 2t so 


a*4 = c$t,e 2t ' + c 4 e 2i . 


The general solution of the system is 


( C2te 2t + cie 2t \ 
2 t 


x = 


C26 

c 3 e 


2 1 


c§te 2t + c±e 2t 
V °5e 2t ) 
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- ci 


/in 



(l) 


/ON 


0 



0 


1 


0 

e 2 * + C 2 


0 

te 2 ‘ + 

0 

e 2t 

0 



0 


0 


w 



w 


\oj 



+ C'3 


/°N 


ON 



/ON 


/ON 


0 


0 



0 


0 


1 

e 2t + C 4 

0 

e 2t + C 5 


0 

te 2, + 

0 

2 1 
e 

0 


1 



1 


0 


w 


W 



W 





— ciKie 


2 1 


C-2 



/ON 



1 


Ki te 2t + 

0 

e 2 * 


0 



w 



+ caK^e 27 + c-4 + c .5 


2 1 


There arc three solutions of the form X = Ke 2i , where K is an eigenvector, and two solutions 
the form X - Kfe 2t + Pe 2t . See (12) in the text. From (13) and (14) in the text 



/ON 



0 


K 3 te 2f + 

0 

e 2t 


0 



{lj 



and 


This implies 


(A - 2I)Ki = 0 
(A — 2I)K-2 = Ki. 


/0 1 0 0 0 \ /pi\ 

0 0 0 0 0 p2 

0 0 0 0 0 p :i 

0 0 0 0 1 p 4 

(0 0 0 0 0/ \P5 / 


/IN 

0 

0 

0 

V0 J 


so P 2 - 1 and = 0. while pi, ps, and P 4 are arbitrary. Choosing p\ = = P 4 = 0 we have 
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Therefore a solution is 


Repeating for K 3 wc find 


so another solution is 


51. From x = 2 cos 2t — 2 sin 2 1, y 



cos 2 1 we find x + 2y — —2sin2t. Then 


(x + 2 y) 2 = 4 sin 2 2 1 = 4(1 — cos 2 2 1) = 4 — 4 cos 2 2t — 4 - 4 y 2 


and 

x 2 -f 4 xy + 4 y 2 = 4 — 4y 2 or x 2 + 4 xy + 8 y 2 = 4. 

This is a rotated conic section and. from the discriminant Ir — 4ac — 16 — 32 < 0. we see tin- 
curve is an ellipse. 

52. Suppose the eigenvalues are a ± i,8. > 0. In Problem 36 the eigenvalues are 5 ± 3 i, in 

Problem 37 they are ±3 i, and in Problem 38 they are — 1 ± 2 i. From Problem 47 we dcduc 
the phase portrait will consist of a family of closed curves when ct = 0 and spirals when a ^ ! . 
origin will be a repcllor when a > 0, and an attractor when a < 0. 
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N Onhompgeneous One& Systems 


Solving 


dot (A - AI) = 


2-A 3 
-1 - 2 -A 


A 2 - 1 = (A - 1 )(A + !) = () 


we obtain eigenvalues Ai — —I and A 2 = 1. Corresponding eigenvectors are 

Kl = (~i) **-("?)■ 


Thus 


Substituting 


X ‘= C1 ( j 1 )«"+<»(■ i) e '- 


X,,= 


ai 

,h 


into the system yields 


2a 1 T 3f>i — 7 
—ay — 2&i = —5, 

rom which we obtain a\ = — 1 and 61 — 3- Then 


X(t) — ci f ^ j e 1 + C 2 


Xt)- 


solving 


det(A - AI) = 


5-A 9 
-1 11-A 


= A 2 - 16A -f 64 = (A - 8) 2 = 0 


we obtain the eigenvalue A = 8 . A corresponding eigenvector is 

3\ 


solving (A — 81)P = K we obtain 


K = 


P = 


,1, 

' 2 ' 


. nus 


X 0 = ci I e 8 * + c 2 




445 







Exercises 8.3 Nonhomogeneous Linear Systems 


Substituting 


into the system yields 




a l 
.61. 


5ai + 96i = — 2 
— 0 ]_ -(-1 lfti = — 6 , 

from which we obtain a\ = 1/2 and b\ = —1/2. Then 


X(t) = C] Me 8 * + c 2 


>-c 


,,8 1 


+ 


1 / 2 ' 
— 1/2 , 


3. Solving 


det(A - AI) = 


1-A 3 
3 1-A 


= A 2 - 2A - 8 = (A - 4) (A + 2) = 0 


we obtain eigenvalues Ai = — 2 and A 2 = 4. Corresponding eigenvectors are 

Ki=(_M and K 2 =1M. 


Thus 


Substituting 




x -r 3 h 2 + ( a 2 h+/“M 

Xp_ Ur Ur U) 

into the system yields 

<23 + 363 = 2 02 + 3&2 — 2a 3 0,1 + 36 1 = 02 

303 + 63 = 0 3o2 4 - l>2 + 1 = 263 3 a,[ + bj + 5 = 62 

from which we obtain 03 = — 1 / 4 , 63 = 3 / 4 , a-2 = 1 / 4 , 62 = — 1 / 4 , ai — — 2 . and b\ = 3 / 4 . Tl: 

X(t) - c, ( + « ( J ) + ( $) + ( j /4 ) ■* ■+ ( 3/ 4 ) 


4. Solving 


det(A - AI) = 


1 - A -4 
4 1 - A 


= A 2 - 2A + 17 = 0 


we obtain eigenvalues Ai = 1 + Ai and A 2 = 1 — 4i. Corresponding eigenvectors are 

K, = C) nnd K 2 =(-;). 
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Thus 


Xc = cj 


0 \ /-1\ 

cos 4 t+\ sin 4 1 

1 \ 0 


e l + c*2 


—1\ /0\ 

cos At — sin At 

0 \1 


f —sin At \ . / — cos 4 A , 

= ci 1 t l + 02 , e f . 

V cos At I V — sm At I 


Substituting 


x n =[ a3 U+( a2 ] + | ai lc 6t 


.63 


b 2 


h 


into the system yields 

a ,3 — 463 = —A a,2 — 4/>2 = «3 —5ai — 46i = —9 

4a3 + 63 = 1 4a2 + 62 = h 4ai — 5&i = —1 

from which we obtain <13 = 0, 63 = 1, a -2 — 4/17, 62 = 1/17, a\ — 1, and 61 = 1. Then 

4/17 \ (l 


X(t) = c, ( ""f ] * + 0 2 (■- C0S4t V + (°) t + ( T I + r 1 e 6 ‘ 
\ cos4t / \ — sin4t / \1/ \ 1/17 


Solving 

4 - A 1/3 
9 6-A 

we obtain the eigenvalues Ai = 3 and A 2 = 7. Corresponding eigenvectors are 


det(A — AI) = 


= A 2 - 10 A + 21 = (A - 3)(A — 7) = 0 


Thus 


Substituting 


K >=U) “ d ^=( 9 ' 




into the system yields 


X I ai \ * 

— 1 I J 

p — I , \ ( - 

\ h J 


3ai + -61 — 3 


9<2i + 56i — —10 

from which we obtain aj — 55/36 and b\ = —19/4. Then 
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6. Solving 


det(A — AI) = 


I -1 - A 5 


= A 2 + 4 = 0 


-1 1 - A 

we obtain the eigenvalues Ai = 2 i and A2 = —2 i. Corresponding eigenvectors are 


Ki = 


5 ' 

1 + 2 i 


and K2 = 


0 

1-2 i 


Thus 


Substituting 


X c = ci 


-5 cos 2t 

cos 2t — 2 sin 2t 


+ C2 


5 sin 2t 

2 cos 2t + sin 2t 


X p = 


a 2 
. 62, 


cost + 


«1 

61. 


sint 


into the system yields 


—a ,‘2 + 5bo — a 1 = 0 
—02 + b2 - h — 2 = 0 
—ai + 5bi + Q-2 + 1 = 0 

— d\ + bi + 1)2 = 0 

from which we obtain 0,2 = —3, 62 = —2/3, a-i = —1/3, and b\ = 1/3. Then 


X(t) = C1 


5 cos 2 1 

cos 2t — 2 sin 2 1 


+ C2 


-5sin2t \ / — 3 

2 cos 2t -f sin 2t / \ —2/3 


cost + 


-1/3' 

. 1 / 3 , 


7. Solving 


det(A - AI) = 


= (1 - A)(2 - A)(5 - A) = 0 


1-A 1 1 

0 2 - A 3 

0 0 5 — A | 

we obtain the eigenvalues Ai — 1, A2 = 2, and A3 = 5. Corresponding eigenvectors are 


Ki = 


/1A 

1 

/ 1 \ 


(l\ 

0 

, k 2 = 

1 

and K 3 = 

2 

\0/ 


W 


U/ 


Thus 


X R = Ci 

fl\ 

0 

e f + C 2 

/n 

1 

e 2t + C s 

/ 1 \ 
2 




U J 


U/ 


e 5t . 


Substituting 


X p = 


bi 

\ci/ 


At 


sin f. 
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into tlie system yields 


— 3ai + bi + C\ — — 1 
—2 b\ + 3ci = 1 


Ci = —2 

from which we obtain ci = — 2 . b\ = —7/2, and oi = —3/2. Then 


X(t) = C\ 0 e f + C 2 1 e 2t + C 3 2 e 5 * + 


-3/2 \ 
-7/2 e 4 *. 


S. Solving 

-A 0 5 

dot (A - AI) = 0 5 - A 0 = -(A - 5) 2 (A + 5) = 0 

5 0 -A 

we obtain the eigenvalues Ai = 5, A 2 = 5, and A 3 = —5. Corresponding eigenvectors are 


Ki= 0 , K 2 = 1 and K 3 = 0 


Thus 


X c = Ci 0 e ol + C 2 1 e ot + Q>\ 0 e 


Substituting 


X p = h 



into the system yields 


5ci = —5 


6b\ = 10 
5fli = -40 

n jin which we obtain ci = — 1. b\ = 2, and a.\ = — 8 . Then 


X(t) = Ci I 0 e M +C 2 \ 1 e 5t + C s 0 I + 2 
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9. Solving 

-1-A -2 
3 4-A 

we obtain the eigenvalues Ai = 1 and A 2 = 2. Corresponding eigenvectors are 


det(A - AI) = 


= A 2 — 3A + 2 = (A — 1)(A — 2) 


Thus 


Substituting 


K 1 = ( -i ) and K2 = ('e' 


X t . = c 1 (_i)e‘ + c 2 (- 6 4 ) e - 


X p = 


ai 

61 


into the system yields 


—01 — 26i = —3 
3ai + 4^i = —3 


from which wc obtain ay = —9 and by = 6. Then 

1 


X(0 = Cl 


-1 


t ~ 4 A 2t 1 - 9 

e + C2 I _ I e 2 * + 


6 


6 


jetting 


we obtain 


X(0) = 


5 


ci — 4 c 2 — 9 = —4 
-ci + 6C2 + 6 = 5. 


Tien ci = 13 and 02 = 2 so 


X( t ) = 13 +2 (" d ' 


e 2 * + 


-9' 

6 


10. :a) Let I = 


and 


*2 

+ 3 , 


so that 


i ={ 2 2 )i +( 60 

1-2 —5 / V 60 


l. = ci f 2 i) e - + o 2 (Me-«‘. 


If Ip = ( ai ) then I p = 

\h J 


'30' 


so that 
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I = ci 



For 1(0) 



we find ci = —12 and c,i 


- 6 . 


(b) i L (t) = h(t) + i 3 (<) = —12c-' - 18e- 0i + 30. 


1. From 

we obtain 

Then 

so that 

and 

2. From 

we obtain 

Then 

so that 

and 

. From 
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we obtain 


Then 


so that 


X c = ci 



+ c 2 


„f/2 




AOe 31 / 2 2e‘/ 2 \ ( ie- 3( '' 2 -Je" 3 '/ 2 ' 

( 3e 3 '/ 2 e </ 2 ) and “ 

U = f $~ 1 Fdt = 


3 „-t 


.3 -f/2 5 -t/2 

4 e 2 e 


3*-f 




and 


14. From 


x„ = $u=( 13/2 W / 2 + 


-13/4 


-15/2' 

-9/4 


»f/2 


X '=(* 1 ) 


/ sin 2t \ 

X + 

\ 2 cos 2 £ / 


we obtain 


X c = c\ 


( — sin 2t \ 2 t , „ ( cos 2 A * 


\ 2 cos 2 £ 


* 


+ 02 


V 2 sin 2 £ 


>r- 


Then 


so that 


and 


15. From 


we obtain 


Then 


sc that 


$ = 


- e 2t sin 2t e?*' cos 2 1\ 


and = 


■he~ 2t sin 2t h~ 2t cos2f 


2e 2t cos 2 1 2e 2t sin 2 1 ) ' \ ie -2 * cos 2 1 \e~ 2t sin 2 1, 

r . /• / ^ cos 4£ \ / i sin 4£ \ 

U= $~ 1 Fdt = / 2 )dt= » 

J J sin At) \—|cos4f/ 


X p = $ U = 


— 1 sin 2£ cos 4 1 — h cos 2£ cos 4£ \ , 


2 1 


\ cos 2 1 sin 4£ — | sin 2f cos 4 £ J 


X! = 


0 2 ' 
-1 3 



x + ! _ ! e- 


X e = c,He‘ + cTje 2 '. 


$ = 


u 


' 2e f c 2t 
e f e 2t 


and <£ _1 = 


e t — e 4 


—e 


- 2 /. 2 c -2t 


- I 


. . 2 \ / 2 £ 

Fd£= / , df = 

-3e~W V 3e _i 
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and 

16. From 

we obtain 

Then 

so that 

and 

1". From 

we obtain 

Then 

so that 

and 

-v From 

we obtain 


X, = *U=(^W + ( 3 3 )e‘. 


X ' = ( -1 3) X+ (e- 


X c = Cl + 


$ = 


2e* e 2f ' 
e ( e 2t 


and 1 


f 


- 2 1 


-e-t 


2e 


-24 


u 


-/■ 


$~ ] Fdt = 


2e t — e ' u 


—2e 


- 2 1 


2e~ 5t 


dt = 


r 2 e-* + |e- 4 *’ 
e~ 2t - |e- 5t . 


X p = $U = 


i p -3i _ 'i 
10 e ^ 

. J. p -3t _ 1 
20 e 1 ■ 


x- -G -'>*0- 


X c = «i(*)e 3f + c 2 ( ^ le 


-3 1 


$ = 


'4e 3<: — 2e -3i ' 


,,3* 


,-34 


U 


= / * _1 


and $ 1 = 


1.-34 1.-34 


6 


(i e 


F dt = 


X p = $U = 


6te“ 3 *' 

6 te 3 * 

- 12 ' 
0 


3 e 

2.34 


dt -- 


t + 


—2te~‘ il - §c -3t ' 
2te 3 * - |e 3t 

-4/3 \ 

"4/3/ • 


*-(! h**(S) 


x.. 
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Then 


so that 


and 


U 




$ = 


$ _1 F dt = 


4e 


At 


C M 


— 2 e' 


At 


f: -At 


6 e 




and $ 1 = 


l f -3( 

6 f ' 

_ l,,3t 
6 e 3 e 


lp-3* ■ 
3 e 

2„3f 


g e_4 * + l te ~ 2t 


dt = 


24e 6 iL 


12 c 


__L p 2t , l fp 4t _ _l_p4t 
12 e + ti lL 24 t " 


—te* — 


X p = 4>U = 


1 „t 


.1 P -t _ if , 
8 e 8 e 


19. From 

wc obtain 

Then 

so that 

and 

20. From 

we obtain 

Then 

so that 

and 




454 



Exercises 8.3 Nonhomogeneous Linear Svstei 


21. From 


we obtain 


Then 


so that 


and 


22. From 


we obtain 


Then 


so that 


and 


_ . From 


we obtain 


Then 


*-c -,‘mt 


/cos t\ ( sin t' 
X c = Ci ( ) + C‘2 ( 

V sm 11 \ — cos t 


/cost sint\ /cost sinf 

= I and <£ = [ 

V sin t — cos t / V sin t — cos t 


v =J*-'™=J{ t L) dt 


— In | cos t| 


/tcost — sin tin | cost|\ 
U —— I 1 

\ t sin t + cos t In | cos 11 / 


T -1' 
1 1 


X' = | “ " ) X + | I e* 


X c = ci( 

V cos t ) \ sin t ) 


/-sin t cos t,\ , , /-sint cost 

<t> = I e and <& = I 

V cos t sin t j V cos t sin t 


-t 


U 


=/* _lFd *=/( 


-3 sin 14- 3 cos t' 
3 cos t + 3 sin t 


dt = 


3 cos t + 3 sin t 
3 sin t — 3 cos t 


X p = $U = 


-3' 


e}. 


x' = f 1 Mx+( cos * 

VI 1 Vsint 


X c = ci 


- sin t \ , / cos t\ t 

e* + c 2 e*. 

cos t / V sm t / 


r / — sint cosi\ , / — sin t cost\ 

<I> = e and = e 1 

V cost sint/ \ cost sint/ 
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so that 


and 


U = j $ -1 F dt= I ^dt = 


( cos f\ , 

X p = $U = ti. 

V sin t / 


O' 

t 


24. From 


we obtain 


Then 


?o that 


and 


, / 2 — 2 \ / 1 \ 1 w 
X' = ( X + -e~ 2t 

\ 8 -6 V 3 t 


x c = Ci ( 2 j e ~ 2t + ('-2 




1 t+l\ 9f i ( —4f — 1 2t +1 \ 9 . 

2 ’ e“ 2f and = f J e 2i 


$ = 


2 2t + ^ 

u = /*-‘ F * = /( 2 + 


2t + 2 In t' 
-2 lnt 


/ 2t + In t — 2/; In t \ 

X„ = $U = , , e~ 2t . 

1 I 4< + 3 In t — 4t In t J 


25. From 


we obtain 


Then 


so that 


and 


x '=(-°i J) x+ (JL' 


( cos t\ ( sin t' 
Xc = Cl 1 -sin* ) +C2 (cost 


( cos t sin t\ 

$ = )t and 1 

\ — sin t cos t J 


U = f Q^Fdt = f ( Un ^ dt = 
J J \ taut J 


' cos t —sin t' 
k sin t cos t ; 

/ t — tan t \ 
\ — In | cost| J 


X p = *U = 


cos t \ ( — sin t 

11 + ( . 

- sin t \ sm t tan t 


sin t' 
cos t 


In | cost|. 


25. From 


x' = ( 0 Mx+f 1 

\ —1 0/ V cot t 
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we obtain 


Then 


so that 


and 


( cos t\ /sin t' 

x c = ci + C 2 

\ — s in f / V cos t 


( cos t sin t\ i / cos t — sin t 

<f> = and = 

V — sin i cos t V sin t cos t 


v-J = 


0 


In | esc t — cot t| 

/ sin t In | esc, t — cot t\ \ 

Xp = $U = ( 

V cos t l n | CSC t — cot t\ ) 


From 


we obtain 


Then 


so that 


and 


x'=( 1 2 N )x+f csct V/ 

\ —1/2 1 / \sect / 


( 2 sin t \ v / 2 cos t \ . 

x ‘HcoJ e+C2 Uhu r- 


/ 2 sin < 2 cos t \ , , 

$ = )e t and = 

V cos f — sin 11 


U = J $ _1 F dt = / ( x 


3 

2 

cot t — tan t, 


dt = 


| sin t cos t ' 
2 cos t —sin t , 


t 




j In | sin t j + In | cos t| 
2 cos t 


, 3 sin t \ . ( cos t \ t 

X* = *U= , te* + x e 4 In sin t + . 

1 'I cost/ \-\smt) 1 \-sint 


c In | cos 11 . 


rrom 


we obtain 


. /1 —2 \ / tant' 

*“ i -J x+ . , 


/ cos t — sin t \ ( cos t + sin t ' 

Xc = C! . +C2 

V cos t } \ sm l 


. :ien 


$ 


cos t — sin t cos t + sin t 
cos t sin t 


and ‘f» 1 — 


— sin t cos t + sin t ,' 
cos t sin t — cos t 


that 


U = f$- 1 Fd.t = J 


2 cos t + sin t — sect' 
2 sin t — cos t 


dt = 


’ 2 sin t — cos ^ — In | sec t + tan t 
—2 cost — sint 
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X p = $U = 


3 sin t cos t — cos 2 1 — 2 sin 2 t + (sin t — cos t ) In | sec t + tan 11 
sin 2 1 — cos 2 1 — cost (In | sect + tant|) 


29. From 


we obtain 


Then 


so that 


and 


30. Jrrom 


we obtain 


Then 




1 

e 2t 

° \ 


f 1 

1 

2 

0 ^ 

$ = 

-1 

e» 

0 

© 

1 

II 


I p -2t 

2 e 

0 


V 0 

0 

e 3t } 

1 

l 0 

0 

e -3i , 
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so that 


and 


U = J&~ l Fdt = j 


/te~* + 2\ 

i ( 

-2e-‘ 

II 

^3 

'to 

CM 

1 

•40 

1 

1 V 


( —te 1 — e 1 + 2t\ 
2e~ L 





/ — 3 / 4 \ 


( 2 ) 


/ 2 \ 

Xp = $u = 

UJ 

t + 

' 

-1 

—3/4 / 

+ 

2 

W 

e* + 

2 

U J 


te*. 


From 


we obtain 


and 




$ = 


_ e 4t e 2t' 
e 4t e 2 * 


= 


L-4 1 Ip—41' 
2 e ' 2 e 

l p -2t \_ p -2t 
2 ~' 2 c 


' 2 ' 


tc 2 ‘+( Me 2 * 



+ $ 


„4* 


' e~ 2t + 2t — 1 
e 2t + 2t-l 


From 


we obtain 


and 


'-c 


*■(; t 


X = + * £Q-'Fds = $ 4 ] +& ■ 




Let I = 



so that 


,-::d 


■■-n >rn 
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Then 


e- 2 * 3e- 12 '- 

3 e - 2 t _ e -i 2 t 


_L„2 1 3_‘2t 

10 e 10 6 

z_ e m. _i„i 2 f 

10 1t 10 fc 


U= / Q-'Fdt = 


l()e 2t sin t 
30e 12 * sin t 


2e 2t (2 sin t — cos t) \ 
mje 12l6 (12sin t - cos t) j ’ 


Ip = 3>U = 


^ sin t — 2 ! cos t 
4£r sin t — cos t 


so that 


I = ci 


e 2t + C '2 


e- v2t + L, 


If 1(0) = I j then ci = 2 and c -2 = 

S4. Write the differential equation as a system 

- CH4 4)0*0 

rrom (9) in the text of this section, a particular solution is then X p = f <F~ 1 (x)F(x) d:r " 

*(*)=(* *?) and X p =(^y 

\ y[ wi) \ u ‘2 / 


id W = yiy2 - lhy[- Thus 

«i - f 


*-‘(x)- T 

1 ,1 

2/12/2 

— 2 / 22/1 ' 

v f if 

1/2 — 

Xp — / 7,7 I 

/ 

/ tv y 

—2/1 5 


and 


jt/2 -1/2 

,7 




T.-hich are the antiderivative forms of the equations in (5) of Section 4.6 in the text. 
: a) The eigenvalues are 0. 1,3, and 4, with corresponding eigenvectors 
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(- 6 

2e* 

3e 3 * 

—e 4 *N 


f 0 

0 

1 

3 

1 \ 

(b) * = 

-4 

e* 

e 3 * 

e 4 * 

, $ _1 = 

l e -t 

3 6 

0 

4 e~ l 

-2e- f 

|c-* 

1 

0 

2e 3 * 

0 

O 

0 

2 -3t 

3 e 

-5 e_3 ‘ 


2 

0 

e 3 * 

0 ) 


\ — 3 e ~ AL 

2 „-4i 

3 e 

0 

l«“ 4 ‘ / 


/ 


2 _ 1 f,2t 

3 3 e 


i/s \ \e 2t + %e 1 — 2e t + \t 

(c) $ _ 1 (i)F (t) = 1 3 3 3 


3 

I „-3 1 


3 e 


+ h~* 


VI e-« + Je-«-ite-*; 


J $-\t)F(t)dt = 


-i e 2t + 2 t 
6 f ' + 3 r 


1 -- 2 t 
6 e 


| e * — 2 c* 


it 2 
6 6 


l -st 
9 


l e -t 

3 e 


V 


_ 2 5t_ _1_ p _i_ _1_ p 3 t I 1_ j-p 3t 

15 e 12 e ' 27 ' 0 


, 2 t 


9 

| e - * - ^ e* - \ te l + ^ fie 


) 


w = *w J*~ 1 (tm)dt= 


( -be 

-2e 2t - -ft e~ f + ^e* + § ie* + g t 2 e 


1 

i 


1 , 2 „i 

3 

I+ 2 J 


2 c 


4 * - f§ \ 

8 f _ 95 
' 3 r 36 


V 


_l_ 2 f _i_ 2 

+ 3 1 + 9 
-e 2t + 4 t — 5 


X c (t) = *(*)C = 


( —6ci + 26 * 26 * + Sc^e 3 * — C 4 e 4t ^ 
- 4 ci + C2e* + C3e 3 * + 64c 4 * 

Cl + 2 C 36 3< 

2ci + c 3 c 3 * 


X(i) = $(*)C + &(t) j $ _ 1 (i)F (t)dt 

( —6ci + 2c2e* + 3c36 3t — C4e 4 * \ 
—4ci + C 2 C* + 63 c 3 * + c 4 e 4 * 
ci + 2c3e 3 * 

\ 2 ci + C 3 e 3t ) 


( -5e 2t -le * — tL e* - g te* + I t 2 e* — At-H 


+ 


27 

JL 

27 


-2e 2t - e * + ^e* + 5 te* + h fie 1 - §1 


_3 e 2i , 2 t , 2 
2 e ^ 3 t ^ 9 

_ p 2i .4*1 
e - 1 - 3 t 9 



/- 6 \ 


f 2N l 


(^3\ 


/-i \ 

id) X(i) = ci 

—4 


1 

e* + C 3 

1 

e 3t + c 4 

1 

1 

+ C 2 

0 

2 

0 


l 2 J 


UJ 


U J 


l 0 / 


Jt 


,2t 




( -be 


-2e 2t - ft e- 


h e * ~ 5 iet + 3 ^ 


+ 


27 


e l + g te* + 4 t z e r — It — 


4i 

Sf 

3‘ 


59 \ 
12 » 


36 


-e 2 * + |t-i 
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if Matrix Exponential; 


For A = 


we have 


A 2 = 


A 3 = AA 2 = 


and so on. In general 


Thus 


A 4 = AA 6 = 


A k = 


1 0 


for k = 1, 2, 3, 


Af _ A A 2 2 A 3 

^ = 1 + it* + ^ + 


1 _ / 1 0 
+ 1 ! [ 0 2 


1 (l 0 

4 


1 +t + 


2! 3! 


l + 2t + 


e" A * = 


2. For A = 


we have 


A 2 = 


A 3 = AA 2 = 
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A 4 = (A 2 ) 2 = I 
A 5 = AA 4 = AI = A, 


and so on. In general, 


Thus 


and 


A fc = 


A, k = 1, 3, 5, ... 
I. k = 2, 4, 6 . 


A * T A A 2 2 A 3 o 
e *‘ = i + _ t+ —^+— 

= I + A« + ift 2 + |Ar’ + .-. 

= I ( 1 + S * 2 + i !* 4 + "') +A (* + | t3+ ^ 5 + ’" 


= I cosh t + A sinh t = 


/ cosli t sinh t \ 


\ sinh t cosh t 


! 


ror 


—e have 


-At ( C 0 S M — 0 sinh(— t) 
\ sinh(— t) cosh (—t) 


( 1 


A = 


1 

1 1 
V —2 -2 -2 J 


1\ 

1 


cosh t — sinh t' 
— sinh t cosh t 



1 

1 

1 \ 

( 

1 

1 

n 


(° 

0 

0 \ 

a 2 = 

1 

1 

1 


1 

1 

i 

= 

b 

0 

0 


1-2 

-2 

-v 


-2 

-2 

-v 


u 

0 

0 / 


rhus. A 3 = A 4 = A 0 = • • • = 0 and 



n 

0 

0 \ 


( 

t 

t 

t\ 

I 

f t + 1 

t 

t \ 

e A * = I + At = 

0 

1 

0 

+ 


t 

t 

t 



t - hi 

t 


U 

0 

V 


l 

-2 1 

-2 1 

-2 1 J 


1 - 2 * 

- 2 t -2t + l) 


A = 


° 

3 

U 


0 0 \ 
0 0 
i oy 
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we have 



(0 

0 

0 \ 

(0 

0 



(0 

0 




A 2 = 

3 

0 

0 

3 

0 

0 

= 

0 

0 

0 




U 

1 

0 / 

V-5 

1 

oj 


u 

0 

o) 






(0 

0 

0 \ 

/o 

0 

0 \ 


/ 0 

0 

0 \ 

A 3 = AA 2 

= 

3 

0 

0 

0 

0 

0 

= 

0 

0 

0 




U 

1 

0 / 

\3 

0 

oj 


u 

0 

0 / 


Thus, A 4 = A 5 = A 6 = • • • = 0 and 
e At = I + At + - A H 2 

/-i 


/i o o\ 


/ 0 0 0 \ 


0 0 0 \ 


1 0 ON 

0 10 

“T 

3i 0 0 


0 0 0 

— 

3 t 1 0 

o 

o 

h— 1 


t 0 ) 


\¥ 2 0 o/ 


+ 5t t 1 / 


5. Using the result of Problem 1 , 



6 . Using the result of Problem 2 , 


/ cosh t 
\ sinh t 


sinh t 
cosh t 



cosh t \ 
sinhf / 


+ C2 


/ sinh t 
\cosh t 


Using the result of Problem 3. 



( t +1 

t 

t \ 

( Cl\ 


(t+l\ 


* ) 


( 1 \ 

X = 

t 

t + 1 

t 

C2 

= Cl 

t 

+ C-2 

t + 1 

+ C-3 

t 


\ -2 1 

—2 1 

—21 + 1 J 

\C3/ 


“2 1 j 


J 


\ — 2t + 1 / 


S. Using the result of Problem 4. 


( 1 


0 0 \ 


(cA 


X = 

3 t 1 0 

r 1 

C2 

= Cl 

3 1 

+ C2 

1 

+ C 3 

0 


y ^t 2 + 5 1 t 1 J 

\C3 / 


\\t 2 + St) 




W 


( 0 \ 


/o\ 


9. To solve 


X' = 


'1 O' 
0 2 


x + 



-1 
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we identify to = 0? F (t) = ( J, and use the results of Problem 1 and equation (5) in the 


X(£) = e At C + c At f e _As F(s) ds 

Jto 



To solve 



we identify t 0 = 0, F(t) = 



and use the results of Problem 1 and equation (5) in the : 


X(t) = e A *C + e At 
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11 . To solve 


X' = 


o r 
1 o 


x + 


we identify to = 0, F(t) = 


1 


and use the results of Problem 2 and equation (5) in the tex: 


X(t) = e At C + e At ( f e~ As F(s) ds 
Jto 


12 . To solve 


/cosh t sinh t\ /c i\ /cosh t sinh t \ 

\ sinh t cosh t J \ c -2 ) \ sinh t cosh t 


ill t \ rt ( cosh .s 
sh t J Jo \ - sinh s 


cosh .s — sinh s \ (\. 

cosh .9 / l 1 


ci cosh t + c '2 sinh t ^ ^ / cosh t sinh t \ / sinh s — cosh, s 

\ sinh t cosh t J \ — cosh ,9 


cj sinh t + cosh t J \ sinh l cosh t J \ — cosh .9 + sinh s 

( Ci cosh t + C 2 sinh i \ ( cosh t sinh t. \ / sinh t — cosh t + 1 

\ ci sinh t + co cosh t.J \ sinh t cosh t J \ — cosh t + sinh t + 1 

/ Ci cosh t + c .’2 sinh t \ ( sinh 2 1 — cosh 2 t + cosh t + sinh t \ 

\ cj sinh t + C '2 cosh t J \ sinh 2 t — cosh 2 1 + sinh t + cosh t J 


/ cosh t\ / sinh t\ / cosh t \ / sinh t\ /I 

1 \ sinh t / ”*” 2 \ cosh t) \ sinli t ) \ cosh t ) \ 1 

/ cosh t \ ( sinh t\ ( 1 \ 

CS V S i.lhtJ +C4 ico S litj“U- 


x'=f° Mx+f™ 114 ) 

V 1 0 / V sinh t ) 


ds 


' a cosh t + C 2 sinh t \ / cosh t sinh t \ rt / cosh .s — sinh s \ 
cj sinh t + C 2 cosh t J \ sinh t cosh t) Jo \ — sinh s + cosh s J 


( cosh t \ 

J, and use the results of Problem 2 and equation (5) in 
sinh t) 

X(t) = e At C + e At f e~ As F{s) ds 

Jto 

f cosh t sinh t \ f C\ \ ( cosh t sinh t\ ft f cosh s — sinh s \ ( cosh .* 

\ sinh t cosh t) V c 2 / \ sinh t cosh t) Jo \ — sinh s cosh s ) \ sinh >• 
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' ci cosh t + c -2 sinh t\ f cosh t sinh t\ ft f 1 \ 
k Ci sinh t + C '2 cosh t) \ sinh t cosh t J Jo \ 0 ) 

' ci cosh t + C 2 sinh t \ / cosh t sinh t \ / s \ 1 

s ci sinh t + C 2 cosh t J \ sinh t cosh t J \ 0 J a 

’ ci cosh t + c -2 sinh t\ ( cosh t sinh t \ f1\ 

ci sinh t, t c -2 cosh i / \ sinh t cosh t J \ 0 / 

ci cosh t + C 2 sinh A ft cosh t\ f cosh t\ f sinh t \ 
ci sinh t + C ‘2 cosh t j \t sinh t J 1 \ sinh t J 2 \ cosh t J 


We have 



H 


/o\ 


/ o\ 


fcA 


( ^ 

X(0) = Cl 

0 

+ C‘2 

1 

+ 63 

0 

= 

C2 


-4 


W 


W 


l ij 


\<% ) 


l 6/ 


"iius, the solution of the initial-value problem is 



(t + l\ 


t \ 


( 1 ^ 

X = 

t 

-4 

t + 1 

+ 6 

t 


1-2 1) 


V ~ 2t / 


\-2t + l) 


have 


X (0) -c 3 (M+c 4 (J) + ( 3 )= /C3 3 


°4 + \ . 


3, 


l_us. C 3 = 7 and 04 = |, so 


:: ni si — A = 


s — 4 -3 ' 

4 s + 4 


X = 7 

VO, 

we find 

1 




(si - A)-* = 


e At = 




> 3/2 1/2 

3/4 

s — 2 s - |- 2 

s — 2 . 

-1 , 1 

-1/2 
s — 2 + ; 

5 — 2 5 + 2 

11 - ^" 2 ‘ $e 2 

1 

coi'^r 1 

1 

: 2 ‘ + e" 2( -ie 

,2t _|_ 3g—2t 


general solution of the system is then 


( cosh t, \ 
sinht J 


467 



Exercises 8.4 Matrix Exponential 





17. From si — A = 


s — 5 9 

-1 ,s + l 


wo find 


(si - A )- 1 = 


1.3 9 

s — 2 ~ (7 - 2) 2 “ (s - 2) 2 

1 1 3 

(s - 2) 2 s — 2' (s - 2) 2 
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and 


e A4 = 


e 24 + 3ie 


2t 


-9ie 24 


te 2t e 2t - 3 te 2t ) ' 


The general solution of the system is then 


X = e At C = 


e 2t + 3 te 


2t 


—9 te 


21 


ci 


te 


2 1 


e 2t — 3 te 2t ) \ co 


Cl (()) e 2 <+Cl (i)‘ e 2 ,+C 2 (i ) e2 ‘ +C2 



te 


21 


-c( 


l + 3t\ , 


~9t 


\ * r 


e2 ' + C2 ll-3t' C 


, 2 1 


(s -1 \ 

From si — A = we find 

V 2 s + 2 


(si-A) -1 = 


( s + 1 + 1 1 

(s -t-1) 2 + 1 (s + l) 2 + 1 
-2 8 + 1 - 1 


and 


e A4 = 


\(s + l) 2 + l (s+1) 2 + 1/ 

' e~ f cos t + e -4 sin t e~ fl sin t 

—2e -4 sin t e -4 cos t — e -4 sin t 


The general solution of the system is then 


X = e M C = 


' e 4 cos t + e 4 sin t 


e 4 sin t 


-2e 4 sin t e 4 cos t — e 4 sin t 



ci 

C2. 


= ci f j e 4 cos t + c\ ( ^ j e 4 sin t + f ^ e 4 cos t + C 2 



( cos t + sin t \ 


= ci 


l - 


,-t 


sin t 


e~“ + c 2 [ j e 

2 sin £ / V cos t — sin t / 




f jiving 


det(A - AI) = 


2-A 1 
-3 6-A 


j = A 2 - SA + 15 = (A - 3)(A - 5) = 0 


"e find eigenvalues Ai = 3 and A 2 = 5. Corresponding eigenvectors arc 


K, = 


and K 2 = 


5 4 sint 
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Then 


so that 


P = 


t r 

1 3 


p - 1 = 


3/2 

- 1/2 


PDP 1 = 


1/2 \ 
1/2 ) 

2 1 ' 
-3 6 


and D = 


'3 O' 
0 5 


20. Solving 

|2-A 1 

1 2 — A | 

we find eigenvalues Ai = 1 and A 2 = 3. Corresponding eigenvectors are 


det(A - AI) = 


= A 2 - 4A + 3 = (A - 1)(A - 3) = 0 


Ki=( M and K 2 =C 


Then 


so that 


P = 


-1 1 

1 1 


P _1 = 


1 ,-1/2 1/2 \ . _ (1 0 


PDP -1 = 


1/2 1 / 2 , 

'2 1 


and D = 


0 3 


1 2 


21. From equation (3) in the text 

e tA = e fPDP_1 = I + £(PDP -1 ) + ^£ 2 (PDP -1 ) 2 + ^(PDP" 1 ) 3 + 


= P 


I + tD + |(£D) 2 + |(£D) 3 T 


p-l = p e tDp 


tDn-1 


22. From equation (3) in the text 



/I 

0 ••• 

°\ 


/A, 

0 

e to = 

0 

1 

0 

+ t 

0 

^2 


U 

0 

V 


0 

0 


0 \ 


/A? 

0 • 

.. ON 

0 

1 2 

+ Z7& 

0 

A| • 

• 0 


2! 



• 

^ n ) 


0 

0 

A l) 



/A 3 0 • 

•• 0 \ 

1 3 
- 1 — t 6 

+ 3f 

0 A| • 

•• 0 


^ 0 0 

A l) 


470 



Exercises 8.4 Matrix Exponent 


/1 + Ait + ^(Ait) 2 + • • • 0 

I 0 1 + A2t + ^(Aat) 2 + • • • 


0 

0 


V o 

e Xlt 0 ••• fl \ 

0 e x ' 2t - • • 0 

^ 0 0 e Xnt ) 


0 


1 + A n t + (A„t) 2 


23. From Problems 19, 21, and 22, and equation (1) in the text 


X = e tA C 

= Pe* D P _1 C 



/ e 3t 

e 5t \ 

(e 3t 

M 

/ fe~ 3 * 

= [ e 3t 

3e 5t ) 

\ o 


v-K“ 


/ |e 3t - ^e 5t -\e At + \e ot 

\ 3 e 31 _ 3 g 5 1 _ l g 3 1 + 3 g 5i 

2 2 2 2 




24. From Problems 20-22 and equation (1) in the text 

X = e tA C = Pe fD P _1 C 

(-<* 0W-|e-‘ Jc" 1 WcA 

\ e c c 3 ‘/\0 fi ;i ' / l I e 3! ^e -3 V \'-2 / 

/ h‘ + i e< “ -P + 5« 3I WcA 

U|<!‘ + ^ 9 ‘ Je i + ie 3 ‘/UJ' 

IT. If det(sl — A) =0, then s is an eigenvalue of A. Thus si — A has an inverse if s is not an eigen" 
of A. For the purposes of the discussion in this section, we take s to be larger than the h: 
eigenvalue of A. Under this condition si — A has an inverse. 

-T Since A 3 = 0, A is nilpotent. Since 

e At = I + At + A 2 ^- + • • • -j- A k f — + • • • , 
l\ k\ 

:f A is nilpotent and A m = 0, then A k = 0 for k > m and 

fl fin —1 

e At = I + At +A 2 - + ■■■ + A m - 1 ——— . 

2! (m-1)! 
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In this problem A s = 0. so 


±2 

( 1 

0 

o\ 


(-1 

1 

i\ 


(-1 

0 


e At = I + At + A 2 - = 

2 

0 

1 

0 

+ 

-1 

0 

1 

t + 

0 

0 

0 


\o 

0 

1 ) 


l-i 

1 

4 


l-i 

0 

1 / 


/I -t-i 1 /2 t t + t 2 /2 \ 
= -t 1 t 

\ -t-t 2 /2 t 1 + t + t 2 / 2 / 

and the solution of X' = AX is 



(c l\ 


/ c 1 (l-t-t 2 /2)+c 2 t + o, i {t + t 2 /2) \ 

X(t) = e At C = e At 

02 

= 

~C\t + C 2 + C'st 


y 


\ c i ( — t ~ t 2 /2) + C 2 t + c. 3 (l + t + t 2 / 2) / 


27. (a) The following commands can be used in Mathematical 
A={{4, 2},{3, 3}}: 
c={cl, c2}; 
m=MatrixExp[A t]; 
sol=Expand[m.c] 

Collect[sol, {cl, c2}]//MatrixForm 
The output gives 

*<*) - cx (§«*+§««*)+p* (-§«■+§«“) 

^>= 4444 + 4 r ‘ 4 6t )- 

The eigenvalues are 1 and 6 with corresponding eigenvectors 



so the solution of the system is 

X( 0 = 61 ( ”3) + *2 ( 1 ^ 

or 

x(t) = — 2b\&^ + b‘ 2 e 6t 
y(t ) = 3bie f ' + b 2 e (>t . 

If we replace b\ with — jrci + if '2 mid 62 with |ci + |c 2 , we obtain the solution found 
matrix exponential. 


472 



Chapter 8 in Review 


(b) x(t) — c\e 2t cos t — (ci + c*2)e 2t sin t 
y(t ) = C2e~ 2t cos t + (2ci + C2)e~ 2t sint 

28 . x(t) = ci( 3 e _2t — 2 e _t ) + ca(—6e _2t + 6e _t ) 
y(t) = C2(4e _2i — 3 e - *) + C4(4e _2t — 4 e _t ) 
z(t ) = ci(e _2( — e~ f ) + C3(— 2 e -2 * + 3 e _t ) 
w(t) = C2(— 3 e~ 2t + 3 e _t ) + C4(— 3 e -2 * + 4 e _< ) 


Chapter 8 in Review 


T ;; : ::,:p • ' 

ls< «iw: & 2 StsilS Hi H; ;ii ills ai!; Li <!: > A:: 


1. KX = Jfc 


|, then X' = 0 and 

1 4 \ / 4 


A: 



= k 



We see that A; = |. 


2. Solving for c\ and C2 we find c\ = — § and C2 = \ . 


i. since 


4 6 6\ 

CO 


( 12 \ 

( 3N 1 

1 3 2 

1 

= 

II 

1 

V-l -4 —3 / 

1 — 1 

1 


1-4/ 

l-l/ 


we see that A = 4 is an eigenvalue with eigenvector K3. The corresponding solution is X3 — K; r' 


4 .. The other eigenvalue is A2 = 1 — 2 i with corresponding eigenvector K2 = 
solution is 



. The 


f cos2t\ f /sin2 1 

X(t =C1 . e‘+C2 

\ — sin 2 1 j 


cos 2 1 


4 . 


We have det(A — AI) = (A — l) 2 = 0 and K = 
'} that 





-1 


X = ci 





1 


e l + C2 



-1 


. A solution to (A — AI)P = K is P = 


te* + 


7 . e have det(A — AI) — (A + 6)(A + 2) = 0 so that 


X — cj 



—1 


e~ 6t + c 2 


,- 2 t. 
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7. We have det(A — AI) = A 2 — 2A + 5 = 0. For A = 1 + 2 i we obtain Ki = 


and 


X, = 


,(1+2 i)l = ( mS2t ] e t + i ( Sia2t \j 


■ sin 2 1 j 


\ cos 2t) 6 ‘ 


Then 


X = ci 


“ s2 W + 4 sin2 W 

- sin 2 1) \ cos 2 1J 


'3 -i' 


S. We have det(A — AI) = A 2 — 2A + 2 = 0. For A = 1 + i we obtain Ki = I ^ I and 


f 3 —i 

X ‘= 2 16 


(Hi), _ (3uxt + emt\j 


\ 2 cos t 


e +1 


cos t + 3 sin t\ 


2 sin t 


r‘ 


Then 


( 3 cos t + sin t \ , ( — cos t + 3 sin t \ , 

X = ci J e* + c 2 ( e*. 

V 2 cos t J V 2 sin t J 

9. We have det(A — AI) = —(A — 2)(A — 4)(A + 3) = 0 so that 



/ — 2 \ 


(o\ 


7 \ 

X = d 

3 

e 2L + C 2 

1 

e 4t + C 3 

12 


l 1 J 


uJ 


ID 

r—1 

1 


-it 


.0. We have det(A — AI) = —(A + 2)(A 2 — 2A + 3) = 0. The eigenvalues are Ai : —2, A 2 
and A 2 = 1 — V2i, with eigenvectors 


Thus 


K, = 


X = ci 


(-7) 


1 ^ 


( 1 \ 

5 

, K 2 = 

s/2% 12 

, and K 3 = 

-V2i/2 

4 J 


1 ) 


\ 1 / 

-n 

\( 

fl \ 

/ 0 \ 

1 


5 

V 4 J 


e 2t + C 2 


0 

VI/ 


cos 


\/2 1 - 


V2/2 

V 0 / 


sin V21 


+ C 3 


( 0 V 

n/2/2 

V 0 > 


COS 


IS V 2 1 + 


/ 1 \ 


\1 J 


Sill 


y/21 



/-7\ 


/ cos \/2t \ 


< sin a/2 t \ 

Cl 

* 

0 i 

e + c 2 

—|\/2sin \/2t 

e* 4- c 3 

^ \[2 cos \/2 1 


4j 


\ cos \/2i ) 


\ sin \/2t J 


eK 
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1. We have 


Then 


x c = cl (;V + J^« 


e"° 4e 4t 


2 1 a ,M \ / e -2 1 _ 4e -2 1 ' 


*-lo e«J- * _I = v 0 


-4t I ’ 


and 


U 


= J $~ 1 Fdt = 


’ 2e~ 21 — Q4te~ 2t \ . / 15c -2 * + 32te -2 *' 


16te 4 * 


dt = 


3~ 4t - Ate- 41 


so that 


X p = <FU = 


/ll + 16 t\ 


2. We have 


Then 


/ 2 cos t \ . / 2 sin t \ , 

X c = ci [ . .Je*-hc 2 [ ] e 1 . 


\ — sin t 


V cost / 


$ = 


2 cost 2 sin t ^ t _ x Z^cost -sint^ 

0 . ^ [ - 


sin t cos t 


k sin t cos t 


j 


e 


t 


and 


so that 


U 


= J S' 1 


r ( cos t — see t \ ( sin t — In | sec t + tan t \ 

F dt = / ( dt = ( ) 

•/ \ sin t J \ — cos t J 


( —2 cos t In I sec t + tan t\ \ . 
X p = $U = , 1 , 1 , e*. 

' 1 + sintln | sect + tant| / 


i. We have 


Then 


and 


/ cos t + sin t \ ( sin t — cos i' 

Xc = c, +c 2 

\ 2 cos t / \ 2 sin t 




' cos t + sin t sin t — cos t' 
2 cos t 2 sin t 


= 


sin t ^ cos t — A sin t' 
- cos t j cos t + \ sin t, 


U 


- / 


Fdt = 


- A cos t + A esc t \ 

i i dt 

- | COS t + 5 CSC t / 


A sin f • 

- 2 sin t — \ cos t + \ esc; 


(—\cos t — ^ sin t + ^ In | esc t — cot t| \ 
\ \ cos t — | sin t + ^ In | esc t — cot t\J 
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Hj 


o that 


X„ = $U = 1 . .1 hi | esc/; — cot/|. 



sin t 


sin t + cos t J 


14. We have 


Then 


X c = C] ) e 2 * + C2 




-1 


te 2t + 


‘2t 


$ = 


e 2t te 2t + e 2t ' 
~e 2t —te 2t 


. = 


—te 2t —te 2t — e 2t 


and 


U 






-/ 


so that 


15. (a) Letting 


x '-* u =( _ ^)‘ ,e,,+ ("r 


/e 2t . 


K = 


AA 
V > 


we note that (A — 21) K = 0 implies that 3fci + 3 /l ’2 t- 3% = 0 , so k-\ = — (A - 2 + /cy). Ch 
k '2 = 0 . A '3 — 1 and then ho, — 1 , /c .3 =0 we get 

/- 1 \ (~l\ 


Ki = 


0 

V 1 J 


and K 2 = 


respectively. Thus, 


Xi = 


/- 1 \ 
0 

V 1 / 


e 2t and Xo = 


1 

V 0 j 

— 1 \ 
1 

0 / 


„ 2 1 


are two solutions. 


(b) From det(A — AI) = A 2 (3 — A) = 0 wc see that Ai = 3, and 0 is an eigenvalue of muT 


two. Letting 


K = 


(h\ 

k2 

U/ 
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as in part (a), we note that (A — 0I)K = AK = 0 implies that k\ + k? + ks — r . • 
k\ = —( k ‘2 + ks). Choosing hi = 0, kz ~ L and then ki = 1 , /C 3 = 0 we get 



(- 1 ) 


/ —i \ 

k 2 = 

0 

and K3 — 

1 


l l) 


l 0/ 


respectively. Since the eigenvector corresponding to Ai = 3 is 




Ki 

the general solution of the system is 


/ 1 \ 

1 

VI/ 


X = ci 

/IN 

1 

e 3t + C‘i 

/-1\ 

0 

+ ^3 

/-i\ 

1 


W 


l lj 


l 0 / 
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9 Numerical Solutions of 

Ordinary Differential Equations 




1 . h = 0.1 h = 0.05 


*n 

y n 


Xn 

yn 

1.00 

5.0000 


1.00 

5.0000 

1.10 

3.9900 


1.05 

4.4475 

1.20 

3.2546 


1.10 

3.9763 

1.30 

2.7236 


1.15 

3.5751 

1.40 

2.3451 


1.20 

3.2342 

1.50 

2.0801 


1.25 

2.9452 



1.30 

2.7009 



1.35 

2.4952 



1.40 

2.3226 



1.45 

2.1786 



1.50 

2.0592 

h—0.1 


r 

i,—0.05 


X n 

y n 


X n 

y» 

0.00 

0.0000 


0.00 

0.0000 

0.10 

0.1005 


0.05 

0.0501 

0.20 

0.2030 


0.10 

0.1004 

0.30 

0.3098 


0.15 

0.1512 

0.40 

0.4234 


0.20 

0.2028 

0.50 

0.5470 


0.25 

0.2554 



0.30 

0.3095 



0.35 

0.3652 



0.40 

0.4230 



0.45 

0.4832 



0.50 

0.5465 


ft — 0.1 


fc=0.05 



yn 


X n 

yn 

0.00 

2.0000 


0.00 

2.0000 

0.10 

1.6600 


0.05 

1.8150 

0.20 

1.4172 


0.10 

1.6571 

0.30 

1.2541 


0.15 

1.5237 

0.40 

1.1564 


0.20 

1.4124 

0.50 

1.1122 


0.25 

1.3212 



0.30 

1.2482 



0.35 

1.1916 



0.40 

1.1499 



0.45 

1.1217 



0.50 

1.1056 

h - 0.1 


h 

>=0.05 



y n 


X n 

y» 

0.00 

1.0000 


0.00 

1.0000 

0.10 

1.1110 


0.05 

1.0526 

0.20 

1.2515 


0.10 

1.1113 

0.30 

1.4361 


0.15 

1.1775 

0.40 

1.6880 


0.20 

1.2526 

0.50 

2.0488 


0.25 

1.3388 


0-30 1.4387 
0-35 1.5556 
0.40 1.6939 
0.45 1.8598 
0.50 2.0619 
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h~OA h — 0-05 


X n 

y n 


X n 

y * 

0.00 

0.0000 


0.00 

0.0000 

0.10 

0.0952 


0.05 

0.0488 

0.20 

0.1822 


0.10 

0.0953 

0.30 

0.2622 


0.15 

0.1397 

0.40 

0.3363 


0.20 

0.1823 

0.50 

0.4053 


0.25 

0.2231 



0.30 

0.2623 



0.35 

0.3001 



0.40 

0.3364 



0.45 

0.3715 



0.50 

0.4054 

ft = 0.1 


} 

1 = 0.05 



y a 


x n 

y n 

0.00 

0.5000 


0.00 

0.5000 

0.10 

0.5215 


0.05 

0.5116 

0.20 

0.5362 


0.10 

0.5214 

0.30 

0.5449 


0.15 

0.5294 

0.40 

0.5490 


0.20 

0.5359 

0.50 

0.5503 


0.25 

0.5408 



0.30 

0.5444 



0.35 

0.5469 



! 0.40 

0.5484 



: 0.45 

0.5492 



0.50 

0.5495 

ft — 0.1 


ft — 0.05 


Xn 

y,i 


X n 

y n 

j 1.00 

1.0000 


1.00 

1.0000 

{ 1.10 

1.0095 


1.05 

1.0024 

1.20 

1.0404 


1.10 

1.0100 

i 1.30 

1.0967 


1.15 

1.0228 

1.40 

1.1866 


1.20 

1.0414 

; 1.50 

1.3260 


1.25 

1.0663 



1.30 

1.0984 



1.35 

1.1389 



1.40 

1.1895 



1.45 

1.2526 



1.50 

1.3315 
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6 . ft — 0.1 ft = 0.05 


X n 

yn 


X n 

yn 

0.00 

0.0000 


0.00 

0.0000 

0.10 

0.0050 


0.05 

0.0013 

0.20 

0.0200 


0.10 

0.0050 

0.30 

0.0451 


0.15 

0.0113 

0.40 

0.0805 


0.20 

0.0200 

0.50 

0.1266 


0.25 

0.0313 



0.30 

0.0451 



0.35 

0.0615 



0.40 

0.0805 



0.45 

0.1022 



0.50 

0.1266 

h = 0,1 


} 

M ).05 


X n 

yn 


Xn 

y n 

0.00 

1.0000 


0.00 

1.0000 

0.10 

1.1079 


0.05 

1.0519 

0.20 

1.2337 


0.10 

1.1079 

0.30 

1.3806 


0.15 

1.1684 

0.40 

1.5529 


0.20 

1.2337 

0.50 

1.7557 


0.25 

1.3043 



0.30 

1.3807 



0.35 

1.4634 



0.40 

1.5530 



0.45 

1.6503 



0.50 

1.7560 

ft — 0.1 


/ i = 0.05 


X n 

y n 


X n 

y n 

0.00 

0.5000 


0.00 

0.5000 

0.10 

0.5250 


0.05 

0.5125 

0.20 

0.5498 


0.10 

0.5250 

0.30 

0.5744 


0.15 

0.5374 

0.40 

0.5986 


0.20 

0.5498 

0.50 

0.6224 


0.25 

0.5622 


0.30 0.5744 
0.35 0.5866 
0.40 0.5987 
0.45 0.6106 
0.50 0.6224 
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11 . To obtain the analytic solution use the substitution u = x+y — 1. The resulting differential equat: 
in u(x) will be separable. 
ft=0.1 h= 0.05 


X n 

y n 

Actual 

Value 

0.00 

2.0000 

2.0000 

0.10 

2.1220 

2.1230 

0.20 

2.3049 

2.3085 

0.30 

2.5858 

2.5958 

0.40 

3.0378 

3.0650 

0.50 

3.8254 

3.9082 


*n 

y n 

Actual 

Value 

0.00 

2.0000 

2.0000 

0.05 

2.0553 

2.1230 

0.10 

2.1228 

2.3085 

0.15 

2.2056 

2.5958 

0.20 

2.3075 

3.0650 

0.25 

2.4342 

3.9082 

0.30 

2.5931 

2.5958 

0.35 

2.7953 

2.7997 

0.40 

3.0574 

3.0650 

0.45 

3.4057 

3.4189 

0.50 

3.8840 

3.9082 


12. (a) y 


1.1 1.2 1.3 1.4 



Xn 

Euler 

Imp. Euler 

1.00 

1.0000 

1.0000 

1.10 

1.2000 

1.2469 

1.20 

1.4938 

1.6430 

1.30 

1.9711 

2.4042 

1.40 

2.9060 

4.5085 


13. (a) Using Euler’s method we obtain y(0.1) ~ y\ = 1.2. 

(b) Using y" — 4e 2;c we see that the local truncation error is 

/(c) y = 4e 2c ^£ = 0.02e 2c 

Since e 2x is an increasing function, e 2c: < e 2 ^ 01 ^ — e 0-2 for 0 < c < 0.1. Thus an upper 
for the local truncation error is 0.02e °' 2 = 0.0244. 

(c) Since y( 0 . 1 ) — e 0 2 = 1.2214, the actual error is y( 0 . 1 ) — yi = 0.0214, which is less than ! 

(d) Using Euler’s method with h — 0.05 we obtain y(0.1) ~ y -2 — 1.21. 

(e) The error in (d) is 1.2214 — 1.21 = 0.0114. With global truncation error 0(h), when t:_ 
size is halved we expect the error for h = 0.05 to bo one-half the error when h = 0.1. Con:; 
0.0114 with 0.0214 we see that this is the case. 

14. (a) Using the improved Euler’s method we obtain y( 0 . 1 ) ^y\ = 1.22. 

(b) Using y"' = 8 e 2a: we see that the local truncation error is 

y'"(c) y = 8 e 2f: = 0.001333e 2c . 
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(C) 

(d) 

( e ) 


( a ) 

(b) 


(c) 

(d) 

(e) 


( a ) 

(b) 


(c) 

(d) 

(e) 


( a ) 
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Since c? x is an increasing function, e? c < = e 0 2 for 0 < c < 0.1. Thus an upper 1> 

for the local truncation error is 0.001333c 0 - 2 — 0.001628. 

Since 2/(0.1) = e 0,2 = 1.221403, the actual error is y(0.1) — y\ = 0.001403 which is less 
0.001628. 


Using the improved Euler's method with h = 0.05 we obtain t/(0.1) ~ 2/2 = 1.221025. 

The error in (d) is 1.221403 — 1.221025 = 0.000378. With global truncation error 0(h 2 . 
the step size is halved we expect the error for h = 0.05 to be one-fourth the error for h -- 
Comparing 0.000378 with 0.001403 we see that this is the case. 


Using Euler’s method we obtain 2/(0.1) ~ y\ = 0.8. 

Using y" = oe~ 2x we see that the local truncation error is 

5e —2c = 0.025e -2c . 

Since e _2;c is a decreasing function, e~' 2c < e (! = 1 for 0 < c < 0.1. Thus an upper boun- 
the local truncation error is 0.025(1) = 0.025. 

Since 2/(0.1) = 0.8234, the actual error is 2/(0.1) —yi= 0.0234. which is less than 0.025. 


Using Euler’s method with h = 0.05 we obtain 2/(0.1) « y% = 0.8125. 

The error in (d) is 0.8234 — 0.8125 = 0.0109. With global truncation error 0(h ), wher 
step size is halved we expect the error for h = 0.05 to be one-half the error when h = 
Comparing 0.0109 with 0.0234 we see that this is the case. 


Using the improved Euler’s method we obtain 2/(0.1) ~ ?/i = 0.825. 
Using y"' = — 10e _2x we see that the local truncation error is 


10e" 2c = 0.001667e" 2c . 

6 

Since e""‘ 2x is a decreasing function, e -2c < e° = 1 for 0 < c < 0.1. Thus an upper bourn 
the local truncation error is 0.001667(1) = 0.001667. 


Since 2 /( 0 .1) = 0.823413, the actual error is 2/(0.1) —yi= 0.001587, which is less than 0.001 


Using the improved Euler’s method with h, — 0.05 we obtain 2/(0.1) ~ 2/2 = 0.823781. 

The error in (d) is |0.823413 — 0.82371811 = 0.000305. With global truncation error O 
when the step size is halved we expect the error for h = 0.05 to be one-fourth the error \ 
h = 0.1. Comparing 0.000305 with 0.001587 we see that this is the case. 

Using y" = 38e _ '^ x_1 ^ we sec that the local truncation error is 

y"(c) j = 38e -; ^ c-1 ^ j 
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(b) Since e 3 ( ;c ^ is a decreasing function for 1 < x < 1.5, e 3 ^ c ^ < e ^ ^ = 1 for 1 < c < 1 ' 
and 

y"(c) M < 19(0.1) 2 (1) = 0.19. 

(c) Using Euler’s method with h = 0.1 we obtain y(1.5) « 1.8207. With h = 0.05 we obt;. 
y(1.5) « 1.9424. 

(d) Since y(1.5) = 2.0532, the error for h = 0.1 is Eo.i = 0.2325, while the error for h = 0 . 0 " 
Eo.or, = 0.1109. With global truncation error O(h) we expect £h.i/£’o.05 ~ 2 . We actually h?.' 

Eoa/Eq.qo = 2 . 10 . 

18. (a) Using y'" - —114e -3 ^ -1 ^ we see that the local truncation error is 

y"'(c) — = IMfi- 3 ^" 1 ) — = 
y y ’ 6 6 

(b) Since e -3 ^ -1 ) is a decreasing function for 1 < x < 1.5, e“ 3 ^ c_1 ^ < e -3 ( 1_1 ) = 1 for 1 < c < 1 
and 

r.3 

y'"(c) — < 19(0.1) 3 (1) = 0.019. 


(c) Using the improved Euler’s method with h = 0.1 we obtain y( 1 . 5 ) « 2.080108. With h = 
we obtain y(1.5) ~ 2.059166. 

(d) Since y(1.5) - 2.053216, the error for h = 0.1 is E’o.i = 0.026892, while the error for h = 0..' 
Eo.o 5 = 0.005950. With global truncation error 0(h 2 ) we expect E’o.i/E’o.os ~ 4. We act :, 
have £ 0 .i/£o.05 = 4.52. 

19. (a) Using y" = — l/(x 4 - 1) 2 we see that the local truncation error is 



1 h 2 
(c^l ) 2 2 ' 


(b) Since l/(x + l ) 2 is a decreasing function for 0 < x < 0.5, l/(c 
0 < c < 0.5 and 

/M Y < (1) ^ = 0.005. 


+ l ) 2 < 1/(0 + 1) 2 = : 


(c) Using Euler’s method with h = 0.1 we obtain y( 0.5) ~ 0.4198. With h = 0.05 we c 
y(0.5) « 0.4124. 

(d) Since y(0.5) = 0.4055, the error for h = 0.1 is Eq.i — 0.0143, while the error for h — C 
Eo.05 = 0.0069. With global truncation error 0(h) we expect £b.i/-Efl.05 ~ 2. We actually 
Eq.i/Eq.qo = 2.06. 
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20. (a) Using y'" = 2/{x + l) 3 we see that the local truncation error is 



1 h 3 

(c+ l) 3 3 ' 


(b) Since l/(x + l) 3 is a decreasing function for 0 < x < 0.5. l/(c+ l) 3 < 1/(0 -h l) 3 = 1 for 
0 < c < 0.5 and 

y"'(c ) ^ < (1) = 0.000333. 

0 o 


(c) Using the improved Euler’s method with h = 0.1 we obtain y(0.5) ~ 0.405281. With h = 0.05 
we obtain y(0.5) ~ 0.405419. 

(d) Since y(0.d) = 0.405465. the error for h — 0.1 is Eo.i — 0.000184, while the error for h = 0.05 is 
£ 0.05 = 0.000046. With global truncation error 0(h 2 ) we expect -E 0 . 1 /-U 0.05 ~ 4. We actually 
have EojEom = 3.98. 

21. Because y* +1 depends on y n and is used to determine y n _i. all of the y* cannot be computed at one 
time independently of the corresponding y n values. For example, the computation of y% involves 
the value of yz- 




y» 

Actual 

Value 

0 

0 

0 

2.0000 

2.0000 

0.10 

2.1230 

2.1230 

0.20 

2.3085 

2.3085 

0.30 

2.5958 

2.5958 

0.40 

3.0649 

3.0650 

0.50 

3.9078 

3.9082 


483 
































Exercises 9.2 Runge-Kutta Methods 


2 . In this problem we use h ~ 0.1. Substituting W 2 — | into the 


equations in (4) in the text, we obtain 

2 

3 ’ 


i 1 1 

wi = 1 - 102 = t , a = ~— 
4 2w2 


and 6 = 


2u>2 


2 

3 


The resulting second-order Runge-Kutta method is 


X n 

Second -Order 
Runge -Kutta 

Improve: 

Euler 

0.00 

2.0000 

2 . 00 c: 

0.10 

2.1213 

2 . 122 : 

0*20 

2.3030 

2.3045 

0.30 

2.5814 

2 . 58; : 

o 

< 5 * 

o 

3.0277 

3.0-2 • 

j 0.50 

3.8002 

3.825. 


where 


Vn +1 — IJn + h + -^2j — Dn + ~(k\ + Ska) 


k\ — f(x n . ijn) 


h = f (xn + ^h, Vn + . 

The table compares the values obtained using this second-order Runge-Kutta method with 
values obtained using the improved Euler’s method. 



? n 

4 . | X n 

y» 

o 

o 

• 

r~f 

5.0000 

O 

o 

o 

2.0000 

1.10 

3.9724 

| 0.10 

1.6562 

1.20 

3.2284 

o 

CN 

O 

1.4110 

1.30 

2.6945 ! 

j 

| 0.30 

1.2465 

1.40 

2.3163 j 

o 

O 

1.1480 

1.50 

2.0533 | 

j 0.50 

1.1037 




6 . 

*/! 

y B 

0.00 

0.0000 


0.00 

1.0000 

0.10 

0.1003 


0.10 

1.1115 

0.20 

0.2027 


0.20 

1.2530 

0.30 

0.3093 


0.30 

1.4397 

0.40 

0.4228 


0.40 

1.6961 

o 

o 

0.5463 


0.50 

2.0670 


X n 


8 . 


y a 

o 

o 

o 

0.0000 


0.00 

0.0000 

0.10 

0.0953 


0.10 

0.0050 

0.20 

0.1823 


0.20 

0.0200 

0.30 

0.2624 


0.30 

0.0451 

0.40 

0.3365 


0.40 

0.0805 

0.50 

0.4055 


0.50 

0.1266 
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Xn 

y n 

10. 

x n 


0.00 

0.5000 


0.00 

1.0000 

0,10 

0.5213 


0.10 

1.1079 

o 

ho 

o 

0.5358 


0.20 

1.2337 

0.30 

0.5443 


0.30 

1.3807 

o 

o 

0.5482 


0.40 

1.5531 

0.50 

0.5493 


0.50 

1.7561 



y 

J n 

12. | 

y n 

1.00 

1.0000 

j o '.o' o " 

0 . 5000 

1.10 

1.0101 

1 0.10 

0.5250 

1.20 

1.0417 

0.20 

0.5498 

1.30 

1.0989 

0.30 

0.5744 

1.40 

1.1905 

0.40 

0.5987 

1.50 

1.3333 

0.50 

0.6225 


13. (a) Write the equation in the form 

dv 


^ = 32 - 0.025'o 2 = f{t.v). 

CL Lr 


tn 

Vn 

| 0.0 

0.0000 

1.0 

25.2570 

2.0 

32.9390 

3.0 

34.9770 

4.0 

35.5500 

5.0 

35.7130 


(b) V. 

4 0 ( 

30 

20 

10 


(c) Separating variables and using partial fractions we have 

1/1 1 
2a/32 \y/32 - V0A25v + \/32 + \Zol25w 

and 

2A/32V0125 ( hl |V ^ + _ la 1^2 - Vo325v|) =t + c. 

Since v(0) = 0 we find c — 0. Solving for v we obtain 


dv = dt 



v(t) 


jW5 (e^* - 1) 
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and u(5) ~ 35.7678. Alternatively, the solution can be expressed as 

tanh /l t 


t (days ) 

1 

2 

3 

4 

5 

A (i observed ) 

2.78 

13.53 

36.30 

47.50 

49.40 

| A {approximated ) 

1.93 

12.50 

36.46 

47.23 

49.00 


lb) From the graph wc estimate .4(1) « 1.68, .4(2) ~ 13.2, 
.4(3) ^ 36.8, A{ 4) « 46.9, and A{ 5) « 48.9. 



c) Let a = 2.128 and 0 = 0.0432. Separating variables we obtain 

dA 


A(a - 9A) 

0 


= dt 


1 A 

a 1.4 a — 8 A, 


dA = dt 


—[In A — ln(a — 8A)] = t + c 
a 


In 


.4 


a - 8 A 
A 


— a(t + c) 


= g«(t+c) 


Thus 


.4(t) = 


a - 8 A 

A = ae a((+c) - 0Ae a ^ 

1 + 0e a(t+c ^} A = ac a{t+r \ 

0; g«(t+c) 


a 


a 


1 + 0eM i+c ) p + e~ a 0~ c ) 0 + e~ ac e~ at ' 

From A(0) — 0.24 we obtain 


0.24 = 


a 


0 + e~ ac 


486 










Exercises 9.2 Runge-Kutta. Met lk :> 


so that e ac ~ a/0.24 — 3 ~ 8.8235 and 


A{t) 


2.128 

0.0432 + 8.8235e _2 l28i ' 


t {days ) 

1 

2 

3 

4 

5 

A (,observed ) 

2.78 

13.53 

36.30 

47.50 

49.40 

A (actual) 

1.93 

~12~.5Q~ 

36.46 

47.23 

49.00 



h=0.05 

h—0.1 

1.00 

1.0000 

1.0000 

1.05 

1.1112 


1.10 

1.2511 

1.2511 

1.15 

1.4348 


1.20 

1.6934 

1.6934 

1.25 

2.1047 


1.30 

2.9560 

2.9425 

1.35 

7.8981 


1.40 

1.0608 x 10 15 

903.0282 


(b) y 



16. (a) Using the RI<4 method wc obtain y( 0 . 1 ) ~ yi = 1.2214. 

(b) Using y^(x) = 32e 2x we sec that the local truncation error is 

y (5] (c) ^ = 32e' 2c = 0.00()002667e 2 C 

Since e 2x is an increasing function, e 2c < e 2 ( 0,1 ) — e 0,2 for 0 < c < 0.1. Thus an upper tcv". - 
for the local truncation error is 0.000002667e° -2 = 0.000003257. 

(c) Since ;y( 0 . 1 ) = e 0,2 = 1.221402758, the actual error is y( 0 . 1 ) — yi — 0.000002758 which is 
than 0.000003257. 

(d) Using the RK4 formula with h = 0.05 we obtain y( 0 . 1 ) ~ = 1.221402571. 

( e ) The error in (d) is 1.221402758 — 1.221402571 = 0.000000187. With global truncation 
0(h 4 ), when the step size is halved wc expect the error for h = 0.05 to be one-sixteenth the 
error for h = 0.1. Comparing 0.000000187 with 0.000002758 we see that this is the case. 

1 ". (a) Using the RK4 method we obtain y( 0 . 1 ) « yi = 0.823416667. 

(b) Using (x) = —40e -2x wc sec that the local truncation error is 

40c _2c = 0.000003333. 

.1. Z u 

Since e _2a: is a decreasing function, e~ 2c < e° = 1 for 0 < c < 0.1. Thus an upper bound : : : 
the local truncation error is 0.000003333(1) = 0.000003333. 
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(c) Since y( 0.1) = 0.823413441, the actual error is |y(0.1) — yi\ = 0.000003225, which is less tin-. 
0.000003333. 

(d) Using the RK4 method with h — 0.05 we obtain y(0.1) ~ t /2 - 0.823413627. 

(e) The error in (d) is |0.823413441 — 0.823413627| = 0.000000185. With global truncation or: 
0(/i 4 ), when the step size is halved we expect the error for h - 0.05 to be one-sixteenth T_. 
error when h — 0.1. Comparing 0.000000185 with 0.000003225 wc see that this is the case. 

18. (a) Using y^ = —1026e~ 3 ^’~ 1 ^ we see that the local truncation error is 

V { %)^ = 8.55h°e _3( - c_1 ’. 

(b) Since is a decreasing function for 1 < x < 1.5, e -3 ( c-1 ) < = 1 for 1 < c < 1 

and 

y ( 5 ) (c) — < 8.55(0.1) 5 (1) = 0.0000855. 

(c) Using the RK4 method with h = 0.1 we obtain y(1.5) ~ 2.053338827. With h = 0.05 we ob:.. 
2 /( 1 .5) « 2.053222989. 

19. (a) Using t/ 5 ) = 24 /(x + l ) 5 we see that the local truncation error is 

(5) , v h 5 1 h 5 

V ^ 120 ~ (c+1 ) 5 5 ’ 

(b) Since l/(x + l ) 5 is a decreasing function for 0 < x < 0.5, l/(c + l ) 5 < 1/(0 -h l ) 5 = 1 
0 < c < 0.5 and 

y (5) (c) ^ < ( 1 ) = 0 . 000002 . 

o 0 

(c) Using the RK4 method with h = 0.1 wc obtain y(0.5) se 0.405465168. With h = 0.05 we o’ " 
y(0.5) « 0.405465111. 

20. Each step of Eulers method requires only 1 function evaluation, while each step of the imp: 
Euler’s method requires 2 function evaluations - once at (x n ,y n ) and again at (x n +i bl/n+l • 7 
second-order Runge-Kutta methods require 2 function evaluations per step, while the RK4 m-'. 
requires 4 function evaluations per step. To compare the methods we approximate the soliiti.. 
y' — (x + y — l) 2 , 2/(0) = 2, at x = 0.2 using h = 0.1 for the Runge-Kutta method, h = 0.05 :: : 
improved Euler’s method, and h = 0.025 for Euler’s method. For each method a total of 8 fur ' 
evaluations is required. By comparing with the exact solution we see that the RK4 method a::; 
to still give the most accurate result- 
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X n 

Euler 

h=0.025 

Imp. Euler 
h=0.O5 

RK4 

h=0.1 

Actual 

0.000 

2.0000 

2.0000 

2.0000 

2.0000 

0.025 

2.0250 



2.0263 

0.050 

2.0526 

2.0553 


2.0554 

0.075 

2.0830 



2.0875 

0.100 

2.1165 

2.1228 

2.1230 

2.1230 

0.125 

2.1535 



2.1624 

0.150 

2.1943 

2.2056 


2.2061 

•< 

0.175 

2.2395 



2.2546 j 

0.200 

2.2895 

2.3075 

2.3085 

2.3085 | 


21 . ( a ) For y' + y = 10 sin 3x an integrating factor is e x so that 

[e x y] = 10e' T sin 3x =£• e x y = e x sin 3x — 3e* cos Zx + c 
ax 

=$■ y — sin 3a; — 3 cos 3x + ce -x . 

When x = 0, y = 0. so 0 = — 3 + c and c = 3. The solution is 

y = sin 3a: — 3 cos 3x + 3e _x . 

Using Newton ! s method we find that x = 1.53235 is the only positive root in 

[ 0 , 2 ], 


(b) Using the RK4 method with h = 0.1 we obtain the table of values shown. These values a. 
to obtain an interpolating function in Mathematica. The graph of the interpolating func 
shown. Using Mathematica’s root finding capability we see that the only positive root i 
is a: = 1.53236. 



y„ 

1.0 

4.2147 

1.1 

3.8033 

1.2 

3.1513 

1.3 

2.3076 

T—1 

1.3390 

1.5 

0.3243 

1.6 

-0.6530 

T—1 

-1.5117 

1.8 

-2.1809 

1.9 

-2.6061 

2.0 

-2.7539 


Xn 

y n 

0.0 

0.0000 

0.1 

0.1440 

0.2 

0.5448 

0.3 

1.1409 

0.4 

1.8559 

0.5 

2.6049 

0.6 

3.3019 

0.7 

3.8675 

00 

o 

4.2356 

0.9 

4.3593 

1.0 

4.2147 
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22. This is a Contributed Problem and the solution has been provided by the author of the problem.) 

The answers shown here pertain to the case F 0. i.e. answers to question (h). Answers t. 
questions (a) - (g) are obtained by setting F — 0. 

(a) Divide both sides of the equation given in the text by the quantity (A//2) to obtain 

+u 2 x 2 + (2F/M)x = C, 


where u = y k/M. 

(b) Set C = 1 to obtain 

^ + u 2 x 2 + (2F/M)x = 1. 

Upon completing the square in the above equation we have 

(dx\ 2 ( F \ 2 F 2 + My 

[dt) = ~T X+ mZ) + MW 

If we let u = ux + F/(Muj) then this equation reduces to 


du _ VF 2 + M 2 u 2 | / M 2 u 2 ' 
“ M \ \F 2 + M 2 u 2 / 


dt 


u 2 . 


Finally, with y = Mu 2 /\/F 2 + M 2 u 2 u, equation (1) reduces to 


dy_ 

dt 


=“FF?, with S (())=- 7; =4 


VAfV 2 + F 2 


(c) Use Euler’s method with F — 10. k — 48, and M = 3 to solve 


dt y2 ' VMV + F 2 


F 


or 


~ti = 4\/i — y 2 , y(0) = 


dt 


Vel' 


(d) Graphically, we observe (this can also be shown analytically) that the solution y(t) stav- 
the intitial point yo = y(0), increases almost linearly until it reaches 1 at time 

tt /2 — arcsinj/o 


r - 


u 


and remains at 1 afterwards. The numerical solution is described by 

sin(ut + arcsinyo) if 0 < t < t*\ 


y(t) = 


if t > t*. 
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Figure 1: Plot of y(t) versus time for N=5000 

Therefore, the numerical solution docs not seem to capture the physics involved after : 
since there are no oscillations. Note that the constant solution y = 1 is a solution : 
initial-value problem. However, the solution is not physical. 

( e ) First separate variables and integrate 



to obtain 

arcsin y = ojt + Cq. 

Upon using the initial condition, we find 

y(t) = sin(u it + arcsin yo)- 

The analytic solution does capture the oscillations of the spring. 

(f) Differentiate both sides of equation (2) with respect to time to obtain 

d 2 y _ ( dy\ 1 

and then use the fact that dy/dt = cay 1 — y 2 . 

From equation (2). we have y{ 0) = ;yo and from equation 2 again, we have 

y'{ o) = ^v 1 - yl ■ 

( g ) First create the following function file (name it spring2.m) 


function out=spring2 (t ,y); 

omcga=4; 

out(l)=y(2); 
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out(2)=-o; 2 * y( 1); 
out=out ? ; 


then in the Matlab window, type the following commands: 


» M = 3 \k = 48 :u> = y/k/M: F = 10 : 

» yO = F/^(M 2 uj 2 + F 2 ) 

» yi = wy 1 - j/j 

» [t,y] = ode45{ f spring?, [0,pi/2], [yo,yi]: 
» plot(t.y(:.l)) 


where y\ — dy/dt at t = 0. The resulting plot is shown in figure 2. The graph is consist:: 
with the analytical solution y(t) = sin (cot + arcsint/o) from part (e). 



Figure 2: Plot of y(t) versus time using ODE45 

The second-order differential equation has constant coefficients. The analytic solution 
easily be obtained, 


x(t) = 


VF 2 + il/V 2 

MF 2 


y i 

yo cos (cut) + — sin(cu£ 


F 

M?- 
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Exercises*) 



: -Mi»i|istep Methods 


the tables in this section i: ABM' ! stands for Adams-Bashforth-Moulton. 


1 . 


Writing the differential equation in the form y' — y = x — 1 we see that an integrating factor is 

e -J dx _ ( ~x SQ 

f}e-*y] = {x - 1 )<T* 


and 


y = e x (—xe x + c) = — x + ce x . 

From y( 0 ) = 1 we find c = 1 , so the solution of the initial-value problem is y = —x + e x . Actual 
values of the analytic solution above arc compared with the approximated values in the table. 


X n 

y n 

Actual 


o 

o 

1.00000000 

1.00000000 

init. cond. 

0.2 

1.02140000 

1.02140276 

RK4 

0.4 

1.09181796 

1.09182470 

RK4 

0.6 

1.22210646 

1.22211880 | 

1 

RK4 

CO 

o 

1.42552788 

1,42554093 j 

ABM 


2 . The following program is written in Mathematica. It uses the Adams-Bashforth-Moulton method 
to approximate the solution of the initial-value problem y' = x + y — 1 , y( 0 ) = 1 , on the interval 
[0,1]. 

Clear[f, x, y, h, a, b, yO]; 

f[x_, y_]:= x + y - 1 ; (* define the differential equation *) 

h = 0.2; (* set the step size *) 

a = 0; yO = 1; b = 1; (* set the initial condition and the interval *) 

f[x, y] (* display the DE *) 

Clear[kl, k2, k3, k4, x, y, u, v] 
x = u[0] — a; 
y = v[0] = yO; 
n = 0; 

While[x < a + 3h, (* use RK4 to compute the first 3 values after y(0) *) 

n = n + 1; 
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kl = f[x, y]: 

k2 = f[x + h/2, y + h kl/2]; 
k3 = f[x + h/2, y + h k2/2]; 
k4 = f[x + h, y + h k3]: 
x = x + h; 

y = y + (h/6)(kl + 2k2 + 2k3 + k4); 
u[n] - x; 
v[n] = y]; 

While[x < b, (* use Adams-Bashforth-Moulton *) 

p3 = f[u[n - 3], v[n - 3]]; 
p2 = f[u[n - 2], v[n - 2]]; 
pi = f[u[n - 1], v[n - 1]]; 
pO = f[u[n], v[n]]; 

pred = y + (h/24)(55p0 - 59pl + 37p2 - 9p3): (* predictor * 

x = x + h; 
p4 — f[x, pred]; 

y = y + (h/24)(9p4 + 19p0 - 5pl + p2); (* corrector * 

n = n + 1; 
u[n] = x; 
v[n] = y] 

(*display the table *) 

TableForm[Prepend[Table[{u[n], v[n]}, {n, 0, (b-a)/h}], {"x(n) M , "y(n)"} 


3. The first predictor is y| = 0.73318477. 



3u 


0.0 

1.00000000 

init. cond. 

0-2 

0.73280000 

RK4 

0.4 

0.64608032 

RK4 

0.6 

0.65851653 

RK4 

0.8 

0.72319464 

ABM 


4. The first predictor is y\ = 1.21092217 


Xn 

y n 


o 

o 

2.00000000 

init. cond. 

cs 

o 

1.41120000 

RK4 

0.4 

1.14830848 

RK4 

0.6 

1.10390600 

RK4 

CO 

• 

o 

1.20486982 ! 

ABM 
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5. The first predictor for h = 0.2 is y% = 1.02343488. 


X n 

h=0.2 


h=0.1 


0.0 

0.00000000 

init. cond. 

0.00000000 

init. cond. 

0.1 



0.10033459 

RK4 

0.2 

0.20270741 

RK4 

0.20270988 

RK4 

0.3 



0.30933604 

RK4 

0.4 

0.42278899 

RK4 

0.42279808 

ABM 

0.5 



0.54631491 

ABM 

0.6 

0.68413340 

RK4 

0.68416105 

ABM 

0.7 



0.84233188 

ABM 

00 

o 

1.02969040 

ABM 

1.02971420 

ABM 

0.9 | 



1.26028800 

ABM 

1.0 

1.55685960 

ABM 

1.55762558 

ABM 


6 . The first predictor for h — 0.2 is y% = 3.34828434. 



h=0.2 

j .. _j..... 

h=0.1 


o 

♦ 

o 

j 1.00000000 ! init. cond. 

1.00000000 

init. cond. 

0.1 

! I 

! ] 

1.21017082 

RK4 

o 

to 

|1.44139950 ] RK4 

1.44140511 

RK4 

0.3 

j : 

1.69487942 

RK4 

0.4 

j1.97190167 | RK4 

1.97191536 

ABM 

0.5 

j j 

f j 

2.27400341 ! 

ABM 

0.6 

12.60280694 | RK4 

2.60283209 

ABM 

0.7 

S 1 

I j 

2.96031780 

ABM 

CO 

o 

| 3.34860927 | ABM 

3.34863769 

ABM 

0.9 

i i 

! 1 

3.77026548 

ABM 

1.0 

| 4.22797875 I ABM 

4.22801028 

ABM 


“. The first predictor for h = 0.2 is y| = 0.13618654. 


X n 

h=0*2 


h=0.1 


O 

. 

o 

0.00000000 

init. cond. 

0.00000000 

init. cond. 

0.1 



0.00033209 

RK4 

0.2 

0.00262739 

RK4 

0.00262486 

RK4 

0.3 



0.00868768 

RK4 

0.4 

0.02005764 

RK4 

0.02004821 

ABM 

0.5 



0.03787884 

; ABM 

0.6 

0.06296284 

RK4 

0.06294717 

I ABM 

0.7 



0.09563116 

ABM 

00 

a 

O 

0.13598600 

ABM 

0.13596515 

ABM 

0.9 ! 



0.18370712 

ABM 

1.0 | 

0.23854783 

ABM 

0.23841344 

ABM 
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5. The first predictor for h — 0.2 is y\ — 2.61796154. 



h=0.2 


h=0.1 


0.0 

1.00000000 

init. cond. 

1.00000000 

init. cond. 

0.1 



1.10793839 

RK4 

0.2 

1.23369623 

RK4 

1.23369772 

RK4 

0.3 



1.38068454 

RK4 

0.4 

1.55308554 

RK4 

1.55309381 

ABM 

0.5 



1.75610064 

ABM 

0.6 

1.99610329 

RK4 

1.99612995 

ABM 

0.7 



2.28119129 

ABM 

0.8 

2.62136177 

ABM 

2.62131818! 

ABM 

0.9 



3.02914333 ! 

ABM 

1.0 

3.52079042 

ABM 

3.52065536 

ABM 


Exercises 9.4 



1 . The substitution y' = u leads to the iteration formulas 

Vn+l — Vn T Un -\-1 = Uji h(4u n 4ljn )• 

The initial conditions are yo = —2 and uq = 1. Then 

yi = y Q + O.lwo = -2 + 0.1(1) = -1.9 

u\ = uq + 0.1 (4uo — 4yo) = 1 + 0.1(4 + 8) — 2.2 

y 2 = yi + O.lui = -1.9 4- 0.1(2.2) = -1.68. 

The general solution of the differential equation is y = c\e 2x + c 2 xe 2x . From the initial cor 
we find ci = —2 and c 2 = 5. Thus y = —2e 2x + 5xe 2x and y(0.2) ~ —1.4918. 

2 . The substitution y' — u leads to the iteration formulas 

Un+l — Vn T h'lXfi) Un +1 = Un T h U n Vn^j ■ 

The initial conditions are yo = 4 and uo = 9. Then 

yi = yo -j- O.Tuo = 4 + 0.1(9) - 4.9 

ui = u 0 + 0.1 - jyo) = 9 + 0.1[2(9) - 2(4)] = 10 

y 2 = yi + O.ltti = 4.9 + 0.1(10) = 5.9. 
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The general solution of the Cauchy-Euler differential equation is y = C\x + C 2 X 2 . Prom the in:*: 


conditions we find ci = — 1 and 02 = 5. Thus y 

3. The substitution y' = u leads to the system 

\j ~~ u. u = 4 u — 4 y. 

Using formula (4) in the text with x correspond¬ 
ing to t. y corresponding to x. and u correspond¬ 
ing to y, we obtain the table shown. 

4. The substitution y' = a leads to the system 

, , 2 2 

y = u. u = - u - 7; y. 

x xr 

Using formula (4) in the text- with x correspond¬ 
ing to t, y corresponding to x, and u correspond¬ 
ing to y, we obtain the table shown. 

5. The substitution y' = u leads to the system 

?/ = u. 1 / = 2 u — 2 y 4- e 1 cos t. 

Using formula (4) in the text with y correspond¬ 
ing to x and u corresponding to y, we obtain the 
table shown. 


—x + 5.x 2 and y(1.2) = 6 . 


x n 

j 

11 = 0.2 

y n 

h=0J 

h=0.1 

y» 

h=0.1 

0.0 1 
0.1 I 

- 2.0000 

1.0000 

i - 2.0000 
-1.8321 

1*0 G11 

2.442'* 

0.2 j 

-1.4928 

4.4731 

1 -1.4919 

4.4~55 


*n 

1 h=0.2 

! 

h=0.2 

«« 

h=0.1 

y n 

h=0.1 

W r. 

1.0 

I 4.0000 

9.0000 | 

4.0000 

9.0::: 

1.1 


1 

i 

4.9500 

10 . 00 :: 

1.2 

| 6.0001 

11.0002 j 

6.0000 

11 . 0 c:: 


1 

x n 

h=0.2 

yn 

h=0.2 

h=0.1 

| 

h=0.1 

“a 

0 0 

i~i 0 

1.0000 | 

| 

2.0000 

1.0000 1 
1.2155 ! 

Z » V . 

2.3151 

0.2 | 

1.4640 

2.6594 

1.4640 j 

2.6554 


6 . Using h = 0.1, the RK4 method for a system, and a numerical solver, we obtain 


t n 

h=0 2 
hn 

h=0 2 

*3n 

o 7 o 

0.0000 

0.0000 

0.1 

2.5000 

3.7500 

0.2 | 

2.8125 

5.7813 

0.3 j 

2.0703 

7.4023 

0.4 j 

0.6104 

9.1919 

0.5 ; 

-1.5619 

11.4877 


U 

7 I 

fill 


r 


5 ! 

4 

3 

2 

1 


h 

7 ! 

? 



' 1 T . 3 . 4 . 5 ! 


. g t 
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* 

h=0.2 

h=0.2 

h=0.1 j 

h=0.1 

l n 

X n 

y» 

| 

y„ 

0.0 

6.0000 

2.0000 

6.0000 ! 

j 

2.0000 

0.1 



7.0731j 

2.6524 

0.2 

8.3055 

3.4199 

8.3055 

3.4199 



x,y 



tn 

h=0.2 

X n 

h=02 

J'b 

h=0.1 

X n 

h=0.1 

y n 

0.0 

0.1 

1.0000 

1.0000 

1.0000 
1.4006 | 

1.0000 

1.8963 

0.2 

2.0785 

3.3382 

2.0845 j 

3.3502 



h=0.2 

X n 

h=02 

h=0.1 

Xn 

h=0.1 

y n 

o 

• 

o 

-3.0000 

5.0000 

-3.0000 

5.0000 

0.1 


1 

-3.4790 | 

4.6707 

(N 

■ 

O 

-3.9123 | 

4.2857 

-3.9123 | 

4.2857 


X/Y 
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1 

I 

| h=02 
t x n 

h=0.2 

h=0.1 

Xn 

h=0.1 

l’n 

o 

o 

1 0.5000 

0.2000 

0.5000 

0.2000 

i o.i 



1.0207 

1.0115 

I 0.2 

2.1589 

2.3279 

2.1904 

2.3592 





Solving for x' and ij we obtain the system 


x' = —2x + y + ht 
y' — 2x + y - 2t. 


hJ 

h=0.2 

x „ 

h=0.2 

y n 

i 

h=0.1 

x n 

h=0.1 

y„ 

O 

o 

1.0000 

- 2.0000 | 

1.0000 

- 2.0000 

0.1 


| 

0.6594 

- 2.0476 

0.2 

0.4179 

! - 2.1824 | 

0.4173 

- 2.1821 



Solving for x 1 and y' we obtain the system 


tn 


0.0 

0.1 

0.2 


x' = ] -y - 3f 2 + 2f - 5 
y' = -l'y + 3t 2 + 2t + 5. 


h-0 2 

Xn 


3.0000 

1.9867 


h=0«2 ] 


- 1.0000 

0.0933 


h-0.1 

X n 


3.0000 

2.4727 

1.9867 


h=0.1 

y n 


- 1.0000 
- 0.4527 
0.0933 


x,y 



- 60 ; 
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Exercises 9.5 


Second-Order 


Boundary-Vdlue Problems 


1. We identify P(x) = 0. Q(x) = 9. fix) = 0. and h — (2 — 0)/4 = 0.5. Then the finite different 
equation is 

Vi+i + 0.25 m -r y-i -1 - 0. 

The solution of the corresponding linear system gives 

T] 676 oTi TTo TTi 176 

V 1 4.0000 -5.6774 -2.5807 6.3226 1.0000 


2. We identify P(x) = 0. Q(x) = —1. f(x) = x 2 . and h = (1 — 0)/4 - 0.25. Then the finite differed, 
equation is 

Vi +i - 2.0625?/* + iji-i = 0.0625a;?. 


The solution of the corresponding linear system gives 


X 

0.00 0.25 

0.50 

0.75 

1.00 

x_ 

0.0000 -0.0172 

-0.0316 

-0.0324 

0.0000 


3. We identify P(x) = 2, Q(x) = 1, /(&■) — 5x, and h = (1 — 0)/5 = 0.2. Then the finite differ-::. 
equation is 


1.2y*+i - 1.9% + 0.%_i = 0.04(5aq). 
The solution of the corresponding linear system gives 


x 0.0 0.2 0.4 0.6 0.8 1.0 

y 10.0000 -0.2259 -0.3356 -0.3308 -0.2167 0.0000 


4. We identify P(x) — —10, Q(x) = 25, f(x) — 1. and h = (1 — 0)/5 = 0.2. Then the finite diff’c: -. 
equation is 

-Vi + 2(/i-i = 0.04. 

The solution of the corresponding linear system gives 

__n _ _ _ _ __ _ 

y I 1.0000 1.9600 3.8800 7.7200 15.4000 0.0000 

5. We identify F(x) = —4, Q(x) 4, f(x) = (1 4- x)e 2x , and h — (1 — 0)/6 = 0.1667. Then the r 
difference equation is 

0.6667y i+ i - 1.888% + 1.3333j«_i = 0.2778(1 + Xi)e 2xi . 
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The solution of the corresponding linear system gives 


X 

0.0000 

0.1667 

0.3333 

0.5000 

0.6667 

0.8333 

1.0000 

jl. 

3.0000 

3.3751 

3.6306 

3.6448 

3.2355 

2.1411 

0.0000 


Wc identify P{x) = 5. Q(x) — 0, f(x) = 4^/x. and h = (2 — l)/6 — 0.1667. Then the finite 
difference equation is 

1 . 4167 ^ 4-1 - 2 y-i + 0 . 5833^-1 = 0 . 2778 ( 4 ^). 

The solution of the corresponding linear system gives 


x 1.0000 1.1667 1.3333 1.5000 1.6667 1.8333 2.0000 

V 1 1.0000 -0.5918 -1.1626 -1.3070 -1.2704 -1.1541 -1.0000 


We identify P(x) = 3/x. Q(x) = 3/a; 2 , f(x) = 0, and h — (2 — l)/8 = 0.125. Then the finite 
difference equation is 


1 + 


0.1875 ^ 


X-i 


Vi+l + , — 2 


0.0469\ 

+ ^r) 


m + i - 


0.187-5 \ 


Xi 


y-i-i = o. 


The solution of the corresponding linear system gives 


m 

1.000 

1.125 

1.250 

1.375 

1.500 

1.625 

1.750 

1.875 

2.000 

m 

5.0000 

3.8842 

2.9640 

2.2064 

1.5826 

1.0681 

0.6430 

0.2913 

0.0000 


We identify P(x) = —l/.x, Q(x) = x 2 , f(x) — In x/x 2 , and h — (2 — l)/8 = 0.125. Then the finite 
difference equation is 


1 - 


0.0625 \ 

J 


Vi- i-i + — 2 + 


0.0156 s 


xf 


Vi + ( 1 + 


0.0625 \ 

Xi J 


Hi _i = 0.0156 In a;,;. 


The solution of the corresponding linear system gives 


B 

1.000 

1.125 

1.250 

1.375 

1.500 

1.625 

1.750 

1.875 

2.000 

IS 

0.0000 

-0.1988 

-0.4168 

-0.6510 

-0.8992 

-1.1594 

-1.4304 

-1.7109 

-2.0000 


We identify P(x) = 1 — x, Q(x) = x, f(x) = x, and h = (1 — 0)/10 = 0.1. Then the finite difference 
equation is 

[1 + 0.05(1 - xi)]y ^i + [-2 + 0.01a'j]:% + [1 - 0.05(1 - i = 0.01a*. 

The solution of the corresponding linear system gives 


X 

o 

» 

o 

0.1 0.2 

0.3 0.4 

0.5 

0.6 j 

JL. 

0.0000 

0.2660 0.5097 

0.7357 0.9471 

1.1465 

1.3353 | 


j 0.7 0.8 0.9 1.0 

I 1.5149 1.6855 1.8474 2.0000 


We identify P(x) = x, Q(x) — 1, f(x) — x. and h — (1 — 0)/10 = 0.1. Then the finite difference 
equation is 

(1 + 0.05 a;?;) — 1.99 y,- + (1 — 0.05.x; )y*_i = 0.01.x?. 
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Exercises 9.5 Second-Order Boundary-Value Problems 


The solution of the corresponding linear system gives 


o.o 


0.1 


0.2 


0.3 


0.4 


0.5 


0.6 


i 


1.0000 0.8929 0.7789 0.6615 0.5440 0.4296 0.3216 I 


| 0.7 


0.8 


0.9 


1.0 


i 0.2225 0.1347 0.0601 0.0000 


11. We identify P(x) = 0. Q(x) = —4, f(x) — 0. and h = (1 — 0)/8 = 0.125. Then the finite differt- 
equation is 

1K+1 - 2.062oyi -r tji-i = 0. 

The solution of the corresponding linear system gives 



0.000 

0.125 

0.250 

0.375 

0.500 

0.625 

0.750 

0.875 

1.000 

19 

0.0000 

0.3492 

0.7202 

1.1363 

1.6233 

2.2118 

2.9386 

3.8490 

5.0000 


12. We identify P(r) = 2/r, Q(r) = 0, f(r) = 0, and h = (4 — l)/6 = 0.5. Then the finite differ- 
equation is 

0.5\ „ /d 0.5 \ 

1 H-) «/+.i — 2 Ui + (1-) Ui-i — 0. 


n 


n 


The solution of the corresponding linear system gives 


1.0 1.5 2.0 2.5 3.0 3.5 4.0 

50.0000 72,2222 83.3333 90.0000-94.4444-97*6190 100.0000 


13. (a) The difference equation 

(l + Vi +1 + (-2 + h 2 Qi)Vi + (l- y% = h 2 fi 

is the same as equation (8) in the text. The equations are the same because the derivation 
based only on the differential equation, not the boundary conditions. If we allow i to : 
from 0 to n — 1 we obtain n equations in the n + 1 unknowns y_i , yo-, y\, ■ ■., y n - 1 • Sin: 
is one of the given boundary conditions, it is not an unknown. 

(b) Identifying yo = y(0), y-\ = y( 0 — h), and y\ = y(0 + h) we have from equation (5) in th- 

1 


2 h 


[yi - y- 1 ] = y\ o) = 1 or yi - y_ 1 = 2 h. 


The difference equation corresponding to i = 0. 


i + 2 ^°) yi + + h 2 Qo)yo + fi - = 


becomes, with t/_j = y\ — 2/v. 


1 + ( — 2 + h 2 Qo)yo + fl — —Pol (y\ ~ 2 h) — ti 2 fo 
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or 


2|/1 + (-2 + h 2 Q 0 )yu = h 2 f 0 + 2 h - Pq. 

Alternatively, we may simply add the equation y\ —y~\ = 2 h to the list of n difference equa:;::-~ 
obtaining n + 1 equations in the n -r 1 unknowns y-\ , </q. y\. ..., y n -i- 

(c) Using n = 5 we obtain 

x 0.0 0.2 0.4 0.6 0.8 1.0 

y 1-2.2755 -2.0755 -1.8589 -1.6126 -1.3275 -1.0000 


14. Using h = 0.1 and, after shooting a few times, y'( 0) = 0.43535 we obtain the following tabic v.-'.. 
the RK4 method. 

— — oTi ml ols oTe | 

y 1 1.00000 1.04561 1.09492 1.14714 1.20131 1.25633 1.31096! 

i 0 T 7 oTi 0 T 9 iTo 

; 1.36392 1.41388 1.45962 1.50003 
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Euler 

h=0.1 

Euler 

h=0.05 

mp. Euler 
h=0.1 

Imp. Euler 
h=0.05 

RK4 

h=0.1 

RK4 

h=0.05 

1.00 

2.0000 

2.0000 

2.0000 

2.0000 

2.0000 

2.0000 

1.05 


2.0693 


2.0735 


2.0736 

1.10 

2.1386 

2.1469 

2.1549 

2.1554 

2.1556 

2.1556 

1.15 


2.2328 


2.2459 


2.2462 

1.20 

2.3097 

2.3272 

2.3439 

2.3450 

2.3454 

2.3454 

1.25 


2.4299 

; 

2.4527 


1 2.4532 

1.30 

2.5136 

2.5409 

2.5672 

2.5689 

2.5695 

2.5695 

1.35 


2.6604 


2.6937 


2.6944 

1.40 

2.7504 i 

2.7883 

2.8246 

2.8269 

2.8278 

2.8278 

1.45 


2.9245 


2.9686 


2.9696 

1.50 

3.0201 

3.0690 

3.1157 

3.1187 

3.1197 

3.1197 ! 
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X n 

Euler 

h=0.1 

Euler 

h=0.05 

[mp. Euler 
h=0.1 

Imp.Euler jj RK4 

h=0.05 II h=0.1 

. || 

RK4 

h=0.05 j 

0,00 

0.0000 

0.0000 

j 0.0000 

0.0000 ISo.oooo 

ij 

0.0000 ] 

0,05 


0.0500 


0.0501 Ij 

0.0500 j 

0.10 

0.1000 

0.1001 

! 0.1005 

0.1004 il 0.1003 

0.1003 j 

0.15 


0.1506 

j 

0.1512 j 

0.1511 ] 

0.20 

0.2010 

0.2017 

0.2030 

0.2027 ji 0.2026 
0.2552 {[ j 

0.2026 

0.25 


0.2537 

\ 

i 

\ 

0.2551 j 

0.30 

0.35 

0.3049 

0.3067 

0.3610 

0.3092 

0.3088 j| 0.3087 
0.3638 | 

0.3087 

0.3637 

0.40 

0.4135 

0.4167 

0.4207 

i 

0.4202 |S 0.4201 

0.4201 

0.45 


0.4739 

1 

0.4782 jj 

0.5378 |0.5376 

0.4781 

0.50 

0.5279 

0.5327 

j 0.5382 

0.5376 | 


x n 

Euler 

h=0! 

Euler 
h=0.05 j 

Imp. Euler 
h—0.1 

Imp. Euler 
h=0.05 

1 RK4 
| h=0.1 

RK4 

h-0.05 

0.50 

0.5000 

0.5000 | 

0.5000 

0.5000 

| 0.5000 

0.5000 

0.55 


0.5500 


0.5512 

j 

i 

0.5512 

0.60 

0.6000 

0.6024 

0.6048 

0.6049 

j 0.6049 

0.6049 

0.65 


0.6573 


0.6609 

! 

i 

0.6610 

0.70 

0.7095 

0.7144 

0.7191 

0.7193 

I 0.7194 

0.7194 

0.75 


0.7739 | 


0.7800 

i 

0.7801 

0.80 

0.8283 

0.8356 

0.8427 

0.8430 

I 0.8431 

0.8431 

0.85 


0.8996 | 


0.9082 

! 

0.9083 

0,90 

0.9559 

0.9657 j 

0.9752 

0.9755 

j 0.9757 

0.9757 

0.95 


1.0340 | 


1.0451 

1 

1.0452 

1.00 

1.0921 

1.1044 j 

1.1163 

1.1168 

| 1.1169 

1.1169 


X n 

Euler 

h=0.1 

Euler 

h=0.05 

mp. Euler 
h=0.1 

Imp.Euler j 
h=0.05 

RK4 i 
h=0.1 j 

RK4 

h=0.05 

1.00 

1.0000 

1.0000 

1.0000 

1,0000 

1.0000 j 

1.0000 

1.05 


1.1000 


1.1091 

1 

1.1095 

1.10 

1.2000 

1.2183 

1.2380 

1.2405 

1.2415 

1.2415 

1.15 


1.3595 


1.4010 j 

i 

i 

i 

1.4029 

1.20 

1.4760 

1.5300 

1.5910 

1.6001 j 

1.6036 

1.6036 

1.25 


1.7389 


1.8523 j 

j 

| 

1.8586 

1.30 

1.8710 

1.9988 

2.1524 

2.1799 | 

2.1909 | 

2.1911 

1.35 


2.3284 


2.6197 | 

1 

| 

2.6401 

1.40 

2.4643 

2.7567 

3.1458 

3.2360 j 

3.2745 

3.2755 

1.45 


3.3296 


4.1528 j 

i 

j 

4.2363 

1.50 

3.4165 

4.1253 

5.2510 

5.6404 j 

5.8338 | 

5.8446 


5. Using 


Uii+i — Dn ; hu n , yo — 3 

U n -i 1 = LLr h(2Xfi + 1 ) IJn ' UQ = 1 
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we obtain (when h - 0.2) y\ = y(0.2) = t/o + huo — 3 + (0.2)1 = 3.2. When h = 0.1 we have 

y j = yo + 0.1 wo = 3 + (0.1)1 = 3.1 

ui = «o + 0.1(2.i‘o + l)yo = 1 + 0.1 (1)3 = 1.3 

in - yi +0.1wi = 3.1 + 0.1(1.3) = 3.23. 

6. The first predictor is y\ = 1.14822731. 


x n 

y n 

■ ■ i 

! 

0.0 

2.00000000 

init. cond. j 

0.1 

1.65620000 

RK4 j 

0.2 

1.41097281 

! RK4 | 

0.3 

1.24645047 

RK4 | 

0.4 

1.14796764 | 

ABM 


7. Using rro = 1. yo = 2. and h = 0.1 we have 

xi = xq + h(xo + yo) = 1 + 0.1(1 4- 2) = 1.3 

yi = yo + h{x o - y 0 ) = 2 + 0.1(1 - 2) = 1.9 

and 

X 2 = n + h{x i + yi) = 1.3 + 0.1(1.3 + 1.9) = 1.62 

y 2 = in + ft( Xl - yi ) = 1.9 + 0.1(1.3 - 1.9) = 1.84. 

Thus, x(0.2) & 1.62 and y(0.2) « 1.84. 

S. We identify P(x) — 0, Q(x) = 6.55(1 + x). f(x) = 1, and h = (1 — 0)/10 = 0.1. Then the 
difference equation is 

y,-+i + [-2 + 0.0655(1 + + y,;_i = 0.001 

or 

Ui hi + (0.0655xj - 1.9345)y,: + y,-\ = 0.001. 

The solution of the corresponding linear system gives 
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